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In describing transport phenomena, it is vital to build the 
conservation laws of number, energy, momentum, and angular 
momentum into the structure of the approximation used to 
determine the thermodynamic many-particle Green’s functions. 
\ method for generating conserving approximations has been 
developed. This method is based on a consideration, at finite 
temperature, of the equations of motion obeyed by the one 
particle propagator G, defined in the presence of a nonlocal 
external scalar field U. Approximations for G(U) are obtained 
by replacing the G2(U) which appears in these equations by 
various functionals of G(U). If the approximation for G.(U) 
satisfies certain simple symmetry conditions, then the G(U) thus 
defined obeys all the conservation laws. Furthermore, the two- 
particle correlation function, generated as (6G/6U)v.o=+J, in 
terms of which all linear transport can be described, will obey all 
the conservation laws as well as several essential sum rules, such 
as the longitudinal f-sum rule. 

Several examples of conserving approximations are described. 


I. INTRODUCTION 


MAJOR difficulty in developing a quantum 

theory of transport is that most approximations 
lead to transport equations that do not include the 
conservation laws. This has the consequence that one 
is unable, from these equations, to describe correctly 
even the qualitative features of the transport processes 
of the system. For example, the Bardeen-Cooper- 
Schrieffer-Bogoliubov evaluation! of the two-particle 
correlation function for a superconductor does not 
agree with the differential charge conservation law. 
As a result, the longitudinal collective oscillation 
discussed by Anderson? fails to appear in their density- 
correlation function. Conversely, one may 
derive the existence of sound waves in a gas by applying 
the conservation number, momentum, and 
energy toa system in local thermodynamic equilibrium.’ 


density 


laws of 


1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). N. N. Bogoliubov, V. V. Tolmachev, and D. V. 
Shirkov, A New Method in the Theory of Superconductivity (Con 
sultants Bureau, Inc., New York, 1959). 


2P. W. Anderson, Phys. Rev. 112, 1900 (1958); Y. Nambu, 
ibid. 117, 648 (1960). 
3L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Addison- 


The Hartree approximation, G.(U)=G(U)G(U), generates the 
random-phase approximation for L. The Hartree-Fock approxi 
mation for G(U) leads to a natural generalization of the random- 
phase approximation in which hole-particle ladder diagrams are 
summed. Another conserving approximation for G(U) is obtained 
by expanding the self-energy to first order in the many-particle 
scattering matrix T(L This T is obtained by summing ladder 
diagrams in which the sides of the ladder are composed of G(U)’s. 
The resulting L equation, which involves coefficients proportional 
to |T linearized version of the usual Boltz- 
mann equation. Finally, in order to obtain a description of 
collisions in a plasma, the self-energy is expanded to first order 
in a dynamically shielded potential, V,(U). This potential is 
obtained by summing bubbles composed of two G(U)’s. The 
resulting ZL equation is similar in structure to a Boltzmann 
equation in which the collision cross section is proportional to 
|V,|? 


2 is analogous to the 


These and many other examples point to the necessity 
for building the conservation laws into any description 
of transport processes in a many-particle system. It is 
the purpose of this paper to develop an approximation 
method that yields transport equations which auto- 
matically include the conservation laws of particle 
number .V, momentum P, angular momentum L, and 
energy H. 

In order to observe a transport process, one applies 
an external disturbance to a system initially in thermo- 
dynamic equilibrium. Quantum mechanically, one can 
describe the responses to an external disturbance by 
computing the changes, induced by the disturbance, 
in the expectation values of the densities of conserved 
operators. The conservation laws are then requirements 
on the allowable changes in these expectation values. 
For example, the conservation law for momentum is 
the condition that the time derivative of the expectation 
value of the total momentum must be just the total 
force applied by the external disturbance. 

The expectation values of the conserved operators 
can all be expressed in terms of the one-particle Green’s 


function,s G(1,1’), defined in the presence of the 


Wesley, Reading, Massachusetts, 1959). «w ‘P.C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 
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external disturbance. The linear response of G to the 
disturbance may then be used to compute the linear 
transport properties of the system. In the next section 
of this paper we describe how one may appropriately 
define G at finite temperature in the presence of a 
general external disturbance. We then devote the third 
section to developing an approximation procedure that 
leads to G’s that satisfy all the conservation laws. The 
linear responses to the external disturbance, which are 
generated by these approximate one-particle propa- 
gators, also include all the conservation laws as well as 
several important sum rules. Finally, we give several 
examples of conserving approximations for G and the 
linear response function, and we discuss some of their 
possible applications to transport. 


II. BOUNDARY CONDITIONS AND EXTERNAL 
DISTURBANCES 


Before introducing an external disturbance, we shall 
review the time boundary conditions obeyed by the 
equilibrium many-particle Green’s functions. Since the 
form of the boundary conditions is identical for all the 
many-particle Green’s functions, we shall consider only 
the one-particle function. This is defined by the grand 
canonical ensemble average: 

G(i—1') = —i Tr{e8' 4+ TL (1)yt(1’) J} 


Ir(e-# H—uN 


= —i(TLy(1)yt(1’) )). (1) 
Here, T represents the Wick time-ordered product, 8 is 
the inverse temperature, uw is the chemical potential, 
and the operators are in the Heisenberg representation. 
For the remainder of this section we shall absorb the 
wV into H. 

The trace structure of (1) implies that G obeys a 
simple periodicity condition along the imaginary time 
axis. To see this we first extend the domain of definition 
of G to complex values of its time arguments, using the 
relation 

(r,t) =e*# (rr, 0)e—*4*. (2) 
In particular, if we consider the time variables to be 
pure imaginary numbers, then G is well defined as long 
as 

O<it<B, OK<il’/<B. (3) 
One cannot show that the trace representation con- 
verges on the entire imaginary axis. To complete the 
extension of G to this imaginary time interval, we 
redefine the time ordering for imaginary time by® 


Ty (yt) J=~(Dyt(1), 
=+y'(1')y(1), 


it> it’ 
it!/> it. 


To exhibit the periodicity boundary condition we 


5 Throughout this paper, the upper sign refers to Bose-Einstein 
statistics, and the lower to Fermi-Dirac statistics. 


P. KADANOFF 
use (1) and (2) to write 


G(r, —i8; 1’, hh’) 
—i Trfe BH (eB HY (4, O)e BH) (ry’,ty’) ] Tr(e-84). 


Rearranging this expression by using the cyclic property 
of the trace, we find 


G(r}, —ig: r’, ty’) 
= =i Tele (n't 


r,,0) BH) 


Tr(e 
Therefore, the boundary condition is seen to be 


G(n, —78; 11’, 4’) =+G(n,0; r,t’), O<ity’<B. (4) 
This same boundary condition is obeyed by all the 
time arguments of the multiparticle Green’s functions. 
These boundary conditions enable us to integrate 
approximate equations of motion and thereby deter- 
mine the Green’s functions for imaginary time. 

The functions for real time are then determined by 
the following analytic continuation. In the real time 
domain, G is composed of two continuous functions, 
one for ¢>?’, and the other for /<?’. Similarly, G defined 
on the imaginary time axis is also composed of two 
continuous functions, one for if><it’, and the other for 
it<it’. These functions are simply related; in fact, the 
t>?t’ function is just the analytic continuation of the 
it>it’ function, and similarly for the ¢<?¢’ and it<it’ 
functions. Hence if we determine G on the imaginary 
time axis, it is fully determined on the real time axis.° 

Thus the method of determining the equilibrium 
Green’s functions from equations of motion is based on 
an examination of functions time 
arguments lie in the interval 0O<i/<8. However, we 
are now interested in determining the one-particle 
Green’s function in the presence of an external dis- 
turbance. We must see, therefore, how the boundary 
conditions may be stated in the presence of the dis- 
turbance. 

Let us consider, in particular, a disturbance repre- 
sented by a term U(rjt;)n(rit;) added to the Hamil- 
tonian density. U is an arbitrary external scalar 
potential and # is the number density operator. In the 
presence of the disturbance, the one-particle Green’s 
function is changed from its equilibrium value. In 
order to define G(U), we need to state the boundary 
condition that it obeys. 

The most natural way of defining the boundary 
condition is to demand that G(U’) describe the causal 
response to the disturbance. That is, we demand that 
before the disturbance is turned on, G(1,1’; U) be the 
equilibrium function defined by (1). Then the effect of 
the disturbance can be represented by modifying Eq. 
(2) to include the effect of U, i.e., we can take 


these when their 


¥(r,t)=U-"' (Ov (11, — © Ud), 


(5) 


6 N. D. Mermin and G. Baym, J. Math. Phys. 2, 236 (1961) 
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where U is given by 


t 
UoO=T exp} —i f dt'{ H(t’) 


+ far U (r,t')n(1,t’) )} 


The first-order change of y due to U is 


(7) 


fl 
by (r1,t1) = if dtodro[ n(2),W(1) JU (2). 


L 


By applying (7) we can see that the change in the 
density of particles induced by U is 


+16G(1,1*), 


—1 dtodr» Tre 


s 


6(n(1) 

FHT 2(1),22(2) }} 
KU (2)/Tr(e—##), (8) 

where we use the subscript ¢ to indicate the causal 

response. Picking out the linear response of (7) to U, 

we find 

6U (2)=—i([n(1),n 2) ] U=0) 


=(), 


6((1)), b> te; 


liSh. (9) 


This causal response represents the actual response of 
the physical system, initially in thermal equilibrium, 
to the applied disturbance. However, the boundary 
condition which requires the system to be initially in 
thermal equilibrium leads to a G(U’) which does not 
satisfy the periodicity condition (4). But it is this 
condition which enables us to integrate Green’s function 
equations of motion. Hence it is inconvenient to deter- 
mine directly the causal response of G to LU’. 

Let us define a Green’s function for imaginary time, 
in the presence of an external potential that acts in the 
imaginary time interval O<it<@. 

Writing the operators in the interaction represen- 
tation for the external disturbance, we define 


—i Tre" T[Sp(1)yt(1’)]} 
Tr(e-*#*TLS}), 


Gt’. t) 
(10) 


where H is the unperturbed Hamiltonian. Here 5S, 
defined by 


is 
Bs on(-if droll n(teeU (st) ), (10’) 
( 


is the S matrix in the interaction representation. The 
time dependence of y is still given by (2). By working 
in the interaction representation we exhibit all the U 
dependence of G. 

Notice that we can again use the cyclic property of 
the trace to prove that G(U’) defined by (10) obeys 
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the periodicity condition (4). Thus this G(U) may be 
determined conveniently. 

Since G(U) is defined in the imaginary time domain, 
it has no very direct physical interpretation. However, 
once G(U) has been determined [with the aid of 
boundary condition (4)], we may extract from it 
physical information about the transport processes of 
the system. In particular, we may consider the linear 
variation of G with U 


G(1,1’; U)=G(1-1’), 


5 


| (if dtodrof (TLV (A) Pt (1) n(2) ]) vo 


0 


Xn(2))yvao}U (2). 


— (T(r) 


The coefficient of the linear variation call the 
variational derivative of G with respect to U. Thus for 


all times in the [0, —78] interval, 


we 


6G(1,1’; l 
(—7)"{(TLW A) Yi (1) (2) | 


~(TTw(ajyt(1’)] 
t [G (i212 ) 


(7) 


(n(2))} 


—G(1—1')G(2— 2+) Juco. 


(11) 


This response function is different from that defined 
by (9), since the boundary condition is different. 
However, once we have analytically continued G.—GG 
to real times we can readily determine the causal 
response. For example, it may be verified that for real 
times such that 4)> tb, 


— 2i Im[G,(12,1+2+) 


—G(1—1+)G(2—2+)]. (12) 


We shall find it convenient to introduce the notation 
L(12,1’2’) =[G.(12,1’2’) —G(1—1’)G(2—2’) Juco. (13) 


We can generate L(12,1’2+) as +[6G(1,1’)/6U (2) Juco. 

To discuss coupling of external disturbances to the 
momentum, energy, or angular momentum densities, 
as well as to the number density, it is convenient to 
define G in the presence of an external disturbance that 
is nonlocal in space and time. This G will then be a 
generator for the four-point function 1(12,1’2’). We 
define such a G by Eq. (10), where, now, S is given by 


S exn| = if di dtedr dre! y (ro.to) 


xl (ctanttd Mer td) (14) 


We can see that U(2,2’) represents a disturbance in 
which a particle is removed from the system at 2 and 
added at 2’. [When U(2,2’)=U(2)6(2—2’), S clearly 
reduces to (10’).] With this extended definition of S, 
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G still obeys the canonical periodicity boundary 
condition (4). 
The coefficient of the term in G linear in U is 
6G(1,1’; U) 


+ £(12,1'2’). (15) 


Thus, G(U’) serves as a generator for the two-particle 
correlation function ZL. When continued to real values 


of its time arguments, Z describes all the linear trans- 
port properties of the system.? 


III. CONSERVING APPROXIMATIONS 


Let us consider a many-particle system which is 
governed by the Hamiltonian, 


U(ir—r 


Then the total number of particles, total momentum, 
angular momentum, and total are all 
conserved when there is no external disturbance. With 
this Hamiltonian, the exact G(U 
of motion, 


fe LING 
-§(1—1’ + fu 1,1)G(1,1’; U) 
+i f va-Heatv'i+ v), 


as well as the adjoint equation, 


total 
Old 


energy 


) obeys the equation 


akg 


6(1—1’ + faaise Uist’ 
ri f out J’i+; U)V(i-1’). 


is the operator defined by 


(18b) 


1,1’ 
Go (1,1’ 


10/0t,+9:?/2m)5(1—1') 


= (—10/dt'+V;” 2m)6(1—1’). (19 
7R. Kubo [Can. J. Phys. 34, 1274 (1956)] and Martin and 
magnetic transport properties may be described in terms of the 
two-particle correlation function. D. E. McCumber [Suppl. 
Nuovo cimento 17, 8 (1960)] discusses sound propagation in 
terms of L. Also, H. Mori, Phys. Rev. 111, 694 (1958); ibid. 
112, 829 (1958); M. S. Green, J. Chem. Phys. 22, 398 (1954). 
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In Eqs. (18) and subsequent equations we shall use the 
convention that variables with a bar over them (e.g., 1) 
are variables of integration. The integrals run over all 
space and, in order to include the boundary condition, 
over imaginary times from 0 to —78. The notation 1+ 
indicates the ordering of the field operators in Gy» at 
equal time. 

It is, in general, impossible to solve (18) exactly, and 
hence one must make some form of approximation. 
We shall substitute various approximations for G2(U), 
expressed in terms of G(U’) and V, into Eq. (18). The 
Hartree-Fock approximation, for example, is given by 


G2(13,1'3’; U)=G(1,1’; U)G(3,3’; UV) 


+G(1,3’; U)G(3,1'; U). (20) 
The solution to Eq. (18a) with an approximate G,(U) 
such as (20) defines G(U) completely. Alternatively, 
however, we could have substituted the form for G» 
into the adjoint equation (18b). In general, there is no 
reason why these two procedures should lead to the 
same determination of G(U). However, for most G» 
approximations that are used in many-particle physics, 
these two procedures do indeed lead to the same G(U). 

We will show that whenever the following conditions 
are satisfied : 


For a given approximate G2(U’), the approximate 


G(U) satisfies both (18a) and (18b), 


The G(U) chosen satisfies the symmetry condition 


G2(13,1+3+; U) =G,(31,3t1*; UV), (B) 


then the approximate G(U) satisfies all the conservation 
laws. 

The number conservation law for the approximate 
G(U) follows from statement (A 


(18b) from (18a) we find 


alone. Subtracting 


(0/dt;+0 dty’)iG(1,1’; U) 


+[ (91497): (91-1) 2im \1G( 


= f(wa,detia’; 0)-6 11;U)l 


+i f(va-i)-var-i 1G.(11-,1’ 


When we set 1’=1* in (21) we find 


(0/d)iGA,1+; U)+¥1.-CL(91- 7 


21m | 
KIG(A,1; U 


a+¥,-Gil 


‘ fcva.ne 1.1+)—G(1,i)l 


Equation (22) is an exact statement of the number 


=+(d(n(1))r 


conservation Jaw in the presence of an external dis- 
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turbance which adds and removes particles from the When U(2, (2) ), the right side 

system. If U(2,2’) + 6(2—2')U(2), i.e., if the dis- becomes 

turbance can be represented in the Hamiltonian by a fe ' 
an Lv 


coupling to the density, then (22) becomes 1) Kn (@)u. 


A(n)y/A+V -G)u=0. (23) 
In this case Eq. (25) says that the time derivative of 
The right side vanishes, since such a disturbance does the total momentum equals the total applied force. 

not add or subtract particles. We see then, that when- An 
ever the approximation for G(U) satisfies condition 
(A), the approximate G(U’) exactly satisfies the number 
conservation law, (22). 

Equation (22) is a statement of the number conser- 4 Vi-Vi 

vation law in differential form. We can write it in such i fas mx : (AL's C ) 
a simple form only because we can give the particle “"' 
current density as d 


Zim) (Vi-— Fa Wt) Ja. ~ dty 

We cannot evaluate the energy and momentum current : 
explicitly* and therefore we cannot state the differential fenf dX 
forms of these conservation laws. Instead, we must 
state these laws in their integral form. 

To compute the time derivative of the total momen- 
tum in our approximation we again consider Eq. (21). 
We apply —3i(¥i—¥1’) to (21), set 1'=1+ and When L 
integrate over all r;. Then (21) becomes 


almost identical argument may be used to 
compute the time derivative of the total angular 
momentum from the approximate G(U’). The result is 


(L(t,))e 


becomes local, Eq. (26) says that the time 
derivative of Z is equal to —fdr; [mixvVvl (1) | n(1) 
the total torque on the system. Thus when canitiee 
(A) and (B) are satisfied, the approximation conserves 
angular momentum as well. 

The discussion of energy conservation is slightly more 
complex, but it requires no additional assumptions. 
The expectation value of the Hamiltonian in the 
presence of the external field is 


. (1! ra] a ViVi 
H(ty)) tf ar, 1 —j 4 ) 
laNar, an’ om 
M1 G(1, 1’ e fan fa 
(24) 


— : ’ , <[U (1,2)G(2,1+) +G(1,2)U (2,1). (27) 
Che Ge, term in this equation vanishes, since this term 


ral } rit 
i als W en as mm. °c ‘ 
may B80 De WENER & This may be verified by using the equations of motion, 


(18a) and (18b). In the Appendix we show, by using 
} fe fae V1U0() r,— Ps! )Go(13,1*3*) th. only conditions (A) and (B), that 


From symmetry condition (B) we see that the integral (H(t) = far faye 
changes sign under the interchange of r; and rs, and) 4) Sete 
hence this term vanishes. Thus our approximate G( . 

satisfies the momentum conservation law, 


d gh r-Fic. 2 eer 
P(t,)), t fans fas [U(1,3)G(3,1') 
dt, 21 


HU is local, the right side of (28) becomes —fdr, 
XU (1)(0/dt1)(p(1))v=fdry(—VU (1))- 3(1))v. Thus, 


dite the approximation is energy conserving since the time 


8’ Martin and Schwingert determine the momentum current derivative of the internal energy is equal to the power 
approximately, and show that it is local in time but not in spacc fed into the svstem., 
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G6012,'7) = 








Go 





Fic. 1. Diagrammatic statement of conditions (A) and (B). 
In Fig. 1(a), we have indicated the Hartree-Fock approximation 
for G2(U). The solid lines represent G(U’). Condition (B) is 
simply the statement that the picture for G2 with 1’=1* and 
2’=2* must look the same when it is turned upside down. To 
see the graphical form of condition (A) in the Hartree-Fock 
approximation, we form, in (b) and (c), the right and left sides, 
respectively, of Eq. (29). The dashed lines represent V. Since 
diagrams (b) and (c) are identical for the Hartree-Fock approxi 
mation, it must satisfy (A). 


We may conclude, therefore, that whenever condi- 
tions (A) and (B) are satisfied, the approximation 
leads to a fully conserving G(U’). 

Condition (B) may always be verified by simply 
examining the form of the approximation for G2(U). 
It is convenient to cast condition (A) into a form in 
which it too may be verified by inspection. Condition 
A) requires that (18a) and (18b) be consistent with 
one another. However, we notice that we can form the 
matrix product G(Gy!—U)G from each of these 
equations. We demand that these two evaluations be 


identical and hence find the identity 


(A,29) 


This equation is equivalent to condition (A). Equation 
(29), as a condition on Gz, is easily verified by inspection 
for a choice of approximation. In Fig. 1 it is shown 
how this can be done diagrammatically. 

In order to write Eqs. (18) in a more convenient form 
we define the self-energy function, 3, by 
“2,7, 


(30) 


\G 


S11 ti | V(1—3)G.(13-,23+ 


where G™ is the matrix inverse of G. From (29) we see 
that in addition 


G,(23-,1'3+) V (3—1’). (31) 


; 
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The Green’s function equation is then 


G"(1,1’)=Go(1,1!)—U (1,1!) — 2 (1,1). 


(32) 


The self-energy function, like Ge, is a functional of G 
and therefore U’. As an example, in the Hartree-Fock 
approximation, (20), = is given by 


z(1,1')=+i(1-1') f a3 V(1—3)G(3,3+; l 
+iV(1—1')G(1,1'; U). 


(33) 
Once we have a determination of G(U), we can find 
the linear response to the external disturbance by 
picking out the linear coefficient of U in G(U). This 
linear response is defined by Eqs. (11) and (13) to be 


1(12,1'2’) = +[8G(1,1')/aU 


2’,2) lumo. (34) 

The conservation laws for G(U’) imply conservation 
laws for L. If we take the variational derivative of the 
exact number (22), and then 
U=0, we find the number conservation law obeyed by 
Bs 
— {(0/dt,)L(12,12’) 

+¥.-(((¥1- 1) 2im)L(12,1'2’ F i} 


= +iG(2—2')[6(1—2’)—6(2—1)]. 


conservation law set 


It is instructive to consider the results of applying 
(2im)"(V2—V2') to ¢ 


9 35) setting 2’=2 
Equation (35) then becomes 


and then 


(a at,)(T[n 1)3(2)] +V1°(T 


16(t)— to) 9 16(r,;—1o)(n)/m. (36) 


Equation (36) indicates that the approximate ZL not 
| 


only satisfies the density conservation law in the form 
(TL (an(1 
but that Z has preserved the information that the 


expectation value of the equal-time density-current 
commutator is given by 


36a 


OL +F 1-9(1))9 (2 0, 


((n(1),j (te) |) = 79 6 (11 — m. 36b) 


Since the terms on the right side of (35) come from the 
discontinuous time derivative of the time-ordered 
product on the left, these terms in general are state- 
ments of the expectation values of commutators of 
with the field operators y and y’. 

In the desc ription of electrical transport phenomena, 
I. may be used to determine the dynamic longitudinal 
conductivity.’ Then the commutation relation (36b) is 
just the sum rule on the conductivity.’ 

The integral conservation laws for G(U), 
(25), 


namely 
(26), and (28), also imply integral conservation 


9 This sum rule is also known as the “longitudinal f-sum rule.” 
It is quite important in the discussion of the superconductor. 
See Anderson, reference 2. In the theory of the inelastic scattering 
of slow neutrons, this sum rule is known as Placzek’s sum rule 
[G. Placzek, Phys. Rev. 86, 377 (1952) ] 
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For momentum, 


6 d 
( : PCA) ) 
6U (2',2) dt, U=0 
d idlttdle 
1 fae —[(12,1'2 Ds 
dty 21 


2—-V 


laws for L. 


V2 
[6 (t1—t2’) —8(t2—4h) H—— 
2i 


G(2- 2’); (37a) 


for angular momentum, 


e 


0 d 
(-- (L (xv) 
6U (2'2) ) dt, U=0 


d vVi-V 
=4 fos vt 1(124'2)] 
dt, 21 =i* 


=+[6(4i—t,’ 


i 
—G(2—2'); (37b) 


and for energy, 


6 d 
wv) 
U=0 
d | 0 Vi" dad 
fof (Sie) 
i Oty "aly! m 


x1(124'2)| 


U(2'2) dt; 


[6 (ti — te’) +6(l2— hh) 


| 
Z) 


1’=1 


XG(2- 


\ 


F [6 (t1—f2) —8(ti— la’) Ji (0 / 8t2)G(2— 2’). (37¢) 


It is important to realize that Eqs. (35) and (37), 
all consequences of the conservation laws, are obeyed 
by both the exact L and G, and our approximate L’s 
and G’s. As with Eq. (35), the left sides of Eq. (37) are 
matrix elements of the operator conservation laws, and 
the right sides, which are statements of commutation 
relations, arise from the time derivative of the discon- 
tinuous time-ordered products on the left. 

In principle, then, we can obtain a conserving L by 
first solving for a conserving G(U). We can then 
generate L as +(6G/6U)v—o, the coefficient of U in the 
term in G(U) that is linear in U. In practice, we can 
almost never solve the equation of motion for G in the 
presence of an arbitrary disturbance. Fortunately, a 
much simpler calculational procedure is available. 
From the relation GG-'= 1 we notice that 
13,4) _ 

G(4,1’). 


6G(1,1’) 
(38) 


6U (2',2) 6U (2',2) 
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Calculating 6G we find 


fsa G(,3] 6(3,296(4.2) 


63(3 


'/6U from Eq. (32), 


a 
loan 
2) 


6U (2',2 


L(12,1’2’)=+G(1,2')G(2,1’) 


ad _. 62(3,4) 
tf a3 GI 1,3) G(4,1’). (39) 
6U (2',2) 


The self-energy depends on U 
). Since we know 


only through its de- 
> as a functional of 


by the chain-rule for 


pendence on G(U 
G, we can then compute 62/6U 


differentiation, i.e., 
~—) 
5G(6,5) U=0 


5G(6,5) 
(SS). 
(2",2) 


understood as differentiating the func- 
We define an effective two-particle 


82 (3,4) | — 
: | = f a3u6( 
6U(2',2) vo 


(40) 


62/6G is to be 
tional form of 2. 
interaction, =, by 


= (35,46) =[82 (3,4) /6G(6,5) Jr (41) 


For example, in the Hartree-Fock approximation 


6 _ n Pe 
+ 76(3— y fa V (3—2)G(2,27) 
6G(6,5) 


t iv(3—9603,0) | 
-+176(3—4)6(5—6)V(3—5) 


(35.46 


U0 


+76(3—6)6(5—4)V(3—5). (42) 


When we combine Eqs. (40), (39), and (41) arrive 


at the following integral equation for L: 


we 


L(12,1'2’) 


+ fea-3. G(4—1’)E(< 


The two-particle correlation function, has been 
constructed in such a manner that L(12,1'2’) obeys the 
for the conserved operators con- 
structed from the 1 and 1’ variables. In the discussion 
of transport, it is important to have L also be con- 
serving in the 2 and 2’ variables. For example, in using 
L to describe electrical transport, the number conser- 


in the 2 and 2’ variables is necessary for 


+G(1—2’)G(2—-1’) 


5,46)1(62,52’) (43) 


conservation laws 


vation law 
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gauge invariance,” while in the 1 and 1’ variables, it 
guarantees that the currents and charges induced by 
the external field obey the continuity equation. We 
shall therefore demand that the approximate L satisfy 


L(12,1’2’)=L(21,2’1’). (44) 


Then L will certainly have to be conserving in the 
variables 2 and 2’. To ensure this symmetry, we impose 


just 


one more condition on our approximation, namely: 


=(35,46) == (53,64). (C) 
Clearly the Hartree-Fock approximation satisfies this 
condition. 

[Actually the conservation laws in 2 and 2’ are much 
more easily established than in the above manner. 
They foilow directly from the local conservation laws 
at each vertex. For example, any expansion of =(U) in 
G(U) and Go(U’) leads to gauge invariance as long as 
one line enters and one line emerges from every vertex. 
Therefore it would appear that condition (C) is not 
independent of conditions (A) and (B). This will be 
discussed in a future publication. | 

We should point out in our derivation of (43) 
we required that the G’s which appear in this equation 
satisfy 

G (1-1!) =G,"'(1—1’)—T(i—-1’). 
If, by inserting a better evaluation of G, we attempted 
to “improve” Eq. (43), then it would no longer satisfy 
the conservation laws. Since these laws play an essential 
role in transport there would be 
improvement at all! 


phenomena, no 


the conservation laws for L, which 
terms proportional to G, link 
the approximations one may use to determine G and L. 
If the conservation are to be the L 
approximation uniquely defines G. One of the main 
the fact 


connection 


More generally, 
contain discontinuity 
laws satisfied, 


virtues of the procedure described here is 


that it automatically builds in the close 
between G and L. 
This link may be stated 


approximation for G(1—1’ 


more physically. The 
is defined by the kind of 
correlations which are considered to be important in 
the equilibrium situation. Since LZ describes small 
deviations from equilibrium, the same kind of corre- 
lations which are important in equilibrium must also 
f L. 

Let us briefly review our method for constructing a 
conserving approximation for the two-particle corre- 


determine the behavior 


lation function L. We start by pic king an approximate 
form for G.(U’) as a functional of G(U’), which we then 
substitute into the equation of motion for G(U). In 


©. P. Kadanoff and P. C. Martin, Phys. Rev. (to be pub 
hed), show that number conservation in 2 and 2’, together 
with the sum rule on the longitudinal conductivity, is equivalent 
to gauge invariance. Since Eq. (35) together with (44) imply 
these two conditions, our approximation method necessarily 


leads to a gauge-invariant description. 


lis 
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order that this approximation lead to a conserving G 
and L, we demand that the approximate Gy, satisfy 
the symmetry requirements (A), (B), and (C).° These 
three requirements can be verified by merely examining 
the structure of G2. If they are met, then we can derive 
an approximate integral equation, whose solution is a 
fully conserving L, by taking the first variational 
derivative with respect to LU’ of the equation of motion 
for G(U). 

Since G2=L+GG, we start from 
approximation for G, and end up with a fully conserving 
Go. 


a nonconserving 


IV. EXAMPLES OF CONSERVING 
APPROXIMATIONS 


The examples of conserving approximations that we 
shall describe in this paper are all nonperturbative in 
the sense that all the G’s and L’s will include terms of 
arbitrarily high order in V. We consider only nonpertur- 
bative examples because we wish to discuss applications 
to transport phenomena, which are by nature non- 
perturbative. In fact, all the transport coefficients, such 
as the sound-wave damping, the 
V — 0 limit. 


diverge as | in 


A. The Hartree and Hartree-Fock 
Approximations 


The Hartree approximation, which describes the 
motion of the particles in the system as that of 
particles in a_ self-consistent field, is 
simplest nonperturbative approximation for G. Wi 
it by taking 


free 
the 


vet 


pote ntial 


G2(13-,1'3* G(1,1'; U)G(3,3 


in Eq. The self-energy function 2, which becomes 


2(1,1’; U 


Eia(1—1’) { VA-3)6 


s1—1) fae U(irj—-r n(fa,l ; 16 


is just the average potential at ry, 
particles in the system. Hence 


/; produced by the 
G31; U)=G 


and we see that the self-consistent field is 


vin)+a(1—-1") fdr U((ri—rs! )(n(r,h) 


The variational derivative of (47) yields the following 
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equation for L: 


L(12,1'2’)=+G(1—2’)G(2—1’) 


ti f GA-3)G3-1)V B-DL 2,2. 


Since 

@(34,3'4’) = +15(3—3’)5(4—4') V (3-4), 
it is clear that conditions (A), (B), and (C) are satisfied, 
and L is fully conserving. 

Equation (48) and Eq. (47) with U turned off, 
constitute a Green’s function statement of the random- 
phase approximation (RPA)."! We see that the RPA 
is contained in the Hartree approximation for G(U). 
The solution to (48) is 


L(12,1’2’)=+G(1—2’)G(2-1’) ri fca-3) 


*G(3—1')V.(3—4)G(4—2')G(2—4), (49) 


where the “shielded interaction,” V as the 


solution to 


is given 


V.i-—1/)=V(i1-1’) 


Lif va-Hed-1ea'-Dv (1’—1’). 


Equation (49) is of the form of the first-order iterative 
solution to (48) with V replaced by V,. The shielded 
interaction is a sum of bubble diagrams (Fig. 2) in 
which each bubble is composed of just two Hartree 


O 


i] 
(a) 


Tt rE 
) 


(b 


L(12,1°27) 


UW 


na O-Orr> 


Fic. 2. Hartree approximation. We use a light line to represent 
Go and a heavy line to represent the approximate one-particle 
Green’s function. (a) defines the usual] Hartree approximation 
for G. (b) is a statement of Eq. (49) in terms of V,, which is 
illustrated in (¢ 


P. Noziéres and D. Pines, Phys. Rev. 109, 1062 


where earlier references are given 


CORRELATION Fl 


Fic. 3. The Hartree-Fock approximation 
Green’s functions. In an electron gas V, contains the 
plasma oscillation as poles in its Fourier transform. 
The Hartree-Fock approximation, as given by Eqs. 
(20), (33), and (42) in the previous section, also 
describes the particles as moving in an average potential 
field. However, this field now includes exchange effects. 
The Green’s function obeys 


G(1,1’)=G.'(1,1 —U (1,1) 


Fia(1—1’) [ va-3 


-iV(1—1')G(1,1';U), (51) 
where the last term on the right represents the exchange 
effects. The resulting equation for L, 


is equivalent to the generalization of 


the RPA to 
include exchange.’ The solution to (52) is also a sum 
of bubble diagrams (Fig. 3) where now each bubble is 
essentially composed of a hole-particle scattering matrix 


made of Hartree-Fock Green’s functions. 


B. The 7 Approximation 


Both the Hartree and the Hartree-Fock approxi- 
mations leave out the detailed correlations produced by 
interparticle collisions. Thus they lead to the same 
description of transport phenomena with the long- 
wavelength limit as would be obtained from solving a 
collisionless Boltzmann equation, with and without 
exchange forces, respectively. These approximations 
may be used to describe phenomena, like plasma 
oscillations" and zero sound,’ 
are not important. 


for which collisions 


2G. E 
1960 
%K. Gottfried 
Selskab, Mat.-fys 


Brown and D. J. Thouless, Suppl. Physica 26, $145 


and | 


Medd 


Kgl 
13 (1960 


Pi¢man, Danske 


32, No 


Videnskab. 
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However, transport processes like ordinary sound 
and heat conduction only take place when there are 
collisions capable of restoring local equilibrium. The 
importance of the collision term is seen in the Boltz- 
mann-equation description of these processes. We shall 
now describe a conserving approximation that includes 
collision effects. As a starting point we use the G,(U) 
which is obtained as a solution to the Bethe-Goldstone™ 
equation, 


G(1,1’; U)G(3,3’; U) 


+G(1,3'; U)G(3,1’; +i [ G.013,13; 0) 


« V(i—3)G(1,1’; U)G(3,3’; U). 


(53) 


This G2 is a sum of ladder diagrams, in which each line 
represents the propagator G(U). The Bethe-Goldstone 
approximation is conveniently described in terms of 
the many-particle scattering matrix (13| T[G(U) ]| 1’3’) 
that satisfies 


13/T to = [8(1—1')8(3—3’) 


3-1’) wa'—3')+i fas T\13 


*G(1.1'; U)G(3,3’: U)V(1'—3’). 


(1—3’)6( 


(54) 


Here 7 represents the scattering amplitude for a 
process in which two-particles in the medium, initially 
at the points 1’ and 3’, collide and are later found at 
the points 1 and 3. In the low density limit, (T)v» 
reduces to the scattering amplitude of conventional 
scattering theory.’® 

Now 7[G(U)] appears in the equation of motion 
for G(U) through the relation 


V (1—3)G,(13,1'3’) 


f 13\ TLG(U) ] 


The self-energy function is therefore 
=(1,1’; G(U))= +i f a3aK3 T | 1'4)G(4,3*). (56) 


Equation (56), called the “T approximation,” has been 
used by Brueckner and others'® to describe the equi- 
librium propagator G in nuclear matter. It is also a 
useful approximation for classical gases. 


4H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 
A238, 551 (1957) 

1s N. M. Hugenholtz, in Lectures in Theoretical Physics (Inter- 
science Publishers, Inc., New York, 1960), Vol. IT. 

* The relation between the Brueckner approach, the Bethe- 
Goldstone equation, and graphical perturbation theory is described 
by Hugenholtz.! 
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The reader may easily verify, using Fig. 3, that 
conditions (A), (B), and (C) are satisfied, so that the 
T approximation leads to a fully conserving G(U). 

To derive the equation of motion for L we must 
construct =. Now from Eq. (56) 


=(12,1'2’) 


=[63(1,1’; G)/8G(2’,2) Ju 


i) 2 . 
-+i(- fos TCG(U)}|1'3 
5G(2/,2) 


xG(4,3*; 0) ) 


=+i(12|T|1'2'), 


(13 
«| f - 


We may then use Eq. (54) to evaluate 67/6G as 


6(13|T|1’4) s= T\i3 
; a, 


5G(2’,2) 5G(2’,2) 


TLG(U) | 1'4 


6G(2’,2) 


=+i fas T| 12’)G(i,1’)V (1’—4)8(2—4) 


+i fas T | 2'3)G(3,4)V (1’—4)8(2—1’). 


Again using Eq. (54), we solve for 67°/6G as 
ifas T | 52')G(5,6)(62!7 


= +1(12| T| 1'2’ 


6(13| 7 | 1'4 
6G(2’,2) 
Therefore 


= (12,1'2’) 


116), (59) 


# f13\7\27)G6G-3)G6-3 
where the 7’s are taken at U=0. The equation for L 
is thus (see Fig. 4): 


L(12,1'2’)=+G(1—2’)G(2-1’ 


+i f 6a-368-1) 


"| 56)L(62,42’) 


| 4’6’)G(6’—6) 


x G(5'—5)(46| T! 3’5’)L. (42.42). (60) 


Notice that =(12,1'2’)=2(21,2'1’) so that the L 
derived from Eq. (60) is fully conserving (see Fig. 4). 
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Pig sas ‘- ee st ee 
+ 

i—— 1 ee Yad et Bia 

2% exchange terms (<2) 


(a) 


ls HD ET 


1G. 4. The T approximation. (a) indicates the ladder structure 
of the solution of the Bethe-Goldstone equation for G2. Condition 
(B) is clear from this figure. (b) is the form that both sides of 
condition (A) assume. (c) shows Eq. (60) in diagrammatic form 


In this way we derive an approximation for / that 
includes collisions, while maintaining all the 
vation laws. A slightly modified version of this approxi- 
mation has been used by Gottfried and Piéman"™ to 
discuss the damping of zero sound. In a future publi- 
cation, we intend to show how, in the long-wavelength 
limit, a linearized form of the ordinary Boltzmann 
equation may be derived from this equation for L. 
This Boltzmann equation will contain a collision term 


conser- 


in which the collision cross section is proportional 


T|?. 


C. The Shielded Interaction Approximation 


The T approximation gives a useful description of 
systems in which the force range is much smaller than 
the interparticle distance. However, when a long-range 
force, such as the Coulomb force, is present, there are 
important polarization effects, and we must 
different approximation when including collisions. 

The random-phase approximation, Eqs. (49) and 
(50), is a convenient starting point for the discussion 
of such systems, since the shielded interaction given by 
Eq. (50) provides a very simple description of how the 
long-range are dynamically shielded by the 
particles in the system. We therefore take a G,(l 
which is given, in form, by the solution to the RPA: 


use a 


forces 


G»(13,1'3'; L )+G(1,3’; U) 


XG(3,1'; U) +i f Gat: U)G(1,1'; U) 


«* V.(1,2)G(2,3’; U)G(3,2; U), (61) 


CORRELATION Ft 
where 


V (1,2) = V(1—2) 


bifva-i G(1.3: U)G(2.1: UV.(3.2). (62) 


Unlike the RPA in Eqs. (49) and (50), 
functions in Eqs. (61) and (62) are G(U)’ 
the Hartree Green’s functions. 

We then find that = is given by 


Sti t=) +i(—1) f Va-3)G 


.1G(1,1’). 


the Green’s 
s and not just 


(63) 
The one-particle propagator thus defined, 


G~(1,1’) '(1,1’)—U(1,1’) 


-i6(1—1’) [va-363,s \+iV.(1,1’'), (64) 


is very useful for the description of a high-density 
electron gas. 

Equations (62) and (63) can easily be extended to a 
two-component system. Then, these equations can be 
used to describe a gas of ions and electrons. If the mass 
is much than that of the electron, 
V, contains not plasmon poles but also 


photon-like sound-wave poles. Thus this approximation 


of the ion larger 


only the 


is a useful starting point for a two-component plasma 
model of a metal. 

The equation for L, may find linear 
transport properties, is found from Eqs. (62) and (63). 
From (63), 


from which we 


=(12,1'2’ +76(1—1’)6(2—2’)V (1—2) 


+iV.(1—1')6(1—2’)6(2—1’) 


alae 
However, Eq. (62) implies that 
(“ —) 
6G(2’,2) l 


Hen = 


+ V (66) 


= becomes 


RUDET) = +16(1—1’)é(2—2’)V(1— 


iV,(1—1’)6(1—2’)6(2—1’) 
EG(I—1’ \G(2—2’)[V,(1—2’) V,(2—1’) 


+V,(1—2)V,(2’—1’) ] (67) 
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Fic is the form that both sides of 


68) in diagrammatic form. 


; approximation. (a 
\) assume. (b) is Eq 


5. The | 
ndition 


and L obeys 


L(12,1'2’ 


r (3—4)V.(4’—3’)] 


« L(4'2,42'). (68 

It is again easily verified that conditions (A), (B), 
and (C) are satisfied and therefore this L, 
a function of the shielded interaction, is fully con- 
serving. 

In a future publication we shall indicate how Eq. 
68) for L may be converted, in the long-wavelength 
limit, into a Boltzmann equation in which the collision 
V,|?. This 
Boltzmann equation may be applied to a description 
of transport in a two-component plasma model of a 
metal. 


é 
set | ig. 5 


terms involve a collision cross section ~ 


D. Other Approximations 


The four approximations (Hartree, Hartree-Fock, 7, 
and V,) that we have described by no means exhaust 
the list of conserving approximations obtainable by the 
tec hniques outlined above. On the contrary, one can 
construct an almost unlimited number of such approxi- 
mations. For example, by extending the Gor’kov"” 
equations for a superconductor to include an external 
field, one obtains a very economical derivation of the 
Anderson collective oscillations.'* A formally rather 


P. Gor’kov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 735 
(i Soviet Phys.—JETP 34(7), 505 (1958 


ibegaokar and L. P. Kadanoff to be published) 


ransiation 
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similar technique may be applied to the description of 
the transport properties of a hard-sphere Bose gas. 
Also, other conserving approximations can be obtained 
by expanding G,(U) in a series in G(U’) and V. 

All of the approximations mentioned in this paper 
lead to integral equations for L. In future publications, 
we shall describe how the transport properties of the 
system interest be 
integral equations. 


of can determined from these 
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APPENDIX. PROOF OF ENERGY CONSERVATION 


To show that our approximation is energy conserving, 
We first prove an identity which must be satisfied by 
the approximate G.(l’), if G(l be 
conserving. We multiply Eq. (18a) on the 
Gy ', and Eq. (18b he left G Then, sub- 
tracting the second resulting equation from t 
and setting 1’=1*, we 1 


number 


right by 


is to 
on t by 
he first 


find 


G 


+i f 34 Va—3 


-Go'(1,4)G(4,2)U (2,1 \.1 
This is the identity that we shall use in the calculation 
of the time derivative of Eq. (27 


value of the energy. From (27 


the expe tation 


d 
= (H(t;) 1 
dé 


x (10/dt,+70/0t)G(1.1'; I 

We can evaluate (10/0t,+-10/0t;')G(1,1’; U’) from Eq. 
(21). The term (¥1+¥1)-(¥1—¥1)G(1,1'; l 
not contribute to the r, integral, since it is proportional 


does 
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to a total divergence. Hence 
d 


+—H(t))u 
dt, 


= +i fan 1 (10/0t,;—170/dty’ +1: ¥1//m) 


+ 


1’=1 


x fastva-3- V (1’— 3) ]G2(13-,1'3*) | 


+ — ‘Jafar Oty’ +91: 01'/2m | 


(1, DGC 1’ )+[—id 0t,—- 
*G(1,2)U( 


Vi: V1 /2m | 


2,1’)} vei. (A.3) 


The G2 term in (A.3) we rewrite as 


i - 
fas fas V (1—3)7(0/dt3— 0/0t,)G2(13,1+3*) 
) 
1 » _ 
+ fen fas V ( 1—3){[Lia Ot, +70/ dt,’ 
) 


+ (Wit V1): (V1— 91) /2m | 
XG2(13-,1'3+)} vor 
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By use of the identity (A.1), expression (A.4) becomes 


1 
= = fdedes0(\n 
9 


Xi (0/dt3— 0/dt,)G2(13,1+3*) ] 


1 
+ faascva,ace 
? 


—=FEsi ) 


The first term in (A.5) vanishes from the assumed 
symmetry of G:(13,1+3*+) under the interchange of 1 
and 3. Collecting our results, we find 


d - ae. z 
(H (t1)) + fae faa] vc4,25 G(2,1) 
dl, Oly 
au.2v a} (28) 


This is the energy conservation law that we set out to 


prove. 
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Simplified Model of Liquid Helium 
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A simplified version of a Bose gas with negative scattering length is studied with a model Hamiltonian 
similar to that used in the case of repulsive interactions. A new transformation is used which takes into 
account the attractive interactions in the system, and the ground-state energy is calculated from experi 
mental values of the sound velocity in the system. Real values for the phonon energy spectrum are obtained, 
and the ratio of the effective mass to ordinary mass is deduced using experimental values of interparticle 
separation and core radius. A justification for using this modified Hamiltonian is attempted in the Appendix 


ECENTLY*” an intensive study of the Bose gas 

has been made using various methods of approach 
such as the pseudopotential method, linked-cluster ex- 
pansion method, the transformation techniques, and 
the propagator formalism. But most of the results ob- 
tained so far are confined to a system of a Bose gas with 
repulsive interactions for which one has positive two- 
body scattering length only. 

It will be the purpose of this paper to examine the 
consequences in the case in which there is a predomi- 
nantly repulsive interaction with negative scattering 
length. The situation corresponds to the actual liquid 
helium in which particles are interacting with a shallow 
attractive potential with hard-core repulsion inside. 
We examine the system under the following assump- 
tions: that the bare potential which appears in the 
Hamiltonian describing the system can be replaced in 
some way (which we do not know exactly at present) 
with a smeared out A matrix (or pseudopotential) 
which has a definite low momentum limit, and secondly, 
that even after the replacement, the system can be 
described by the Schrédinger equation with a Hamil- 
tonian which we call a model Hamiltonian. 

In the following, we first seek a possible model 
Hamiltonian which corresponds to the case of liquid 
helium. Eventually, we arrive at the same model Hamil- 
tonian wich was used before in the case of positive 
scattering length (low-density limit). It is well known 
that if we merely replace the sign of the scattering length 
in the results for phonon excitation energy usually 
obtained in the case of positive scattering length, 
applying the transformation proposed by Bogoliubov,' 
we are led to complex (nonreal) excitation energy, 
which means that the system is unstable. This shows 
the necessity of redistribution of particles among the 
various states in the “free” wave function, contrary 
to the ordinary treatment for the case of positive 

* On leave of absence from the Tokyo University of Education, 
Tokyo, Japan. 

1K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117, 1128 
(1957) 
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3N. N. Bogoliubov, J. Phys. U.S.S.R. 11, 23 (1947). 

‘J. Valatin and D. Butler, Nuovo cimento 10, 2999 (1958 

*K. Huang, Phys. Rev. 115, 765 (1959). 

°K. Sawada, Phys. Rev. 116, 1344 (1959). 

7K. Sawada, Phys. Rev. 119, 2090 (1960). 


N. Yang, Phys. Rev. 106, 1135 


scattering length in which one assumes that in the 
“free” wave function all the particles are sitting in the 
momentum-zero state, that this state is sufficiently 
rigid, and that a perturbation cannot change the state 
drastically. We perform this redistribution by using a 
canonical transformation which mixes momentum-zero 
states and finite-momentum states, and fix the mixing 
parameter by requiring the energy to be minimum in the 
Hartree-Fock sense. Finally, we apply to the trans- 
formed model Hamiltonian the Bogoliubov transforma- 
tion and show that the phonon excitation is in fact 
real for negative scattering length. 

Let us begin by writing down the usual Hamiltonian 
in the second quantized version as 


ot eh 


(Sums do not include momentum zero.) In the above, 
8, and @,' are, respectively, the boson annihilation and 
creation operators, the q’s are the particle momenta, and 
No=Bo'Bo, Ng=8,'B, are number operators. 

Under the assumptions we have made and by the 
reasoning we are going to present in the following, we 
would like to examine the system with a model Hamil- 
tonian given by 


Bucta= >. 


+>> n,2an 


€,=q°/2m, 
where a is the scattering K matrix and is taken as con- 
stant neglecting momentum dependence (i.e., we con- 
sider only low-momentum excitation) as well as density 
dependence. 

First of all, the model Hamiltonian (2) is the same as 
the Hamiltonian used (in the low-density limit) when 
the scattering length is positive (a=42a/mQ; a is the 
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scattering length and Q is the normalization volume of 
the system).!~7 

In the case of a being negative, we have sufficient 
reasons to argue that (2) may describe the system. 
Firstly, we cannot include the type of interactions 
which have the form of the last two terms of (1) in 
the model Hamiltonian (2) which is supposed to de- 
scribe liquid helium, because if we do so, the energy of 
the system becomes proportional to (number of par- 
ticles)'** (8>0) times a constant (density-dependent) 
which is of order one. Hence we are led to a lack of 
saturation of energy as is shown in Appendix A. [Note 
that we have neglected and actually do not claim to 
know in this paper the density dependence of a in (2); 
hence we cannot discuss the existence of a saturating 
density. The latter, namely, the existence of a mini- 
mum in the density-energy diagram, is also another 
assumption we have made. On the other hand, the 
terms in the model Hamiltonian (2) give as the energy 
of the system a quantity proportional to the number of 
particles times a constant (density-dependent) which 
is of order one (see Appendix A).] We also show in 
Appendix C that there can be a few other possible 
terms which can be added to our model Hamiltonian 
leading to saturation in the same sense as above, but 
the conclusions obtained therefrom are quite similar to 
those obtained in the following by using (2) only. 

These arguments on the justification of (2) as model 
Hamiltonian are not very strong and, of course, depend 
on the assumptions we have made. But in this paper 
we shall regard (2) as our basic Hamiltonian and pro- 
ceed to obtain a few results. 

There have been different ways used to treat the 
system with the Hamiltonian (2). In the variational 
treatment, in the case of positive a, the type of trial 
state vector employed in earlier work is 


0)=C expLA ] do, (3) 
where 
A=4398F +d x 2:8x'Bx', (4) 


and C is the normalization constant; go, g, are varia- 
tional parameters, and @» represents the free ground 
state in which all particles are sitting in momentum- 
zero state. Using the state vector (3) is equivalent to 
the application of the well-known Bogoliubov trans- 
formation U to (2), where 


expl — >>; g.(0 'g ,'—B 1B) l, (S 


and the determination of g, by minimizing the constant 
terms obtained after transforming the Hamiltonian. 

It is well known that, if we use the above technique 
in the case of negative a, we obtain the complex (non- 
real) phonon excitation energy. This points out the 
inadequacy of taking @¢o as the free ground state. 

To incorporate the attractive interaction which 
changes the occupation of particles (especially those 
between the zero-momentum state particles and the 
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excited ones), we transform the state vector by a dif- 
ferent unitary operator, 

U;, expL—>, fi(Bx'Bo—Bo'Bx) |, (6) 
where /,; is an arbitrary parameter (mixing parameter) 
to be determined later. The one-particle wave function 
corresponding to this will no longer be a plane wave 
but a distorted one as it should be. 

We see that 


U,B,'U, fz BiltsilL doe sy Burt (to— 1) — vo" ], (7) 
U ,Bo'U, — UoBo'+v0 yw SB, (8) 
where 


‘ & cos{ (>> x. fx7)*}, 


and (9) 
sin{ (Dox fi2)*}. 


Similarly, the transformations for 6, and 8» are, re- 
spectively, the complex conjugates of Eqs. (7) and (8). 

To fix the variational parameter /,, we evaluate the 
ground-state energy by transforming the model Hamil- 
tonian (2) by the operator U, and picking out the 
diagonal terms after replacing 8) and 8»! by the C 
number 4/No, where Vo is the number of particles in 
the zero-momentum state. (After transformation, we 
suppose that the “free” ground state is sufficiently 
rigid, whereby No~N, the total number of particles.) 

Applying the transformations given by Eqs. (7) and 
(8) to the terms of the model Hamiltonian (2), we find 
the leading diagonal terms to be 


E°= FY +E™, 


Besides taking a to be a constant, we also make the 
following simplifying assumptions: We take the quan- 
tity f, to be a constant for g<qmax and O for g>qmax 
(with >>, /,? being of order one for the transformation 
to be nontrivial), and write 


As a result of these simplifications, we arrive at an 
expression for the ground-state energy FE," [obtained 
by transformation of (2) by U;]: 


9 


3aNo—é 


E,%=—- fait] cost f2)*]- 
k 


Sa.Vo 
(3a.Vo— €)? 
No. 
10a.V, 
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Here we do not include £,“ to the variational pro- 
cedure to find a suitable /, which makes the energy of 
the system a minimum, assuming that a@ is a small 
quantity and hence treating F,“ as a higher order 
correction. 
For a negative value of the scattering K matrix a, 

the minimization condition leads to 


cos*| (Sox fx2)!] = (BaNo— @)/SaN 0. (1 


Then £,“” is determined in terms of the parameter é: 


(3a.No—é)? 
éVot+ —No. (13) 
10a.V » 


The limits of é, which is to be always positive, are 
set by the condition (12) and the fact that a is negative. 
Hence 

0<é< —2aN >. 


(14) 


In view of this, the minimum energy is obtained when 
¢=0, and this immediately determines the value 
C(defi?)*] The minimum value of the 


, 3 
cos- to be 5° 


ground-state energy is 


(15) 
and this is less than —3/a!N¢? as it should be. The 
fact that é is to be zero restricts the number of particles 
involved in the transformation U’, in higher momentum 
states to almost zero. Considering the fact that ¢=0 
while cos*{ (}°;.f,2)!] has to be 3, we can determine f, as 
0<q<24M/L (16) 


2nM/L<q. 


fa=f/(4eM?*)}, 


=(), 


[M is some arbitrary number (>0 and finite) and L is 
the dimension of the quantization box.] Here f, is 
replaced by the f\,; since the angular dependence of f, 
is the same for all values of q. 

Equation (16) gives €=O(1/L*?) ~0 as L— «. This 
shows that only in the immediate neighborhood of g=0 
are particles excited. Our next task is to look for the 
existence of the phonon spectrum and study the various 
features of these excitations. In all previous work, a 
negative scattering length has led to the difficulty of 
complex energy values for the low-lying excitations. 
We shall see, after applying the transformation U, (6), 
that our transformed (model) Hamiltonian becomes 


)aur3, 


+[43a >) Bq'B,'BoBo+c.c. 


+terms which contain }°, f,5,8, 


¢ 
A= (—+ (6/5)an 


7 \2m 


(17) 


+[ 1009 5)no(to— 1) — 4a . o(8)?nmo—1) 
emi ? 


where we have used cos*{_(>_,f,?)! 
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To calculate the single-particle excitation energies in 
our case, we use the method of the equation of motion.’ 
We take the commutator of the single-particle (approxi- 
mate) eigenmode operator X_,* with our transformed 
Hamiltonian, where X_,* is given by 

X_t=[x Ba +Be). (18) 
This procedure, as explained elsewhere, will lead to the 
determination of w,, the single-particle excitation en- 
ergies of momentum g, and is equivalent to making a 
further transformation [namely, Bogoliubov trans- 
formation (5)] to our once transformed Hamiltonian 
(17). The relevant eigenvalue equation (in the Heisen- 
berg representation) will be 


LX .*,Ar j= —w X,*+¥,. (19) 
If we choose Y, as a small quantity, w,, x,, and y, are 
to be determined by the eigenvalue equation. 

In applying this method to our system, we have to 
remember that since the Bogoliubov transformations 
do not conserve the number of particles, we have to 
replace mp=8o'89 by N—San,, in all the terms.® This, 
of course, does not affect the ground-state energy ob- 
tained earlier (£,“,F,“). But we have a term 

—aN > 4(9 5); (20) 
which arises from the first term inside the last square 
bracket in Eq. (17). This in turn adds to the coefficient 
of the 8,'8, term in (17). With regard to other terms in 
(17) above, the replacement is equivalent to replacing Bo 
and Bo! by VV. 

b, 


+3 (Sa.V) 2 Bq'B"'+c.c. 


¢ 
Hr=¥|—+(— 3a.V) 


2m 


qa 


+(terms which contain >> /,5,"8,) 


+EM+E,M+A6, 


where 

E, =4a(9/5)N2, 
: 1 
—43(2)aN >. —aN, 


2€, 


E,@ = 


1 
(2)°'av > —a > n,. 


«€ = d 
LE, 


We regard A& as a perturbation to the “gap” (— ga) 
and discard it from the present discussion.® 

With the transformed model Hamiltonian (21) the 
commutator of Eq. (19) for finite values of g yields 


5Strictly speaking, we had to use the procedure similar to 
Hugenholtz and Pines, Phys. Rev. 116, 489 (1959); Sec. 4 of 
reference 6. The procedure is explained in Appendix B together 
with the meaning of A& (22) which we have omitted from our 
discussion. 
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the result, 


(X_¢*,Hr ]=Ba{WaLleat (— aN) ]—faN x} 

+B_q*{—x-dLegt (—faN)]+faNy,}. (23) 
Besides these terms, we have for the commutator terms 
of the following types: 


WoSg€q D. 58x X constant terms, 

Sq >, 5:8. constant terms, 

Sq"Wq > 548,X constant terms, 
Sod Sk” Y 548,X constant terms. 


In addition there are terms which are bilinear in the 
operators which we neglect here. In the expression (24) 
the quantity s, defined by Eq. (9) tends to zero for 
finite values of g by virtue of (16). 

Since we are interested only in the energy eigenvalue 
of the single-particle excitations, we can neglect these 
scattering terms. However, if there appears a resonance 
between single-particle states and collective oscillations 
in the system, then the scattering terms will become 
highly important in determining the normal modes. 
But we drop them for simplicity. 

Hence, the single-particle eigenvalue equation to be 
solved can be written as 


—wl BW atB_q*x «J 
= BalWaLegt (= 3a.V) J— saN Xo} 
+B_o*{—x-clegt (— aN) ]+faNy,}. (25) 


We can deduce from Eq. (25) that the single-particle 
energy eigenvalue is 

wa=(Le?+2e,(—2aN) |}. (26) 
[The result is, of course, the same as what we would 
get if we applied the Bogoliubov transformation to the 
first two terms in (21). ] For small values of g (g—> 0), 
we get the phonon spectrum 

w= gl (1/m)(—3aN) }}. (27) 
For negative a, this yields real energy values for phonon 
excitations. We should note here that the spectrum 
(26) is obtained from our model Hamiltonian in which 
we have neglected the momentum dependence of the 
scattering A matrix completely (low-momentum ap- 
proximation), and hence (26) is only valid for the so- 
called phonon region. For higher momentum excitations, 
particularly near the roton region, we would expect the 
repulsive hard core to play a dominant role and the 
momentum dependence of the K matrix to become very 
important.! 

The eigensolutions (in the approximation we are 
considering) for Y, and x, can also be derived easily 
and from the fact that X,, X,* obey Bose commutation 
relations, we are able to normalize them and obtain 
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the following: 
y =3aN [29 (w +é,) }}, 
@ é q : (28) 
X-e= (wet €,) L2we (wet éa)}', 
where 


é.=€,+(—3aN). (29) 


We shall now turn our attention to getting the cor- 
rection to the ground-state energy of our system, in- 
corporating the Bogoliubov transformation (5) within 
the approximation in which we neglect effect of “terms” 
which contain >> f,8, and A& from (21), by arguing in 
the same way as we did in the case of the single-particle 
energy. [We can evaluate the energy by using the in- 
verse expressions for 6, and 6,* in terms of the X,’s, 
putting them into (21), and introducing an ordering 
about X,, X,*, but here we use the Bogoliubov trans- 
formations for convenience. | 

The operator U’ transforms the creation and annihila- 
tion operators in the manner shown below 


Ug,'U-'= (8, coshg,— B_, sinhg,). (30) 


We apply this transformation to Eq. (21) and minimize 
the enérgy obtained by collecting the diagonal terms. 
This variational procedure gives for coshg, and sinhg, 
the values 


coshg, = (wet €x) [2wx. (wet é; ) 3, 


(31) 


sinhg, = 3aN/[2w; (wit &) |}. 
Using the above, we find the energy of the system to be 
given by 
UU,AU;"U" 
-EO+F," 


+1(2)%aN > - 
2\5 a 


aw 
+ U (terms which contain }> f,8,S" and A&)U-. 


The constant terms which yield the ground-state 


energy can be written as 


Ey=3(3aN)3N 


€, given by (26) and (29). 

This energy expression is of the same form as we get 
by applying the Bogoliubov transformation only to (2) 
if a>0 except for the replacement of a by 3a anda 
multiplicative factor 3 in the first-order energy. For 
a>0O, the Bogoliubov transformation yields 


wit h Way, 


3 1 L %,; 


age * 


€ q 


-RaN)N +3 (aN) YE 
) 
—2, 
with 
€yg T av, 
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If we define the scattering length a by a=4ra/mQ and 
V/Q=p, the density of the system, we get the familiar 
form for the energy with a few changes; 


2 
—\ 3| 5 
m 13\/r 


ui 


p 


(34) 


It is now interesting to examine how well our results 
derived above for the ground-state energy, etc., agree 
with the experimental data relating to liquid helium. 
From the vapor pressure curves for helium the ground- 
state energy is deduced as —13.2 cal/mole,’ though 
different types of experiments allow considerable lati- 
tude to this figure. The above value corresponds to an 
energy of (—5.715)X10~* electron volt per particle. 
The sound velocity C in the system can be derived from 
Eq. (27), and since the experimental value for C is 237 
meters we can write 


Sec, 


—all 


237 X 10°, 


which is the effective 
mass for low-lying excitations of the system. The first 
order ground-state energy from Eq. (11) is therefore 
expressed in terms of the ratio (m*/m) as 


where, instead of m, we used m* 


E® = 3.485 10-*X (m*/m) ev. 


A method to find m* is to look into the term 
dn, (vq+o)no of our Hamiltonian (1) and find out the 
excess contribution to the single-particle energy if we 


(36) 


have not substituted a(0) for a(g) as we have done in 
this paper. Since a(g) can be related to a(0) for small 
momentum transfers as 


} art g-A 
0g" 
the altered single-particle energy becomes 


3\7.\2 
— (3.Va) 


q" 
Yay ABV 
5 4 5-'a 


2m 
The effective-mass equation is therefore given by 


1 1 

VA. 
2m* 2m 
Since the core radius is of order 2.6 A, we can expect 
the a(qg) to change its sign at a value go which is of order 
h/(2.6 A) because at momentum zero, the scattering 
length is negative and at momentum higher than 
~=(h/2.6 A), a(q) is to be positive. Hence A can be 
expressed in terms of a(0) which in turn has been ob- 
tained from the sound velocity Eq. (35) as a function 
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of m*. A few algebraic operations lead to a quadratic 
equation for the ratio (m/m*): 


m\? m 251° KO 
19 m-, 
m* m* 10° 


where go+h/2.6X 10-8 and m is the mass of He*. This 
yields a value for m*/m of 


(39) 


m*/m=0.165. 


Hence, first-order from 


Eq. (36) is 


our ground-state energy 


E“=—5./5 X10 ev, (40) 


which is comparable to the experimental result. We can 
proceed further to calculate the second-order energy 
assuming an interparticle separation of 3.6 A, and ob- 
tain the ratio (using m* instead of m for the e,’s) 
E@)/} 


—().107. (41) 


The smallness of this ratio will assure us that the energy 
expression we have obtained is meaningful. Finally, 
from the relation which can hold between a and the 
scattering length a, 


a dara ml "a. 


we find a to be of order of —2 A. 
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APPENDIX A 


If in the Hamiltonian of Eq. (1) we assume a con 
stant attractive interaction a, apply the transformation 
(5), and collect the leading contributions to the ground- 


state energy, the last term gives a factor of the form 


ha do te Boe tevetey S pvoV 0’. (A-1) 


hae P Le D” Le DP DQ pp’ D+ 


Since, for the transformation to be nontrivial, 3°;f,2 is 
to be of order 1, and Vo~Q and a~1,Q, this term, when 
a is negative, immediately leads to failure of saturation 
in the system since it is proportional to —.V*| a}, where 
N is the number of particles in the system. In an 
analogous way the terms of the Hamiltonian 

\. pale. Ty ; 


7 pAWp 


1B,'B ps Bu tc.( 


present us with leading contributions of the form 


Dig Move? 2S p+ oS p5o- (A-2) 


~~ LP Le } 


This also results in the system becoming unsaturated. 
The above also implies that # is so chosen to be nega- 
tive and 1 to be positive or vice versa. It can easily be 
seen that the other terms of the Hamiltonian lead to a 
saturating system. 

The justification for studying the system with the 
last two terms of the Hamiltonian removed (as has 
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been done in this paper) may be grasped if we try to 
construct the AK matrix of the system with a mainly 
positive interaction (v>0), but with a negative scatter- 
ing length a<0. In this procedure, we will see that the 
last two terms in the Hamiltonian (1) which cause the 
processes represented in Fig. 1, modify the rest of the 
terms of the Hamiltonian. Hence, we can take as our 
model Hamiltonian 


Svonto(No—1) +, 2angno 
q 


+-Fey ) B Ba 1B, ‘BoBo+c.c. (A-3) 


~ 


~ a y 
“ ig ~~ a 
™ a ~\ 
ee. a ‘ 
Y y / 
a 
ens = ’ 
~~ al mi 
* i ‘\ 
‘ \ 
———— — - . — , 
y y ‘ 
7 
at 


terms in the 
of the excited 


Diagrams showing effects of last two 
the others, y is the momentum 


Fic. 1. 
Hamiltonian (1) on 
particle 


To obtain the above, we (11) asa K 
matrix obtained by summing diagrams in Fig. 2 and 
omitting the momentum dependence of a; and az for 
simplicity. We note here that H‘” defined in (A-3) 
must be supplemented by a term 


consider a@ in 


1 
H° —a>. aby 'B 


— 24 


ay B 'B Bo. (A }) 


— Je? 


The addition of this can be accounted for in the follow- 
ing manner. The second order correction to the first 
order energy obtained from (A-3) is given by 


Fic. 2. K matrix for forward scattering and for pair creation 


MODEL 


OF 


3. Second order diagram in a obtained from (A-3). 


which is represented in Fig. 3; but in inserting this 
term we are overcounting some of the contributions 
from the diagram one would obtain from the Hamil- 
tonian (1). The original Hamiltonian gives second order 
contributions to the energy which can be represented 
by summing up the diagrams of Fig. 4 in which the first 
interaction point is to be a vp interaction instead of a 
interaction. Hence, H® supplements H“ to give the 
correct result. By adding (11) and (12), and using 


(A-5) 


del= 


4. Diagram obtained from (1) representing 


two-particle scattering 


It is obvious from our observations for attractive 
interactions that H for a saturating system with 
negative scattering length should not have interactions 
of the form represented by the last two terms of Eq. (1) 
which we have included in the A matrix. Hence, it can 
be said generally that the model Hamiltonian is to be 


of the form (2). 


APPENDIX B 


The procedure to be used in a more rigorous treat- 
ment for the system with the Hamiltonian (17) is to 


replace #» by a number N which is determined by the 


condition 
N+ (Wyx,dcx min). (B-1) 


Here wx is the eigensolution of the equation 


[Hr(8)—p De mWa=Exbs, 


and 


al N aN ‘ 
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The ground-state energy becomes 

Fo=Extu(ds,d nin). (B-4) 
Taking the definition of u given in (B-3), if we assume 
for the energy y the approximate value given by the 
last two terms in the square bracket of Eq. (17) with mo 


replaced by N, we see that 


0 


Lo N?(9/5)—3(3)'aN ¥, - 


where uv"? is given by 


Yi m= —aN ¥ ,(9/5)n,, 


—_* 


— 
which is the same expression as Eq. (20), and u® by 


—p® Dox m=AE, 


where AG is the same quantity found in Eq. (22). Then 
the Hamiltonian [Hr(N)—piy:] in Eq. (B-2) be- 
comes exactly the same as our model Hamiltonian (27) 
except for the fact that .V is replaced by N. 

We have discarded the quantity A& from our dis- 
cussions in the text. Here we find that A6 is a part of 
the second order chemical potential 4°. But this up 
is really to be derived from the actual value of Ey 
taken up to the second order, which is the equation for 
E given by expression (33) in the text. If we do so, we 
find that the divergences in u®? arising from the dif- 
ferentiation and summing up of the second order terms 
cancel each other. It is easy to see that A& is the con- 
tribution obtained by differentiation of the second order 
factor containing the term }°[1/(—2e,) ] in Eq. (33). 
The other second order factor, which is the result of 
the Bogoliubov transformation, after differentiation 
yields another divergent term similar to A6é. 

Hence in all our expressions in the text V given by 
(B-1) should replace V. To calculate the quantity N, 
we can use Eq. (B-1) and obtain 


N=N+4+2.8(m*/m)N=NX 1.013. (B-5) 


In evaluating the above we have used the approxima- 
tion that p~p which, in view of the small depletion 
effect indicated by (B-5), is a good approximation. 

It is interesting to observe that while the result (B-5) 
shows that the mean number of particles in the excited 
states, corresponding to the situation represented by 
the transformed Schrédinger wave function, is very 
small, the mean number of excited particles correspond- 
ing to the original untransformed Schrédinger wave 
function, namely the quantity (¥,>-.W) where y is 
the eigensolution of the equation Hmodew~= Fy, is not 
so small. To estimate this wave function y we take the 
transformed model Hamiltonian and remove the inter- 
action terms therefrom. Then the wave function y 
should correspond to the Hamiltonian represented by 
Eq. (17) without the terms in the square bracket and 
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hence is approximately the free ground-state wave 
function. We can write 


¥=Ur"'do. 
Hence the number of particles in nonzero 
states is given by 
(G0,U 1 Sox neU 10) = 


Zz Vo 
In determining the above we have made use of Eqs. (7) 
and (8) and taken the value of cos*[ (°.f:2)'] to be 3. 


momentum 


gas (B-6) 


eN=3N. 


APPENDIX C 


On the basis of the arguments employed in Appendix 
A to analyze the saturating properties of the various 
terms of the Hamiltonian (1), and in view of the struc- 
ture of our transformation U’; which mixes the excited 
states with zero-momemtum states in a nontrivial way, 
we would like to point out that after eliminating the 
nondiagonal (scattering) interaction terms (by incor- 
porating them suitably into the K matrix which is not 
achieved here) there remain, in addition to the terms 
found in our model Hamiltonian (2), a few other terms 
which even with a negative scattering length for the 
interaction lead to the saturation of the system in the 
sense of Appendix A. 

These additional terms are 


Bus del = @ ee Bq'Bq 'B, B, 


aq 


a 
+-> 8,'8_.'B, 
oa 
The corresponding diagrams representing these inter- 
But 
we 


action terms are given in Fig. 5. in taking our 
Hamiltonian as Hinoder +H modei are committing 
the error of overcounting some of the 
second order represented by the diagrams given in 
Fig. 6. Hence, to evaluate energies correctly up to 
second order we should delete these processes from the 
interaction; this can be done by adding to the Hamil 


processes ot 


Fic. 5(a). Diagram showing forward scattering of excit 
(b) Diagram for pair to pair scattering 


| particles 





SIMPLIFIED 


-Y 


Fic. 6. Second order diagrams in a obtained from (A-3) and (C-1) 
together which appear in addition to diagrams in Fig 


tonian a supplementary term Hyoaci”: 


—lay 


2% 2. a > (8,184 'BoBote.c.). (C-2) 


—™ Le 


We apply now the transformation U, to the total 
Hamiltonian, Hynodert Hoa?’ +H moaa®’, and pick 
out the leading diagonal terms. After that we use the 
variational procedure. This leads to the following 
conditions : 


cos*[ (do. fi?)']=0, €=0; (C-3) 
and the minimum energy itself becomes 


E,%=1aN 2X3. 
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In arriving at this value, we have as a first approxima- 
tion discarded the second order /," terms [Eq. (10) ] 
and similar terms obtained from Hmoae1’. Also we 
have made variations of the parameter /; only. 

The total transformed Hamiltonian can be written as 


+2any >) Ng +3 X 3an 2 Sa 2; 
7 7’ 


— Je, 


+(terms which contain ¥-, f,8,s,). (C-5) 
The above expression is just the same as Eq. (17) 
obtained by transforming the first term Hmoae: only by 
the operator U,, except for the fact that the term 
in (17) is replaced by a here. 


3 
5a 
Hence, in this case also, all our previous results calcu- 
lated with Hinoaei alone follow in exactly the same way 
with the only change mentioned above. Since we have 
used the value of the phonon velocity determined ex- 
perimentally to calculate the energies, etc., the nu- 


merical values arrived at earlier remain unchanged. 
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In an intense field plasma particles are much more strongly coupled to the field to each other, the motion 
of each particle depending on the strength and direction of the field rather than on its individual interactions 
with other particles. Pair and higher correlations become unimportant, and singlet superposition for the 
n-particle distribution function provides an excellent approximation. The singlet distribution function is 
then given by a Vlasov-type transport equation. This conjecture is proven correct on expanding the reduced 
Liouville equation in powers of a dimensionless field parameter, \=e/ Eo? (with a interpreted as an average 


approach distance 


, which expresses the ratio of the intensity of interparticle interactions to that of particle 


field interactions; singlet superposition is then exact through terms linear in \. A general closed hierarchy 
valid through any given power of J is derived: solution exact through X” retains correlations through order 
m. Thus we see that, as the field becomes weaker, successively higher order correlations become important. 
Examples of the range of validity of the new treatment are given, and the lack of justification for the use 
of Boltzmann or Fokker-Planck type equations for microwave plasma diagnostics is briefly discussed, 
considering the low intensity of microwave beams, and thus the probable importance of pair and higher 


correlations. 


RANSPORT equations for plasmas are usually of 

the Boltzmann, Fokker-Planck, or Vlasov type. 
None of these equations has clearly defined limits of 
validity in terms of simple physical magnitudes; in 
particular, none of them is considered valid in the 
presence of strong fields which cause severe nonlinear 
effects. Such effects, however, are important in many 
physical situations such as the propagation of high- 
intensity microwaves in plasmas, microwave plasma 
diagnostics, etc. In this note we wish to outline the 
derivation of a hierarchy of closed transport equations 
in which each successive set yields an approximation 
valid through successively higher powers of a dimen- 
sionless parameter which expresses the strength of 
interparticle forces relative to the external field force, 
thus providing a description of precisely those situations 
in which the existing transport equations are inappli- 
cable. 

In very strong external electric fields we would expect 
the motion of each charged particle to be relatively 
independent of the individual motions of other particles, 
because each particle is much more strongly coupled to 
the field than to the remaining particles. In terms of 
statistical distributions this means that pair and higher 
correlations become unimportant, and singlet super- 
position of many-particle distribution functions should 
provide a good approximation. Therefore, the resulting 
equation would be expected to be of the nonlinear 
Vlasov type.'! As we shall see, even higher approxi- 
mations are readily obtained. 

We consider a system of N particles of s kinds, NV; 
particles of kind i, in a volume V, each carrying a 


* This work was supported by an Office of Aerospace Research 
contract monitored by the Air Force Office of Scientific Research 
of the Air Research and Development Command. 

t Present address: Research Department, Atomics Interna- 
tional, P. O. Box 309, Canoga Park, California. 

1A. A. Vlasov, J. Phys. (U.S.S.R.) 9, 25 (1945). The term 
‘nonlinear’ here means nonlinearized with respect to departures 
from equilibrium. 


charge z,e. The external field force on particle i at r; 
is given by £ez;e(r,;), E being the field intensity and 
e(r;) the dimensionless field vector of order of magnitude 
unity. All forces are expressed in units of Ee; the 
Coulombic force between particle 1 and any of the 
remaining .V—1 particles is then written as 


. r),a" 
F(r,;)= . ey 


(r1;)° 


212; Pigs : 
— =2\,F(rii); Ax 
Ee (71;) ke 


where a is a length parameter to be discussed later. 
As long as particles 1 and 7 do not come closer than a, 
we have |F(r,;) <1, and the dimensionless field 
parameter \; expresses correctly the ratio of the force 
exerted on particle 1 by 7 to the force exerted on 1 by 
the external field. This latter in units of Ee is written 
z)e(r}). 

The reduced distribution function of the set n of” 
particles is denoted by 

$(1,2,---n)=o™ (F;,°* + Tn,Pi,*** Pn t) =O(n); 

all distribution functions are normalized to unity. With 
these definitions the exact reduced Liouville equation 
(the first equation of the BBGKY hierarchy’) for the 
distribution function ¢(1) is 
Pi 
—+ Orib(1)+2,e(41) - Veid(1) 
my 


0 
—$(1)+ 
ot 


. 
+5 Df Fle.) woo ( tarde, 20, (2) 


i=2 


In Eq. (2) we assign a different field parameter to each 
particle in order to facilitate further analysis. Ulti- 


2N. N. Bogolubov, J. Phys. (U.S.S.R.) 10, 256, 265 (1946) ; 
M. Born and H. S. Green, Proc. Roy. Soc. (London) A118, 10 
(1946) ; J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946); J. Yvon, 
Actualities Scientifiques et Industrielles (Hermann & Cie, Paris, 
1935). We refer to the transport equations in the theory developed 
by these authors as the ““BBGKY hierarchy.” 
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TRANSPORT EQUATIONS IN 
mately, the development will be in powers of the single 
parameter \=e/Ea*. Such a development necessitates 
a consistent ordering of the field parameters since the 
force between particles i and 7 could be written as 
siA,;F(r;;) or as 2;A,;F(r;;). Our principle of ordering 
stems from the fact that we need only the singlet and 
pair distribution functions in order to evaluate transport 
properties. In the evaluation of (1), particle 1 is 
regarded as moving in the field of 2, 3, , NV, and thus 
only the V—1 parameters oz, , Aw are used. These 
are the field parameters of the particles whose coordi- 
nates and momenta are integrated out in Eq. (2). An 
extension of this principle leads to writing the general 
equation? for @(n), n> 2, as follows: 


0 n P: 
o(n)+ 3 -¥,o(n)+2,e(r;)- Vp.d(n) 
i=l 


al mM; 


» 
= oh Revenant 
=n+l = 


>, AF ( (ris): (VW pi— V vi) 


n 


+ 22 a NF (12) - (V p2o— V pi) a. 


i=3 


+z, A,F (r, 1.n)* (WV pn—1 —v».) fain \=0. (3) 


The ordering principle is apparent here: 
moves in the field of 2, ---.V, particle 2 in the field of 
3, --»N, and so on. If the field is sufficiently strong it 
will be sufficient to evaluate @(1) through first order in 
he, **‘Ay. Then, from Eq. (2), it follows that $(12), 
$(13)-+- should be of zeroth order in Xo, Xz, ; this, 
in turn, means that the triplet and higher distribution 
functions, ¢(n), Eq. (3), should be evaluated to zeroth 
order in the field parameters of the sets n. The resulting 
equation for the first approximation ¢;(m) is 


particle 1 


-Vr1(n) +2,e(8,)- V pi (n) 
mM; 


-oi(n +E & 


0 


+2; > r if F(r;;)- vod(nj)dpar;|=0. (4) 


jowti 
A self-consistent solution of Eq. (4) is given by 


¢,(n) =1(1)p1(2 -oi(n), 


p 
(1) +2 wa6s(t) +a ele 


my 


+EN fre 11 ;)1(7) iar) V pid (1) 


STRONG EXTERNAL FIELDS 


Reverting to the usual normalization, 


f(n)=TIEV;!/(Nj;—2,)! Jo (n) 

7=1 
and taking the customary limits .V > », V N/V 
constant, we obtain, as our first approximé ition to f\ n), 


fi(m)= fi(1)- fi(2)--+ fin), 


Wafi(l)+2 
my 


e(r;) 


tr > a f F(ri.) f(k)dp,dr, |- vos 1) 
k=l 


\=e/ Ea’. 


Equation (6) is just the nonlinear Vlasov equation.! It 
will provide a good approximation to f(1) and to f(n) 
(as product of singlet distributions) when the field is 
sufficiently strong (A small). that our 
initial conjecture concerning the decoupling of corre- 
lations in strong fields is indeed correct. 

From our derivation it is apparent that the solution 
of Eq. (5) are multilinear in \,’s, containing terms of 
the type Ae, Aes, AeAsAg- ++, but excluding terms A.?, 
NoA3”, Az*A4, Thus, when we convert to the single 
parameter A in Eq. (6), we will also have some, but not 
all, terms of order higher than first in A. Thus, to make 
the solution consistent and O(X), it 
should be carefully linearized. 

Entirely leads to a 
solution of the problem of evaluating f(1) exactly 
through any given power of X. Denoting a solution 
through O(A’) by f,(n), we obtain the following result. 
The distribution functions f,(m) of less than pv particles 
are given by appropriate equations of the BBGKY 
hierarchy [Eq. (3) with z,A instead of \; and f(n), 
normalized to V!/(N—n)!, instead of @(n) normalized 
to 1], while the distribution function of » particles is 
given by the approximate equation 


0 v P: 
—f.(v+>d | ~ 
at i=1 (mM, 


Thus we see 


Cte. 


exact through 


analogous reasoning general 


‘Vif (v) bof e(n) +r pa 2;F(r;;) 


ixHi 


INE a f Fee )f(k) dp, a] Vol, (v) )|=0 (7) 


For example, in order to obtain f2(1) (singlet distri- 
bution exact through \?), we have two coupled equations 


0 


Pi ; 
f2(1)+ va fall) e(n)- Wo fall) 
al mM; 


+r >> ccf Plow) wn fltedndns] =o 
k=] 
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with f2(12) given by 


i 
on Viit3; e(r;) 


+r1>° os f F(ru) folA)dpude, “Vp; f2(12) 


+ 2:30 F(ni2)- 0 pit F(te1)- 02): f2(12) =0. 


In general, for f(1) exact through O(A’), we must solve 
v coupled equations.’ The physical interpretation is 
apparent. Terms of O(A?) become important when the 
field is somewhat weaker. Then, however, pair corre- 
lations are still important, and just these correlations 
are retained in the approximation of Eqs. (8) and (9), 
where f(12) is mot (and cannot be) factorized. For 
successively weaker fields correspondingly higher order 
correlations are retained in the general approximation 
scheme, Eq. (7 

We this discussion of the 
probable range of validity of our approximation. While 
no exact value for the parameter a can be given, its 
interpretation as the average approach distance (i.e., 
two particles only very rarely come closer than a) leads 
us to identify it with the Debye length. This rough 
evaluation should be quite reasonable for plasmas of 
not too high density. Then, for example, for a two- 
component plasma with V/V=10", at T=10*°K, we 
have \=0.6/E, with E in volts per centimeter. Under 
these conditions \ will be very small for microwave 
intensity of 100 v/cm or more, and will be still smaller 
for higher temperatures and/or lower densities, when 
the Debye length is larger. Thus the nonlinear Vlasov 
Eq. (6) should provide an excellent approximation in 
these cases, in particular in problems of power transfer. 


conclude note with a 


3 Again, the solutions will contain some, but not all, terms of 
higher order, and these should be rejected from the final result. 


EL MEERON 


Of course, modifications to include electron radiation 
and magnetic fields are necessary; these, however, are 
not difficult to develop. 

Equations of the Boltzmann type, linearized with 
respect to departures from equilibrium, are commonly 
employed in conjunction with microwave diagnostics 
of hot plasmas.‘ In addition to the objections raised 
at the beginning of this note, it is doubtful that very 
hot plasmas are ever close to equilibrium (even in 
relatively weak fields). These objections carry even 
more weight in connection with plasma diagnostics 
where a reasonably firm theoretical basis is of para- 
mount importance. It appears that the present develop- 
ment provides just such a basis for the proper choice 
of an approximate transport equation. For example, 
for a plasma at 10°°K, density V/V =10", in a micro- 
wave beam of intensity 0.1 v/cm the field parameter A 
is about 0.15. Thus it appears that our first approxi- 
mation, the nonlinear Vlasov Eq. (6), may not be good 
enough in this case; however, our second approximation 
[Eqs. (8) and (9)] would be expected to be sufficiently 
accurate. On the other hand, our conclusion concerning 
the insufficiency of the first approximation, Eq. (6), 
casts some doubt on the validity of the use of any 
Boltzmann- or Fokker-Planck-type equation for plasma 
diagnostics since the latter involve approximations of 
the same type as the nonlinear Vlasov equation. 
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The spin-wave spectra of simplified two- and three-sublattice models of the rare-earth iron garnets are 
obtained, and shown to contain an iron spin-wave spectrum similar to that in ytrrium iron garnet, together 
with one and two optical branches, respectively. Intensities for optical excitation of k=0 spin waves are 
computed, and the effect of an external magnetic field on the resonant frequencies is also found. The conse- 
quences of anisotropic g values, which can be very different from the Landé g,, are explored. Whereas fre 
quencies are determined by the g values along the exchange field produced by the iron, selection rules depend 
on transverse g values. This results in absorption at single-ion splitting frequencies as well as at the Kaplan- 
Kittel exchange resonance frequency w.e=d(7y2Mi—yiM2). The anisotropy in the g values also produces a 
shift in the exchange resonance frequency, which can be related to the macroscopic anisotropy energy 
deduced from the anisotropic single-ion exchange splittings. Agreement with experimental data on ytterbium 
iron garnet, given in an accompanying paper, is excellent. Application of the theory to anisotropy effects in 
ferrimagnetic resonance of rare-earth-doped yttrium iron garnet is also considered. Finally, the specific heat 
capacity is considered and shown to be well approximated by the single-ion Shottky anomaly approximation 


used by Meyer and Harris 


I. INTRODUCTION 


OR a number of years yttrium iron garnet (YIG) 

has played a central role in research and applica- 
tions concerning ferromagnetic resonance. This promi- 
nence results from its regular crystal structure, all iron 
ions being trivalent, so that g=2 and relaxation times 
are long. When the diamagnetic yttrium is replaced by 
various trivalent rare-earth ions, we again have a regu- 
lar magnetic structure, but with two very different 
components. This difference leads to a much more 
complex low-lying spectrum than that of YIG, and 
increasing effort is now being devoted to unraveling 
these spectra. In addition to the purely scientific 
interest in understanding these systems, the splittings 
may have potential technical application in submilli- 
meter masers. 

The magnetization and static susceptibility of the 
rare-earth iron garnets have been studied in detail by 
Pauthenet.! These garnets have the formula 5Fe.03 
-3ROsz, where R is a trivalent rare-earth ion. The actual 
cubic crystallographic unit cell contains four such 
formula units.” The ferric ions are located on 16 octa- 
hedral (a) sites and 24 tetrahedral (d) sites; the rare- 
earth ions are on 24 (c) sites in the unit cell. Below the 
Curie point (~550°K), the ferric ions order into Oppos- 
ing sublattices a and d, with a net moment from 8 ions 
per unit cell or 2 per formula unit.' Since the g value is 
nearly 2, this leads to a magnetization of 108 (8= Bohr 
magneton) per formula unit, when the lattices are 
totally ordered at low temperatures. The rare-earth 
ions on sublattice c have an antiferromagnetic exchange 
coupling to the iron ions on sublattice d, tending to 
align their spins against the net moment of the iron 
ions. Since this coupling is relatively weak, the rare- 

* Supported in part by the U. S. Office of Naval Research, The 
National Science Foundation, and the Alfred P. Sloan Foundation. 


‘R. Pauthenet, Ann. Phys. 3, 424 (1958). 
2 F. Bertaut and F. Forrat, Compt. rend. 242, 382 (1956). 


? 


Pe | 


earth ions order significantly only at low temperatures 
(<50°K). At these temperatures, the iron sublattices 
are essentially completely ordered. The rare-earth 
rare-earth coupling is weaker still, and is neglected here. 
It is the purpose of this paper to discuss the low-lying 
excitation spectrum of this system, when it is at low 
temperatures so that the iron is largely ordered, and to 
relate this to the observable electromagnetic absorption 
spectra and the specific heat. 

Although the many inequivalent rare-earth sites per 
unit cell play a key role in interpretation of the promi- 
nent anisotropy effects in these materials, one rapidly 
acquires a formidably complex problem if they are taken 
into account in detail. Hence we shall initially ignore 
this complexity and treat a simple model in which the 
rare-earth ions are all equivalent and isotropic. Simi- 
larly, we treat the iron ions as if all were on a single 
ferromagnetic lattice rather than being ferrimagneti- 
cally coupled. The latter simplification should actually 
introduce little error for the excitations of interest here. 
After considering some general properties of this model, 
we shall indicate how the complication of anisotropy 
and inequivalent ions can be treated, in some cases at 
least. Comparison with the detailed experimental 
results on ytterbium iron garnet (YbIG) presented in 
an accompanying paper* will illustrate the results of 
this analysis. 

Since the microwave ferromagnetic resonance be- 
havior of these systems has already been discussed 
extensively by Kittel, deGennes, and Portis,‘ and by 
Van Vleck,® that part of the spectrum will not be 
treated in detail here. 


3A. J. Sievers, III, and M. Tinkham, following paper, [Phys. 
Rev. 123, 321 (1961) ]. 

*C. Kittel, Phys. Rev. 115, 1587 
C. Kittel, and A. M. Portis, Phys. Rev 
ibid. 117, 681 (1960). 

5 J. H. Van Vleck, Phys. Rev 


1959); P.-G. de Gennes, 
116, 323 (1959); C. Kittel, 
58 


123, 1961). 
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M. TINKHAM 


II. ISOTROPIC TWO-SUBLATTICE MODEL 


A model which gives considerable insight into the 
salient properties of the garnet system, yet which is 
simple to solve analytically, is a one-dimensional one 
in which there is a chain of .V iron ions (1), each coupled 
to a rare-earth ion (2). The iron-iron ferromagnetic 
coupling is given by an exchange constant c, and the 
iron-rare-earth coupling constant is \. We assume iso- 
tropic exchange coupling, and take A>0 to represent 
antiferromagnetic coupling. We neglect the rare-earth 
rare-earth coupling as negligible. If we also include an 
external field H, the Bloch equations of motion are 
given by 


dM, dt= yiM.;<[H+c(M, ni tM, + 1)—AMs, |, 


(1) 
dMsz, dt= y2M.;X { H— \M,,), 


where y; and y2 are the effective gyromagnetic ratios 
for the two sublattices. (y= ge/2mc, g being the spec- 
troscopic splitting factor, which is taken to be isotropic 
for the present.) We solve for small oscillations about 
an equilibrium configuration in which M,,=M, and 
M.,= —M; by linearizing these equations in the usual 
way, considering only first-order transverse components. 
The equations simplify if we introduce circularly po- 
larized modes by Mz=M,+iM,. Finally, we take 
cognizance of the translational symmetry of the linear 
chain under displacements by a distance a to write for 
the deviations 
6M, ;=5Myze'ot-*=0), 


where the allowed values of k are given by k,. Na=2uz, 
with n=0, +1, +2, ,+(NV—1)/2, thus introducing 
spin-wave normal modes. If we temporarily set H=0, 
we obtain the following equations of motion for normal 
modes: 


FwM j= = —y\(M2M z+ MM ) 
—_ 2cy1M1( 1 mg oska )M- 9 
FwM x= 72d(M2Miz+MiMexz). (2) 


Note that changing from M, to M_ merely changes the 
sign of the frequency w. Thus we lose no generality by 
considering only M_ components. Also note that if we 
set A=0 to decouple the two types of ions, the normal 
mode frequencies become 0 for the rare-earth ions, and 


0, = 2cy,M ,(1—coska) =4cy,Ms2 sin*(ka/2) (3) 


for the iron. This is the usual spin-wave spectrum of a 
ferromagnetic lattice, in which w~k? for ka<1. Intro- 
ducing 2, into (2), we have 
w—-2.—-y,AM.)M, —(y,\M,)M, 0, 
(yAM.)M, +(wtyAM1)M> = (), (4) 
Solving the associated secular equation leads to the 
eigenfrequencies 


+ [ (Qe—w,)? + 4, }}}, (5) 


where 
wWe=A(¥2M1—yiM2), (6a) 
and 


wo=yoaAM 3. (6b) 


In this, w, is the exchange resonance frequency derived 
by Kaplan and Kittel® for a two-sublattice system, and 
we is the frequency of precession of a single rare-earth 
ion in the exchange field of its iron neighbor. 

The observable spectrum arises from the uniform 
modes (k=0) which can interact with a uniform applied 
oscillatory field. Since 2, goes to zero at k=0, Eq. (5) 
reduces to 


wo=0, —w, (7) 


, 


there. The zero-frequency mode will become the usual 
ferrimagnetic resonance mode in a static external mag- 
netic field, whereas the mode at —w, is the exchange 
resonance mode of Kaplan and Kittel,® also discussed 
by Wangsness.’ 

For ka relatively large, Q,>>w,., w2; and (5) reduces to 


wo (Qe+w2—we), —wel 1— (we—w,) /Qy |. (8) 


Thus over most of the spin-wave spectrum, the fre- 
quencies of the two modes are nearly equal to the un- 
perturbed frequency of the iron spin wave Q; and to the 
single-ion splitting w2, respectively. The correction 
terms are down by a factor of order A/c, the ratio of the 
exchange constants. 

The entire spin-wave spectrum for this model is 
sketched in the upper part of Fig. 1. The magnitudes of 
the parameters are chosen to approximate the situation 
in YbIG, but the qualitative behavior would be the 
same for the other garnets. The significance of the dif- 
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Fic. 1. Spin-wave spectra of two- and three-sublattice models 
of rare-earth iron garnets. Since the branch near the unperturbed 
iron spin-wave branch Q, is essentially the same in both cases, it 
is drawn only once. The two-sublattice case, shown above, gives 
one optical branch, and the three-sublattice case gives two, as 
shown in the lower part of the figure. Note the tenfold difference 
in scale between the positive and negative frequency branches. 

6 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 760 (1953). 

7R. K. Wangsness, Phys. Rev. 91, 1085 (1953); 93, 68 (1954 





LOW-LYING SPECTRUM OF 
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Fic. 2. Normal modes of the two-sublattice problem at k=0 
and k=x/a. Two adjacent cells are shown in each case. The modes 
at k=O are observable if y; and ye are different. The modes at 
k=r/a will be observable if the transverse y’s of the ions of a 
given numbered type repeat only with double period 2a, even if 
the longitudinal y is the same for all ions of the type considered. 
For clarity, the exchange coupling network is shown only in the 
first case. 
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ference in sign of the two frequencies is that they have 
opposite senses of circular polarization for the case 
treated here. 

We can get some feeling for the nature of these modes 
by noting from (4) that 


z 


J_=J;_+Je Thus Q.—-0 at k=0, 
J_-— +0 for the exchange resonance mode, since w,+0. 


M, M, M, 


71 72 71 


(9) 


where when 
Because J_=0, there is a precessing moment to couple 
to an applied oscillating field only if there is a difference 
of y; and yo, so that M_ is not also zero. The resulting 
absorption intensity is proportional to (yi— 2)”. On the 
other hand, at high & values, where 2;,>w,, we see that 
J,_=J_ for the mode near Q, and J;_~0 for the low- 
frequency mode. Thus, as expected, the two modes 
involve the iron and the rare earth separately when the 
frequencies are quite disparate. These modes are shown 
schematically in Fig. 2. 

To calculate the intensity of the exchange resonance 
more quantitatively, we introduce an oscillating trans- 
verse field h in the equations of motion, and find the 
susceptibility for frequencies near —w, to be given by 


(w) = M_(w)/h_(w) 
= (¥1—¥2)"/ (w 


x 


+w,)[ (7 M»)—(y M,) }. (10) 
The susceptibility x, for linear transverse polarization 
will be just half this value, since half the field is then 
circularly polarized in the wrong sense. We may com- 


pute the integrated absorption, assuming a linewidth 


> 
XN 


ARE-EARTH IRON GARNETS 


Aw<<wo, by using the Kramers-Kronig relation,’ 


” 
2 f W1Xz (w,)dw 
TY 0 1" —w" 


Ww] Ww 


(11) 


ti 
Xr {w) 


and simplifying for w such that Awx<(w—wy)<wo. In 


this case, (11) becomes 


L 


f Xz” (w)dw 
re 


Xz” (wy) Aw 

, 

Xz \w)= 
T(wo—w 1 (wy—w) 


Hence (10) implies 


7 \M My i ¥2)? 
, (13) 


) 


which vanishes as (yi—¥ >, as expected from the 
We can also use (11) to 
compute the contribution of the exchange resonance 


mode to the transverse static susceptibility. This gives 


structure of the normal mode. 


Aw AM\M2(y1—Y2)? 


xz’ (0) (14) 


Let us now introduce a static magnetic field Ho 
directed along the z axis. Since there is no anisotropy 
in the model, the only stable configuration is that in 
which the net magnetization (M,+Mb,) is parallel to 
H,. If we assume M,> Mb, then this requires Ho along 
+z for the conventions assumed above. (If M,<Mo, 
then the sign of 7» should be reversed in the following 
results.) Inclusion of Hy changes (4) to 


(w—-Q —7,A\M.—y,Ho)M;, —(yv,AM,)M, 
(yoAM2)M,+(otyAM 1 —ye2ly) Me 


0 


’ 


0. (15) 


The resonant freque ncies are now given by 


=s 


Went 


— vity2)Ho} 
weit h(i, —My)—Hel 


+40,72(AM,—TTy)}*. (16) 


It is of interest to specialize this to k=O (Q,=0) to get 
the observable resonance frequencies. In that case, 
2w0o [—wet+ (7 ity) H ) } t [w2—2w.(yity: )\Ho 
+4yiy2HoA(M,—M2)+(m1—y2)"He |). (17) 
Since Ho is usually small compared to the exchange 


fields, it is worthwhile to expand this equation to find 


®See, for example, C. Kittel, Elementary St 
(John Wiley & Sons, Inc., New York, 1958). 
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the resonance frequencies to first order in Ho. These are 


M,—M:, 


Wy 


Ho, (18a) 


; (M1/¥1)— (M2/¥2) 
y?M,—yr°M, 
Wet : Ho. 


y2Mi—yiM,2 


(18b) 


Equation (18a) merely gives the usual ferrimagnetic 
resonance condition, based on the ratio of net magneti- 
zation to net angular momentum. This is the resonance 
discussed in detail by Kittel, deGennes, Portis, and 
Van Vleck*® for the rare-earth iron garnets. The result 
(18b) gives the linear Zeeman effect for the exchange 
resonance. Note that it gives a shift of the resonance 


frequency, rather than a splitting into two components. 


III. THREE-SUBLATTICE MODEL 


As indicated in the Introduction, the rare-earth iron 
garnets actually have a very large unit cell, with many 
inequivalent rare-earth ions coupled to the iron lattice. 
Each additional ion per unit cell leads to another branch 
of the spin-wave spectrum, and in particular, to an 
additional optical mode at k=0. This problem rapidly 
becomes very cumbersome to handle, but we can illus- 
trate the general process by adding a single additional 
ion per unit cell. This is taken as another rare-earth ion 

3) coupled to the iron ion, but we allow y;#7-2 and 
\;~A.. In this case, in absence of external fields, (4) is 
generalized to 


- 


wo—24— 71 (MoM o-+AsMs) 1M) 
— (yih2M 1)M2_— (y:4sM1)M3_=0, 
(y2\2M2)Mi_+[wt+y2ar2M1]M2+0=0, 
(y\3M3)M,_+04+[ot+y:\3M,]M3_=0. 


(19) 


The associated cubic secular equation may be written 


3—~— W130 12 


ove 
ws)%] 


one 
WoW Zech 

where we have introduced the notation: 
we= 722M, w3= Y AwM, 


eae 2M», Ww} 


(20a) 


= 713M, (20b) 


Wee= wWe—wi2=Ao(¥2Mi—yiM2), 


Wo3 = W3— W13= A3(¥3M1—71M>). (20 

Since the gene ral solution of the cubic is not very en- 
lightening, we specialize immediately to the optical 
modes at k=0, where 2,=0. From (20), we see that in 
vhs 
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0 is one root, and the secular equation 


reduces to a quadratic, the solutions of which are 
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If the sublattices 2 and 3 are quite similar, it is of 
interest to let 


2=F-H, ¥W3=F+H, 


and similarly for M and X. If these substitutions are 
made in (21), first-order terms in dy, etc., cancel, and 
we have the approximate roots, 


=>—F\M, (21a) 
and 


wo= —\7M1—71(2M) (21b) 


The root (21b) is simply the exchange resonance found 
for the two-sublattice model, with the combined rare- 
earth sublattices acting together as one sublattice. The 
root (21a) is a new mode whose frequency is the mean 
of the single-ion splittings w. and w;. Thus we see that 
the nonequivalence of the two types of rare-earth ions, 
2 and 3, has made possible an optical mode near the 
single-ion splitting frequencies, a mode which was for- 
bidden if all rare-earth ions were completely equivalent. 
The fact that approximately this frequency appears 
also at ka=z in the two-sublattice model can be inter- 
preted physically as follows. When ka=z, adjacent ions 
on the chain move out of phase while second neighbors 
move in phase. Thus, if alternate ions were to have 
slightly different values of y, the mode at ka=a would 
also be optically active. Of course, this inequivalence 
amounts to doubling the size of the unit cell, producing 
a four-sublattice problem. If the inequivalence were 
very slight, one could obtain w(k) quite accurately, 
within the half-size unit cell in & space, by taking the 
curves in Fig. 1 and folding them at ka 
end at ka=7 fell at k=O instead. 

This interpretation is confirmed by examination of 
the structure of the normal modes as given by the 
equations of motion (19). If we consider the case when 
Yo73, etc., we find that the (21a) 
M._~—M;3_, M,_=0, so that the two rare earths are 
precessing 180° out of phase, with the iron inactive. On 
the other hand, the mode (21b) has M»_/y.=M; 
=—3M,_/y, so that the two rare earths precess in 
phase with each other, but out of phase with the iron, 
with such amplitudes that the angular 
momentum vanishes as in the simpie two-sublattice 
exchange resonance. 

The other simple limit of the three-sublattice problem 
occurs at high & where 2,>>w., etc. Then, neglecting 
terms of higher order in X Cc, We obtain 


r/2so that the 


mode has 


transverse 


Thus, the iron spin-wave mode at Q, is slightly raised 
in frequency, as in the two-sublattice example [| Eq. (8) ], 
and we now find the single-ion splitting frequencies for 
both types of ion, each being decreased slightly because 
of the finite ratio of c/X. (This latter correction depends 
on the particular coupling scheme chosen. It disappears 


if each rare-earth ion is assumed to be coupled equally 
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to two adjacent iron atoms in the chain. Such a double 
linkage is perhaps more characteristic of the actual 
situation in the garnets.) Given the limits at k=0 and 
k=r/a, we can sketch the entire spin-wave spectrum 
of the three-sublattice system as shown in the lower 
part of Fig. 1. The mode near 2; is not redrawn since it 
is very similar to that in the two-sublattice case also 
shown in Fig. 1. 

If we now repeat the argument given several para- 
graphs above, we may generalize our result to a six- 
sublattice situation in which we make adjacent cells 
slightly different. In that case, after folding the spec- 
trum back at ka=2/2, we would find six frequencies at 
k=0, approximately given by 0, @-, (we+ws3)/2, we, ws, 
Q./a. [More exact frequencies are given in (21) and 
(22).] The normal mode configurations are shown 
schematically in Fig. 3. Evidently the strength of the 
absorptions at the frequencies obtained from ka=7 
will depend critically on the difference (y—y’) of the 
y’s in the two adjacent cells. From the argument leading 
to (13), we expect the intensity to vary as (y—vy’)*. 

When y is not isotropic, anticipating the case con- 
sidered in the following section, it is the value of y 
transverse to the static polarization which governs the 
magnitude of the precessing moment and hence the 
interaction with an external oscillating field. The 
frequency of precession, however, is governed by the 
longitudinal value of y along the exchange field. The 
folding technique described here should be quite 
rigorous if ions in adjacent cells differ only in transverse 
y, and the intensities can be high if the difference is 
sizable. 

To relate this model to the actual garnets, we must 
generalize from a one- to a three-dimensional spin-wave 
spectrum, and take cognizance of the full cubic unit 
cell containing 40 iron and 24 rare-earth ions. We do 
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Fic. 3. Normal modes of three-sublattice problem at k=0 and 
k=7x/a. Two adjacent unit cells are shown in each case. The modes 
at k=0 are optically observable, assuming y1, y2, and ys are all 
distinct. The modes at k=2/a will be observable if the transverse 
y’s of the ions of a given numbered type repeat only with double 
period 2a, even if the longitudinal y is the same for all ions of the 
type considered. For clarity, the exchange coupling network is 
shown only in the first case. 
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this qualitatively by taking advantage of the relative 
strength of the iron-iron exchange. We see from our 
models that the high-frequency spin waves involve 
essentially only the iron spins. Since the iron is relatively 
isotropic magnetically, we can roughly view all the iron 
ions as belonging to two antiparallel types; those on a 
sites and those on d sites. Apart from very-high-fre- 
quency modes, the 16 on a sites can be considered 
firmly locked to the 24 on d sites, merely changing the 
net moment. We can then think of the full cell being 
broken up into 24 subcells, each with one iron d site in 
it, and identify this subcell size with the dimension a 
in the models. The 24 rare-earth ions are coupled to 
d-site iron ions, and apart from the complication of 
three-dimensional geometry, it is roughly as if one were 
attached to each iron ion as in our two-sublattice model. 
Because of their anisotropy, however, there are many 
inequivalent types of rare-earth ions, and the unit cell 
must now be increased back to a size large enough to 
include all this variation. This increase in unit cell 
produces an inverse decrease in the cell in & space, 
accompanied by a multiplication of the number of 
branches of the spectrum. Alternately, we could keep 
the small cell in coordinate space and large cell in k 
space, but recognize that the inequivalence of rare- 
earth ions in different cells will lead to optical transitions 
not only at k=O but also at points separated from k=0 
by vectors of the reciprocal lattice of the full-sized 
coordinate unit cell. In our one-dimensional model with 
a full cell size of 2a, the only example of this was at 
k=x/a. In the extended zone of the actual three- 
dimensional case, however, there would be many more 
such points, many with degenerate frequencies. 

To give a concrete example of how this works, when 
the magnetization is along the [111] easy axis of YbIG, 
the rare-earth ions fall into only two classes when classi- 
fied according to longitudinal y, but there are in general 
several very different transverse y’s within each such 
class. We can view this in terms of the three-sublattice 
model, ys and y3 in the model being the two different 
longitudinal y’s, with at least two cells having distinct 
transverse y’s. Alternately, we can think in terms of 
the two-sublattice model, with at least 4 cells being 
required to take account of inequivalence in both longi- 
tudinal and transverse y. From either view, we see that 
the frequencies near w. and w ; will be allowed in the 
spectrum, as observed experimentally.’ If the magne- 
tization were turned in a general direction, with only 
inversion symmetry left, there would be in general 12 
inequivalent rare-earth ions with 6 different longitudinal 
y’s, and a large number of observable optical modes 
would exist. 


IV. DISCUSSION OF PARAMETERS 
g Values 


In the above treatment, we have introduced g values 


or magnetomechanical ratios y without discussion. 
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However, because of unquenched angular momentum, 
the rare-earth ions have g values far from 2, and some 
discussion is required. If the ions’ were completely un- 
quenched, there would be no question but that one 
should use the usual free-ion Landé g, factor, given by 


gs=$4+LS(S4+1)—L(L4+1))/2J(J+1). (23) 


However, the usual case in the garnets is that, although 
the spin-orbit coupling is large enough to hold the mag- 
nitude J as a good quantum number, the (2/+1) 
different My, states of the manifold are split apart by 
the crystal field with splittings’ which are typically of 
the order of 100 cm™'. Thus, at the low temperatures 
where resonance measurements must usually be made, 
only the lower-lying levels will be occupied. In this case, 
the effective g governing the occupied levels may be 
very different from gy and it may be highly anisotropic. 

A specific example of some importance is that the 
lowest level in the presence of the crystal field, but in 
absence of the external field or the exchange field of the 
‘, is a Kramers doublet. Let us review the 

ith some care. Because of the degeneracy 
proper eigenfunctions depend on field 
direction. Assume the field and quantization axis to lie 
on the z principal axis of the crystalline field, and denote 
the two eigenstates by a, Y», which are related by time- 
reversal symmetry. Thus we may define 


iron sublatt! 
situation h 
in zero field, tnx 


(a J,\a)=—(b J,|b)=g./2gs. (24a) 


Throughout the paper, angular momentum is meas- 
ured in units of %, so J is dimensionless.) Since the 
magnetic interaction which these states diagonalize is 
ul=g ,8J.H, the energies are E=+g,8H/2, and the 
frequency of the transition, if allowed, is given by 
hv=g.8H. Since J, is diagonal in the states ~, and Ws, 
it follows from the angular momentum commutation 
relations that the diagonal matrix elements of J, and 
J, are zero. We define g, and g, in terms of the off- 
diagonal elements, 


(a J2|b)=(b Jz a)*=g2/2g,, 


\a Fas b 


a, 
5/° 


(6| J,\ a)*=1g,/2 
If x and y are also chosen as principal axes, these g’s 
will be real. Then for a field in an arbitrary direction, 
we can write 


K= 0/3J-H rod 
if we take s=} and identify the states s.=+}4 with the 
states a, 6. The corresponding eigenvalues are 
(8/2) (¢-H)?+ (¢,H,)°+ (¢.H.)? |'=+26H/2, 

(26) 


s-H.), (25) 


g.s,H.+¢,s,H +2 


5 


E=+ 


leading to the familiar expression for the paramagneti: 
resonance frequency of a Kramers doublet in a magneti 
‘R. Pappalardo and D Wood, J 


1960); R. L. White and ] Andelin, Jr 
1959 
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field of arbitrary orientation.” Thus as far as these two 
levels are concerned, the system acts as if the angular 
momentum were s=} and the g values were gz, £y, £:, 
perhaps very different from gy. Despite this fact, the 
ratio of magnetic moment to true angular momentum 
of the ion must still be given by gy because J remains a 
good quantum number. The question remains to clarify 
why these effective g’s should be used in the Bloch equa- 
tions, which on the surface are based on simple classical 
equations governing “true” angular momentum. 

Let us conceptually simplify the problem by first 
considering a case with cubic but not spherical sym- 
metry. Then g:=g,=g:.=¢gg,, in general. In a field 
H along z, the two eigenstates are separated in energy 
by AE=A(u,)H=g,8A().)H=g3H. Now, in the 
quantum description of the dynamics, the precessing 
transverse moment described by the Bloch equations 
arises from the off-diagonal matrix element of uz con- 
necting ¥_ and WY», which is proportional to g,. The fre- 
quency of precession is w=AK h=g.8H/h, which 
equals gy8H/h= (gse/2mc)H only if A(J,)=1. This will 
in fact be the case if the two eigenstates in the Kramers 
doublet are also eigenstates of J., as follows from the 
AJ,=+1, 0 selection rules for a vector 
However, the crystal field destroys the isotropy of 
space, and unless it is axially symmetric about H, it 
will in general mix several J, values in the eigenstates 
of the Kramers doublet. In this case A(/J g 
have any value up to 2/. We require that there remain 
some nonzero components of ¥, and y, which satisfy 
the AJ,=+1 selection rule only to give 
moment. So long as we have cubik 
dition will be met whenever g~0, since g-=gy=g.= g. 

From this discussion, we see that in treating the 
dynamics of these quantum 
y= ge/2mc. In order to reveal gy when the ion is in the 
crystal at low temperatures, one would need to perform 
a gyromagnetic experiment of the Einstein-de Haas 
sort, in which the lattice recoil implicit in the crystal- 
field effect would be made observable." The situation 
here is similar to the use of an effective mass m* in 
transport theory to take account of the interaction with 
the periodic potential of the lattice. There, too, account 
must be taken of lattice momentum if the true elec- 
tronic mass is to be used. The simplification resulting 
from use of the effective parameters is evident. 

If we now relax the cubic symmetry constraint, new 
features appear. For one thing, we note that the fre- 
quency of precession of the transverse moment depends 
only on the g value along the field, while the magnitude 
of the transverse moment is governed by the transverse 


operator w. 


gy can 


a precessing 


symmetry, this con- 


Systems one should use 


+ 


g. This should be contrasted with the classical case, 
where the component of the moment along the field 
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plays no role in the torque equation. In the extreme 
limiting case where g,— 0, there is no oscillating 
moment in the x direction, and no transition could be 
induced by an rf field in that direction even if g.~0, so 
that a well-defined resonance frequency would exist. 
[When the static field is not along a principal axis, the 
g defined in (26) is the appropriate longitudinal g and 
a different expression may be derived for the transverse 
g values. | 


This distinction between longitudinal and transverse 


g values is very important in determining the observable 
modes in the garnets. The implication is that even when 
the exchange field lies on a symmetry direction, such 
as the [111] easy axis in YbIG, where only two different 
splittings are observed, the number of sites with dif- 
ferent ¢ransverse g values is generally much larger. Thus, 
modes which would be optically unobservable if the 
ions had isotropic g values may be quite strongly 
allowed with the actual anisotropic g tensor. Another 
way of stating this is to say that ions are equivalent 
only if both longitudinal and transverse g value are 
equal for the given applied field direction. Because this 
restriction is much more severe than the requirement 
on the longitudinal g alone, the number of inequivalent 
sites, and hence of observable modes, is increased 
markedly by anisotropy. This is the basis of the remarks 
at the end of Sec. ITI. 


Exchange Field 


The other parameters requiring some discussion are 
the exchange field parameters c and \j;. Since the iron 
ions are in &S states, it is known that their g values are 
quite nearly isotropic and quite near to the spin-only 
value of 2. We also expect that the exchange coupling 
between them should be nearly isotropic. Thus, we 
assume that ¢ is a simple scalar parameter. Because of 
the anisotropic magnetic properties of the rare-earth 
ions, the situation is less obvious with the parameters 
\; giving their coupling to the iron. 

To get a concrete approach to the problem, let us 
recall that this exchange energy arises from the anti- 
symmetry of electronic wavefunctions. In the familiar 
Hartree-Fock approximation, this appears as a spin- 
dependent potential energy term™ arising from inter- 
action with other electrons with net unpaired spins. 
This exchange potential l’ acting on the rare-earth ion 
will have a symmetry dictated by the environment, and 
it can be analyzed in a manner similar to the ordinary 
electrostatic crystal field potential V, which acts on 
electrons of both spins equally. The question then is: 
How does the magnitude of the exchange energy split- 
ting of the rare-earth Kramers doublet depend on the 
orientation of the unpaired iron spins which produce the 
exchange field? We shall not give a detailed treatment 

2]. C. Slater, Phys. Rev. 81, 385 (1951); 
G. W. Pratt, ibid. 102, 1303 (1956). 
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here, but instead summarize the conclusions of an in- 
vestigation along this line. 

First, so long as J is a good quantum number, the 
net spin angular momentum in the wave function bears 
a fixed ratio to the total true angular momentum, 
namely, S=(gy—1)J. The spin part of the moment is 
then ws=[2(gy—1)/gy ]uy. From this, it follows that 
the ‘total spin moment will show exactly the same 
anisotropy as wy Or gers. Thus, the spherically symmetric 
term in the exchange potential will give rise to a split- 
ting which has the same anisotropy as the g tensor. 

Second, if we take a rare-earth wave function for the 
case of cubic symmetry, no first-order anisotropy in the 
exchange splitting will result, even from noncubic terms 
in the exchange potential. Thus, effects of anisotropy 
in the exchange potential come in only in second order 
in terms like U2V2/V, or U.?/V,., where Up», Vp are the 
coefficients of spherical harmonics of degree in the 
exchange and crystal field potentials, respectively, and 
V. represents the dominant cubic crystal-field term. 
Unless the exchange potential is so anisotropic that 
U’.~Uo, one would expect the anisotropy from these 
terms to be considerably less than that coming from the 
g value itself. About the only relevant experimental 
evidence is that of Wickersheim” on YbIG. He finds 
several times as much anisotropy in the exchange split- 
ting as in the g tensor of Yb when it is present in the 
homologous diamagnetic yttrium gallium and yttrium 
aluminum garnets. This suggests that either the ex- 
change is actually increasing the anisotropy of the g 
tensor by changing the wave function or else that the 
exchange potential is very anisotropic, or some combi- 
nation of these effects. A direct measurement of the g 
anisotropy in YbIG by measuring the effect of a very 
strong external field on the spectrum would be most 
helpful in resolving this question. 


V. EFFECT OF ANISOTROPY ON THE SPECTRUM 


In Secs. If and III we considered in detail some 
simple model situations characterized by isotropic g 
values as well as isotropic exchange. In Sec. IV we 
noted that inequivalence of transverse g factors was 
sufficient to severely affect election rules by making 
more ions per unit cell inequivalent even when the 
exchange field is along a symmetry direction. We now 
proceed to consider the effect of the anisotropy on the 
resonance frequencies themselves. 

The effect on the single-ion splitting frequencies has 
been implicitly discussed above. For any given direction 
of exchange field with respect to ¢ rystal axes, there will 
be various splittings for the various ions per unit cell 
because the principal axes of their g tensors are differ- 
ently oriented. For example, Wickersheim® has shown 
that in YbIG there are six different splittings for a 
general direction, four different splittings if the field is 
restricted to a (110) plane, and only two different 


8K, A. Wickersheim, Phys. Rev. 122, 1376 (1961). 
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splittings if the field is along a [111] or [100] 
direction. 

The effect of the anisotropy on the exchange reso- 
nance near w, is more subtle. We have noted above that 
this mode is one in which all the rare-earth ions precess 
in phase with nearly equal amplitudes, despite modest 
differences in g. Thus, some sort of average effect of the 
anisotropy over all the inequivalent ions must enter. 
For YbIG, this problem has been attacked through 
direct computation by Henderson and White.“ They 
have computed the exchange energy and free energy of 
the crystal as a function of temperature and of orienta- 
tion of the exchange field with respect to crystal axes 
in the (110) plane. This calculation is straightforward 
once the exchange splittings (as a function of angle) are 
available input data for the statistical mechanics. Of 
necessity, this over-all energy has cubic symmetry and 
it can be fitted quite well by the usual expression, 


F (a,,T)—Fo(T)= Ki (T) (avar+az*a? 

+a;’a;") + K2(T)(ay2a.2a37), (27) 
where aj, a2, a3 are the direction cosines of the iron mag- 
netization with respect to crystal axes. Such an expres- 
sion can be used to account for the effect of anisotropy 
on the ferrimagnetic resonance mode, as is well known. 
Its application to the exchange resonance is, however, 
not familiar, and will be treated here. 

The simplest way to introduce anisotropy into the 
dynamical equations is by an effective anisotropy field 
along the easy direction. However, with two inequiva- 
lent sublattices, it is not clear how to do this. In fact, 
since we known that the origin of the macroscopic 
anisotropy energy is in the anisotropy of the exchange 
splittings which depend mutually on the two sub- 
lattices, it is clear that the anisotropy field on one sub- 
lattice must be proportional to the magnetization of 
the other sublattice. Rather than try to force this 
problem into the H4 approximation, let us consider an 
alternate simple semiclassical model of two sublattices 
coupled by exchange, one sublattice being isotropic, the 
other having an anisotropic g value. Provided there is 
an easy axis of at least 3-fold symmetry (such as the 
[111] in YbIG), there must be axial symmetry in the 
average effective g tensor about this axis. That allows 
us to write the exchange energy as 


E=—)dy ly S52+71(S252+S,5,) ], (28) 
where S represents the iron and s the averaged rare 
earth, with y,,~~7,. In this expression, y, is a tempera- 
ture-dependent parameter which is adjusted to re- 
produce the anisotropy of the macroscopic exchange 
energy for small angles from the easy axis (assuming \ 
is isotropic so that all anisotropy is in y). Obviously, the 
approximation fails for large angles, because it lacks 
the full cubic symmetry of the problem. 
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To evaluate y,, we make contact with the macro- 
scopic energy by letting 6, be the angle between S and 
the easy axis and 62 the angle between s and the opposite 
easy axis. Then the energy becomes 


E= —)dyiF?Ss(y;; cos8; cos@e+y, sin@; sin@s). (29) 


Minimizing this with respect to 62 for given 6, leads to 


cos; +--+? sin?@;)?, (30) 


E=—dyWh?’Ss(yir 


which shows the characteristic angular dependence 
found in (26). Differentiating twice, we find 


1@E 
E 0 Jo Yin 


This relation allows the model parameter y,(7) to be 
evaluated in terms of the derivatives of the free energy 
(27), if use is made of the fact that the torque can be 
computed equally well as the isothermal derivative of 
free energy or the isentropic derivative of the energy 
so that [0°E/00* ]}>=[0°F/06* |). Eo(T) is simply pro- 
portional to the product of the sublattice 
magnetizations. 

Now let us compute the resonant frequencies of a 
system with (28) as the Hamiltonian. To be certain of 
proper handling of this system, we use the quantum 
equation of motion (but with reversed sign of 7 to agree 
with our conventional e+“! time dependence): 


two 


(d/dt)S_= — (1/h) (HS_—S_H), 


and a similar equation for s. This leads to 
(My r¥itts.+w)S_— (AyrvystS,)s_=0, 
— (Ny1yihts.)S + (Ay1y1:S+w)s 0. (32) 


Setting y%S,=M, and y,tis,=—M2, we have the 


secular equation 
(—Ay1M.+w) 
Aviv M2 Yu 
The solutions are 


wt [w2+4M Mia (yi?—-12) 
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i+ 


4M Moy vu ( 10k 


(¥,:Mi—yiM2)" E oe 


4nd {VE ; 
i+ ( ) ' 
we oF } 


M,—yiM 





where 
(35) 


W.= Ay 


and we have used (31) and Ey>=—AM,M>. We note 
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that this reduces properly to w=0, —w, when there is 
no anisotropy. 

At an easy axis, [0°//06?]>>0, so the anisotropy 
increases the exchange resonance frequency in magni- 
tude. To calculate wo(7), the first approximation is to 
compute w,(7) using M,(7) and M,(T) in (35). The 
correction for anisotropy may then be made using (34), 
in which 

Ok ai 
= —4[K,(T)+}K.(T) ], (36) 
OP 1) J |g 
where the second equality holds if the easy direction is 
a (111) direction. The temperature dependence is most 
conveniently found via (34c), but dimensional normali- 
zation is more straightforward in the form (34b). Note 
that since AK, and A» drop much faster than M2 as the 
temperature is increased, the simple approximation 
wy=w-(T) becomes quite good at the higher tempera- 
tures. We note further that as the rare-earth sublattice 
disorders with increased temperature so that M,— 0, 
then w,—AyiM,, the average single-ion exchange 
splitting for the rare-earth ions. This type of tempera- 
ture dependence should be characteristic of the ex- 
change resonance mode. 

Our result (34) not only gives the effect of anisotropy 
on the exchange resonance, but by taking the negative 
sign we also obtain the frequency of the ferrimagnetic 
resonance mode which is raised from zero by the anisot- 
ropy. So long as the anisotropy is small, we may ap- 
proximate (34c) by wo (yi7viA/@c)(0E/06)o. The 
effect of an applied field Ho along the easy axis will be 
to shift the frequency upward by the amount given by 
(18a). If the anisotropy is large this expression must be 
corrected to 


wo (Ho) 


= wy (0) 
(yin) (Mi— M2) + (vit Y¥i1)wo(O) 


+ 


Ho, 


(yy) (M 1/1) — (Me2/72) J+ 200(0) 


where wo(Q) is the low-frequency root of (34). 

Another application which may be noted is to the 
case of dilute samples of rare earth substituted into 
YIG." In this case, the formalism should still hold, 
but of course Me is reduced in proportion to the con- 
centration, as is @£/0@, and w, approaches AM. 
Therefore takes on the 
limiting form 


for low concentrations (37) 


11 {OE 
wo( Ho) =« 
M, 


(yo—1) Me! 
) rut +o , 
0 2M, i 


where c is the fractional concentration of rare-earth 
ions, and £° and M.° represent the values for the un- 
diluted compound. This expression gives the increase 


(38) 
OF 


8]. F. Dillon, Jr., and J. W. Nielsen, Phys. Rev. 120, 105 
1960 


{RE-EARTH IRON GARNET 319 
in ferrimagnetic resonance frequency (or decrease in 
resonance field) when Ho lies along the easy axis. It 
could be generalized to an arbitrary direction, but we 


will not go further into that here. 


VI. SPECIFIC HEAT CAPACITY 


studies of the excitation 
spectrum give the most precise information about the 
garnets, the specific heat measurements of Meyer and 
Harris'® have provided a most valuable initial survey 
which could be made independent of concern about 
selection rules or relaxation times. In the analysis of 
their experimental data, they have treated the rare- 
earth ions as if each had two (or more) levels split by 
the exchange field, leading to a Shottky anomaly in the 
specific heat, from which the level splitting was inferred. 
Dreyfus’ has pointed out that the optical spin-wave 
modes at k=0 have energies of the same order of mag- 
nitude as these splittings, and he suggests an analysis of 
the specific heat in terms of optical spin waves. On the 


Although spectroscopic 


basis of our results in earlier sections, we can clarify this 
situation. 

In Secs. II and III we noted that the complete spin- 
wave spectrum (shown in Fig. 1) was well approxi- 
mated by an almost unmodified iron spectrum wo(k) =Q, 
plus a number of optical branches equal to the number 
of rare-earth ions per unit cell. Further, beyond ka~a/5, 
these branches flatten out at nearly the single-ion split- 
ting frequencies. Since the volume in phase space goes 
as k*dk, this means that ~ 99% of the spin-wave modes 
will have frequencies near the splitting frequencies, 
while the remaining ones on the branch only are sub- 
stantially lowered toward w,. Since w, is typically no 
less than half the single-ion frequency, even this change 
is not serious. Thus we conclude that the specific heat 
should be well accounted for by adding the contribu- 
tions from the iron spin waves to the contribution from 
flat optical branches at the various single-ion splittings. 

Since the number of spin-wave modes equals the 
number of ions, V, we have the following specific heat 
contributions for a type of ion with a single low-lying 
doublet frequency wo, depending 
on whether or single-ion 


characteristi 
use the 


with 
we spin-wave 
approximation: 


Vkp 


( osh r—1 


where x=?ttwo/keT, kp being the Boltzmann constant. 
\s seen in Fig. 4, these agree when kg7T<hw , both 


6H. Mever and A. B. Harris, J. Appl. Phys. 31, 49S (1960). 
B. Dreyfus, Proceedin the Seventh International Conference 
on Low-Temperature Physics (University of Toronto Press, 
loronto, 1961), p. 127; J. Phys. Chem. Solids (to be published). 
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Fic. 4. Comparison of heat capacity of two-level system, repre- 
senting single-ion splitting, with that of oscillator, representing 
spin-wave mode. 


giving Vkgx*e—*. At higher temperatures they disagree, 
Cy-w approaching the constant .V& as required for an 
oscillator by equipartition, whereas C,_; goes to zero 
as (wo/kgT)? when the two levels approach equal 
population. It is physically evident that the latter be- 
havior is the correct one for the system at hand, since 
each ion can flip only once. The spin-wave approach, 
being linearized, fails to take this into account. Finally, 
we note that a completely flat spin-wave spectrum 
would mean no propagation. In that case, we could set 
up spin-wave packets which flipped a single localized 
spin, which would still have the same frequency wo. But 
for these wave packets it is clear that the single-ion 
specific heat expression is correct. Thus we conclude 


that the simple method of analysis used by Meyer and 
Harris is justified. 


VII. CONCLUSIONS 


We conclude that the spin-wave spectra of the rare- 
earth iron garnets consist of branches very similar to 
those in YIG together with a number of new optical 
branches equal to the number of magnetically in- 
equivalent rare-earth ions in the unit cell. Inequivalence 
can arise from different g values transverse to the ex- 
change field as well as from different longitudinal g 
values. However, approximate account can be taken of 
the many inequivalent rare-earth ions, if the differences 
are not too great (and particularly if they differ only in 


transverse g), by the device of neglecting differences for 
the purpose of finding the normal modes, but taking 
account of them for the purpose of determining which 
modes are optically observable. In this approach, one 
considers a small unit cell containing only a few ions, 
together with the correspondingly large cell in & space. 
Observable transitions can then occur not only at k=0, 
but at other reciprocal lattice points of the full-size unit 
cell. This viewpoint is closely related to the use of the 
extended zone scheme for approximating the energy 
bands of nearly free electrons. 

One of the optical branches at k=0 will have a fre- 
quency near the exchange resonance frequency 
we=A(y¥2M,—y:1M_2) of Kaplan and Kittel, with an 
averaged rare-earth g value entering y2. This mode will 
be raised in frequency by a term proportional to the 
second angular derivative of the macroscopic anisotropy 
energy at the easy axis. As the temperature is raised, 
this mode will shift in frequency, both because the rare- 
earth magnetization M, drops, and because the anisot- 
ropy energy drops even faster. The other observable 
modes will have frequencies depending quite directly 
on single-ion splitting frequencies, so that they will be 
relatively independent of temperature. Because the 
bulk of the spin-wave modes lie on branches having 
nearly the single-ion splitting frequencies and very 
little dispersion, the specific heat is well approximated 
by the single-ion Shottky anomaly treatment used by 
Meyer and Harris. 
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Far-Infrared Exchange Resonance in Ytterbium Iron Garnet* 
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An exchange resonance has been observed in a pressed powder sample of ytterbium iron garnet at 14.1+0.2 
cm! at 2°K. The temperature dependences of the resonance frequency and absorption strength were 
measured from 2°K to 66°K. The resonant frequency at all temperatures is in good agreement with the 
two-sublattice theory when the appropriate spectroscopic g value (3g,) is used and when the anisotropy 
energy is taken into account at low temperatures. The two-sublattice model also reproduces the measured 
absorption strength to within a factor of two, and its temperature dependence even more precisely. Two 
other magnetic absorptions with temperature-independent frequencies were observed at 23.4+0.3 cm™! 
and 26.4+0.3 cm™!. At 30°K, an 11-koe field on a single crystal was found to vary the frequency and inten- 
sity of these lines, which arise from the exchange splittings of the ytterbium ground-state doublet. The 
contribution via dispersion theory of the infrared absorption lines to the static susceptibility at 2°K is in 
good accord with the dc value measured by Pauthenet. This agreement suggests that all major contributions 


to the static susceptibility have been measured. 


I. INTRODUCTION 


N magnetic systems which are composed of more than 

one sublattice, it is in general possible to observe a 
collective transition directly related to the exchange 
energies connecting the different sublattices. The ex- 
change resonance between two sublattices was first 
suggested and derived by Kaplan and Kittel.' They 
found the exchange resonance frequency to be 


w A(y2M1— yi:M,), (1) 


where A is the molecular field constant; y;,y2 the 
respective gyromagnetic ratios; and M,,M» the sub- 
lattice magnetizations. A more detailed treatment of 
the situation in the garnets is given in the preceding 
paper,” hereafter referred to as I. 

Pauthenet’s de susceptibility investigations’ of the 
rare-earth iron garnets have indicated that for these 
materials a two-sublattice model in which the rare-earth 
ions are individually coupled to the iron sublattice is a 
valid approximation. This paramagnetic nature of the 
ytterbium sublattice gives rise to a marked temperature 
dependence of its magnetization, which in turn should 
produce a characteristic temperature dependence in the 
exchange resonance Thus, transmission 
measurements on powder samples as a function of 
temperature permit us to differentiate between the two 
types of magnetic absorptions that are observed in the 
far infrared, the collective exchange resonance and the 
quasi-ground state splittings of the single ytterbium 
ions in the iron exchange field, as modified slightly by 
spin-wave effects. 


frequency. 


II. EXPERIMENT 


The experiment consisted of transmission measure- 
ments on an ytterbium iron garnet (YbIG) single 


* Supported in part by the U. S. Office of Naval Research, The 
National Science Foundation, and the Alfred P. Sloan Foundation 

+ Member, Miller Institute for Basic Research in Science. 

J. Kaplan and C. Kittel, J. Chem. Phys. 21, 760 (1953) 

2M. Tinkham, preceding paper Phys. Rev. 124, 311 (1961 
referred to as I. 

3. Pauthenet, Ann. phys. 3, 424 (1958). 


crystal and two YbIG pressed powder samples in the 
far infrared at low temperatures. The measurements 
were made under different conditions induced by varia- 
tion of one of the four available parameters: (1) infrared 
frequency, (2) magnetic field, (3) sample thickness, and 
(4) sample temperature. 

The far-infrared grating monochrometer used in these 
experiments has been described in full elsewhere.‘ 
Briefly, it consisted of a blazed grating arranged in a 
Littrow mounting with a high-pressure mercury arc as 
source. A light pipe carried the radiation to the low- 
temperature sample and bolometer detector. The 
burden of filtering higher-order radiation from the 
dispersion grating was placed on transmission filters, 
since only one reflection from a restrahl plate or ‘‘zero- 
order filter” was possible. NaCl was used as a trans- 
mission filter material, since its absorptive properties 
have been accurately measured from 33 cm™ to 3.3 cm 
by Genzel ef al.5 As much as 19 mm of NaCl was re- 
quired to reduce the second-order intensity below one- 
tenth of the first order at the lowest frequencies. 

A typical low-resolution transmission trace of YbIG 
pressed powder at 2°K in the 25-cm™ region is shown in 
Fig. 1. The shallow wiggles superimposed on the inten- 
sity distribution are due to interference effects in the 
fused quartz envelope of the mercury arc source. The 
irregular intensity distribution vs wavelength empha- 
sizes the necessity of recording the intensity distribution 
with and without a sample. 

The second parameter, the magnetic field, was sup- 
plied by a 12-in. electromagnet with a 3-in. gap. This 
magnet could be rotated through 180°, and the maxi- 
mum field was about 11 koe. 

The pressed powder disk samples of YbIG were 16 
mm in diameter and of thickness 0.96 mm and 1.47 mm, 
respectively. The irregularly shaped single crystal of 
YbIG was about 5.5 mm in diameter and of roughly 
2 mm thickness. The crystal was oriented so that a 


*R. C. Ohlmann and M. Tinkham, Phys. Rev. 123, 425 (1961). 
5 L. Genzel, H. Happ, and R. Weber, Z. Physik 154, 13 (1959). 
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magnetic field would be in the (110) plane for trans- 
mission with the infrared radiation 
propagating along the [110] axis. Most of the trans- 
mission measurements were made with the powder 


measurements 


samples, since they were the same size as the light pipe 
and hence the infrared beam. Since the single crystal 
had an area of only about one-fourth that of the light 
pipe, the use of a time constant 16 times longer was 
required to obtain the same signal-to-noise ratio as with 
the powders. This increase usually proved not to be 
experimentally feasible. 
The sample temperature was controlled manually 
between 10° and 70°K, and measured with a Au+Co: 
Ag+ Au thermocouple® which was glued to its edge. The 
sample was arranged in 
light pipe. The sample assembly could be rotated in 
and out of the infrared beam by means of a long thin- 


chamber in series with the 


walled stainless-steel tube which carried the thermo- 
couple leads through a vacuum seal to room tempera- 
ture, as well as forming a mechanical linkage between 
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Fic. 2. Transmission through a YbIG pressed powder sample of 
thickness 1.47 mm at a temperature of 2°K. High-resolution data 
were only obtained between 22 and 28 cm 


were maintained by manually adjusting the heater 
when the helium was about 10 to 15 cm below the 
sample holder, still touching the braid. This method 
was found to be very satisfactory, since an adjustment 
of the heater current every 20 min was sufficient to hold 
the temperature constant to about 3° for three hours. 
The high temperatures, 40° to 70°K, were obtained only 
when the liquid helium had dropped below the copper 
braid; however, the heater required frequent adjust- 
ment in this region. 


III. RESULTS 


pable of reaching 
lattice 
this 
infrared 


Although the monochrometer was ca 
frequencies as high as 200 cm“, the 
absorptions in YbIG above 100 cm 
region experimentally impractical. As_ the 
frequency was decreased from 100 cm™ to 6.7 cm“, 


strong 


rende red 


the powder became increasingly transparent, as shown 




















Fic. 3. The x” calculated from f The ordinate 
scale must be multiplied by 10 The area below the dashed line 
is the estimated electric absorption contribution from the high 
frequency lattice modes. The integrated magnet 
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Fic. 4. Temperature dependence of absorption strengths. The 
strengths of the two absorptions at different temperatures are 
normalized to the 2°K measured values. The solid points give the 
measured temperature dependence of the single-ion transitions. 
We have considered the doublet as one line for this comparison.) 
The calculated temperature dependence of a two-level system is 
given by a dashed curve. The open circles give the measured 
temperature-dependence of the exchange resonance strength, and 
the solid curve represents the temperature dependence calculated 

via the isotropic two-sublattice approximation. 


in Fig. 2. The reflection loss essentially did not depend 
on the magnetic absorptions, since 47 | x 
much smaller than one. Thus, measurements with two 
sample thicknesses allowed an estimate of the dielectric 
reflection loss and the corresponding index of refraction 
in the low-frequency region beyond the lattice absorp- 
tions. We found that n=e 
our experimental results at 2°K. 


was always 


2.2 was consistent with 
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Fic. 5. Absorption strengths (x’’ on arbitrary scale) at different 
temperatures. Note the temperature-dependent shape of the 
doublet as well as the temperature-independent intrinsic line 
vidth of the exchange resonance below 44°K. 
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In Fig. 2, the magnetic absorptions appear super- 
imposed on the low-frequency wing of the electric 
absorptions. This is displayed more clearly in Fig. 3, 
where x”, the imaginary part of the complex suscepti- 
bility, derived from Fig. 2, is presented. At frequencies 
low compared to the lattice absorption, in the classical 
oscillator approximation, the electric x,’’ has a linear 
frequency dependence. We have estimated this contri- 
bution by a dashed line in Fig. 3. The magnetic absorp- 
tion around 25 cm seems to be composed of three 
lines: two lines of slightly different strengths at 26.4 
+0.3 cm and 23.4+0.3 cm™ and a weak third line at 
24.6+0.6 cm™. The intrinsic linewidths, or frequency 
intervals between those values of x’’ which are one-half 
of the maximum values of x’’, for these three lines are 
1.4, 1.1, and 1.6 cm respectively. It should be 
mentioned that the effective spectrometer slit width had 
modified the true shape, since its width was not negli- 
gible. Although a detailed consideration of this refine- 
ment would surely change our estimates of the inte- 
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Fic. 6. Temperature dependence of the resonance frequencies 
for the three strong lines. The two highest frequencies are tempera 
ture independent. Above 30°K only the center of gravity of the 
doublet could be measured. The dashed curve gives the calculated 
temperature dependence of the exchange frequency in the isotropic 
two-sublattice approximation. The solid curve demonstrates the 
good agreement between theory and experiment when anisotropy 
energy is introduced. The low-frequency curve is the predicted 
“ferrimagnetic”? resonance with the same model 


grated absorptions (Sec. I\ 


, we felt the quality of the 
data possible did not warrant such close examination 
of the experimental results. The absorption mechanism 
was revealed through the magnetic field and tempera- 
ture variation. 

At 2°K the net magnetic moment in YDIG is only 
roughly 29% of either sublattice magnetization. A 
moderate (11 koe) magnetic field had no observable 
effect on these absorptions because of the small net 
magnetic moment and the large anisotropy at low 
temperatures. An increase in sample temperature from 
2° to 66°K produced no measurable change in the 
frequency of these absorptions, although the intensity 
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of the absorptions was found to decrease rapidly with 
increasing temperature, as shown in Fig. 4. This state- 
ment should perhaps be qualified. As the temperature 
was raised from 2° to 30°K, the strength of the 26.4 
cm~ line decreased the more rapidly, until at 30°K the 
two maxima were just distinguishable, as shown in 
Fig. 5. Therefore, at temperatures of 44°K and above 
we essentially measured only the center of gravity of 
the lines. The magnetic nature of these absorptions was 
demonstrated with the single crystal of YbIG. With 
the sample at 30°K, a field of 11 koe was found to cause 
a shift in the frequency, an increase in the number, and 
a corresponding decrease in the intensity of the absorp- 
tions. The decrease in intensity unfortunately made it 
impossible actually to plot the resonance frequencies as 
a function of crystal orientation in the magnetic field. 

These absorptions have been interpreted as due to 
three normal modes in a more complex sublattice model 
treated in Sec. III of I, in which the iron sublattice 
appears to remain almost stationary. The two strong 
absorptions correspond to the ground-state splittings of 
the Yb** ions in the iron exchange field. The two lines 
are expected, since the ions are distributed in two 
magnetically inequivalent sites when the spontaneous 
magnetization is along the crystal [111] direction (easy 
axis). These splittings recently have been studied 
extensively in an elegant series of experiments by 
Wickersheim’ in the near infrared, from which the 
single-ion splittings were inferred. The weaker line at 
the average frequency arises from a mode in which 
these two types of ions oscillate 180° out of phase with 
each other. It is expected to be weaker, since there is a 
greater averaging of transverse g values when more ions 
participate. 

The strong absorption in the YbIG pressed powder 
at 14.1+0.2 cm™ had an intrinsic linewidth of 1.8 cm“. 
Again a magnetic field at 2°K had no observable effect. 
However, a temperature variation produced a marked 
change in the resonance frequency, as shown in Fig. 6. 
This temperature dependence qualitatively has the 
characteristic shape expected of an exchange resonance. 
However, as will be discussed later, at low temperatures 
better harmony was obtained between theory and 
experiment by introducing an anisotropy energy into 
the isotropic exchange model of Kaplan and Kittel. The 
intensity of the absorption was found to drop more 
strongly with increasing temperature than for the 
single-ion splittings, as seen in Fig. 4, so that the absorp- 
tion could not be followed above 66°K. The linewidth, 
on the other hand, was found to be approximately 
constant up to 44°K, as shown in Fig. 5. 

In a preliminary announcement,*® we reported the 
existence of still another absorption at 7 cm™. Further 
experiments have shown this line to be a spurious result 
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of the strong 14 cm™ line which appeared due to 
inadequate filtering of second-order grating radiation. 


IV. DISCUSSION 


In comparing our experimental results with the 
isotropic exchange frequency, we have not used the 
Landé g in the gyromagnetic ratio of the rare-earth 
sublattice, but rather an effective g arising from modi- 
fications imposed on the free ion by the local crystal 
fields. This problem has been considered in Sec. IV of I. 

The crystal-field splittings of the Yb** ion in the 
garnet structure have been measured by Pappalardo 
and Wood.’ Their measurements show that the ground 
state is about 550 cm™ below the next state. This 
splitting pattern is in agreement with the calculations 
of Ayant and Thomas,” which show that the cubic 
crystal field causes the ground state to be a degenerate 
Kramers doublet well below the other states. For a 
cubic crystal field at the Yb** ion, the isotropic gers for 
a splitting of the lowest doublet in an external magnetic 
field is equal to three times the Landé g factor, thus, 
gett=3X8/7=24/7. This value agrees well with the 
average g observed in paramagnetic resonance experi- 
ments on Yb** in diamagnetic garnets by Boakes ef al." 
and by Carson and White.” Accordingly, it is the value 
we have used in Fig. 6 for the comparison of the Kaplan- 
Kittel isotropic exchange resonance theory with the 
measured curve. 

The effect of anisotropy on the exchange resonance 
has been described in Sec. V of I. With the values of K, 
and K:> [see Eq. (27) of I] calculated by Henderson and 
White” from Wickersheim’s observed anisotropic 
exchange splittings,’ we have obtained a parameter-free 
fit to the exchange resonance by using Eqs. (34)-(36) 
of I. The solid curve in Fig. 6. is to be compared with 
the experimental points. Because of the extremely close 
fit to the exchange resonance, we have also shown the 
theoretical temperature dependence of the 
frequency ‘‘ferrimagnetic’”’ mode which also results from 
the same model [ Eq. (34) of I]. 

A further comparison between the predicted and 
measured results can be obtained from a comparison of 
the exchange resonance intensity. The integrated 
absorption of this resonance in the isotropic model has 
been obtained in Eq. (13) of I. For YbIG, this leads to 


fxe"iav 


= 1210 (emu/cm’)cm 


low- 


(calculated). (2) 
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We have estimated a value from the experimental data 
in Fig. 3, 


fxe"(@av 


=21X10- (emu/cm*)cm-! (measured). (3) 
The anisotropy at low temperatures would modify the 
calculated value, so that the factor of two difference is 
perhaps not unreasonable. Some question still remains, 
however, since the temperature dependence of the 
intensity in the same approximation has been found to 
agree with the experimental points, as shown in Fig. 4. 

Since the contribution to the static susceptibility can 
be obtained from the integrated absorption quite easily 
if the lines are narrow, we have again made this approxi- 
mation [see Eqs. (11) and (14) of I] to write 


2 1 
x:(0)=- >> — x2" (w;)dw;, (4) 
WwW it Wo; 
where the sum is over the magnetic absorptions. An 
estimate of the areas under these absorptions from 
Fig. 3 gave the value 


xz(0)=1.2K 10 emu/cm*; 


EXCHANGE 


RESONANCE IN YbIG 


thus 


xm(0)=x2(0)A/p=1.2X 107 (1982/6.28) 
0.38 emu/mole. 
Pauthenet’s measured value was 


0.37 emu/mole. (6) 


Xm(0) 


The excellent agreement is no doubt fortuitous, but it 
suggests that all major contributions to the static 
susceptibility have been considered. 

Although more magnetic absorptions have been 
observed in the far infrared than originally anticipated, 
a six-sublattice model, discussed in I, quantitatively 
describes the experimental results. Also the dependence 
of the exchange resonance on different experimental 
parameters has been predicted in detail. These predic- 
tions, however, are found to be valid only if the appro- 
priate g(#g,) value is used in the gyromagnetic ratio 
of the rare-earth sublattice. 


ACKNOWLEDGMENTS 


We would like to express our sincere appreciation to 
Dr. V. Jones, of Harvard, for the pressed powders of 
rare-earth iron garnets which he supplied when samples 
were very difficult to obtain. We would also like to thank 
Dr. Lefever and his group at Hughes Aircraft for 
providing the YbIG single crystal. 





VOLU MI 


NUMBER 2 


Instability of Antiferromagnetic Screw-Type Structure of an Electron Gas* 


Axio YosHIMORIt 


Department of Physics 


and Astronomy, The Ohio State University, Columbus, Ohi 


(Received May 15, 1961) 


An analysis of antiferromagnetic screw-type structures in a three-dimensional electron gas is given, using 
a self-consistent field method. It is shown that a screw-type state appears to be always unstable. The ex 


pression for the susceptibility of an 


EVERAL arguments have been published recently! 
to show that the screw-type structure of an electron 
gas proposed by Overhauser,’ i.e. his “‘giant spin density 
wave,” is unstable. The aim of this paper is to describe 
the results of an analysis of this problem using the 
self-consistent field (SCF) method and to point out 
that the susceptibility of an electron gas, obtained by 
Wolff? using the normal mode method in the random 
phase approximation, can also be obtained from the 
SCF method. 
We take the following Hamiltonian: 


H=H,+H,, 
H,=> 


Zk e(k) (ax Gxt Tdi Ans 


(1 


+>. h(2q) (ax. at xt — Axi2q4' Aes ), 


U > a;1'a;1a,3'a | 


— 


with 
i= 


ay; Dx exp(ik- 4; )axe. 


Here k is the wave vector, / runs over the lattice points, 
and h(2q 
variation with a 
potential H. 
plicity. It has been used by Overhauser® and others** 
and the validity of this approximation is difficult to 
estimate. It is also assumed that the lattice has a 
Bravais structure. Anticipating a screw-type spin 
arrangement with a wave vector 2q, we make a trans- 
formation of the spin quantization axis for any lattice 
point A 


is an external field with sinusoidal space 
2q. A delta-function 


is assumed between electrons for sim- 


Wave vector 


d;+=a, cos(6,/2)—B sin(@, 


sin(@; 2)+8, cos(@ 


WwW here 
2q:r 
Next by 2’, which is 


defined by 


we replace H» 
H,’= 


3 a,;'a,(8,'8 8,'B 


+8,"B(a;'a;)—(a;'a 


the 


The resulting Hamiltonian is diagonalized by 


* This research was supported in part by the Air Force Office 
of Scientific Research. 
t On leave of absence fron 
Osaka, Japan 
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Letters 5, 8 (1960 


1960). 


? 
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? 


electron gas found by Wolff is also obtained with this method 


canonical transformation 


> 


— 


\ . exp(/k-r Qk, 


Qk 1, cos¢y +7B, SING, 


By, =A, sing, t+ By cose ,, 
with 

tan2g,=[ e(k+q)—e(k—q) ] Uw’, 
where 

a! 
This gives 


H=>°. Ey Ay fet 2. 


ut(h l 


ky*= le(k+q +e(k—q 


ge 
t{(l'u 2 - 


e(k+q 


with 


u> (U N) 2 al pe (hy — Ey f(] k 


where NV is the number of lattice points, ” is the number 
of electrons per atom, and f(£) is the Fermi distri- 
bution function. Equation (8) is the SCF requirement. 

When 4=0 and if, for some q#0, Eqs. (5) and (8 
have a solution 40, all the one-particle states of Eq. 
6) have a screw-type spin orientation. If «#0 for 
q=0, the spins of all the particles A point in the +2 
direc tion, those of B in the —z direction, and -,*— Fy, 
=lU'y. This leads to a ferromagnetic state of the metal. 
If «=O for any q, the one-particle states are pairwise 
degenerate: Ex,qg = FEx-q’=e(k) for k:>q, Exiga 
= Ey, = e(k) for —qg<k.<q, and Ex, Exsqgt =e(k 
for k.<—gq (k, is the component of k along q). This 
gives a paramagnetic state of the metal. 

Taking free electrons, e(k)=#7k?/2m and n=1, 
approach is equivalent to that of Overhauser.® For the 
free-electron case, it can be seen from Eq. (7) that the 


ty} 
ul 


our 


following three possibilities can be distinguished with 
regard to the relative position of the filled portion of 
the A and B bands: 


(I 
I] 
(Il 


with 


\ q Ro, v ’ ; "/ €0, 


where ky and ¢) are the Fermi momentum and the 
Fermi energy in a paramagnetic state, respectively, v is 


6 





INSTABILIY IN 
proportional to the reciprocal of the effective density 
defined by Overhauser, and £* is the Fermi energy in 
the screw-type state. The expression of Ey* for free 
electrons is given by 

Eey*/ en= (k/ ko)? +474 2 vp" +2(k, ky) |}. 
We have a maximum of £,~ at the origin in the k space 
if x2>vu’ and a minimum of ££” if x2<vy’. Three cases 
are illustrated in Fig. 1. 

For free electrons in three dimensions at 7=0, the 
summations (integrations) over k in Eq. (8) and in the 
expression for the total energy, obtained from Eq. (6), 
can be carried out. For the three cases we find, respec- 
tively : 


(] ' y(1+p?) +16) +4.(¢-), (10) 


u=p' (3p 2)fG(e,)+2¢_-G(¢_) ], 
1= 40 F_(¢,)+F,(¢ 
v(1+p?)+/_(¢,) 
w=p'(3v/2)G(¢, 
3 ee 
y(itp?)+/_(6,)—J 


2)[G(F, 


with 


) 


(e*—x'—4r*p") 6 — 2 
t {| 2x? ++ (v2 y/ 42°) 


2x?) |vy” sinh! (x¢ 


I+(¢) 
o2y!-bate 
a" [ 2x— (vu” 


fy?) (vy + 6 


eu’ /x) sinh 
and 
C= F442 (ry x7e*)). 


Here €o is the total energy per electron. Equations (11), 
(14), or (17) is the SCF requirement from Eq. (8), and 
Eqs. (12), (15), or (18), is an auxiliary equation to 
determine e* as a function of x and vp. 


j + 
| ER/€, 
/ 


| 
ai 
Tee 


Fic. 1. Energy spectra of Fy The = axis is taken along the 
direction ol q In the cases (I) and (11), the solid lines are for 
>< yp’ and the dashed lines for 4? > vy’ 
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Fic. 2. Total energy vs v. SF indicates the saturated ferro- 
magnetic state, UF the unsaturated ferromagnetic state, P the 
paramagnetic state, and S the screw-type state 


Unfortunately, the complexity of the expressions in 
Eqs. (10)-(18) does not permit a complete analysis of 
all solutions. However, we can examine several par- 
ticular cases. First of all, when 4=0, as is well known, 
we have three stable solutions: ferromagnetic with only 
one band occupied (saturated) or with both bands 
partially occupied (unsaturated), and paramagnetic, 
depending on the magnitude of the parameter ». 
Putting x=O0 and 4=0 in Eqs. (13)—(15), we have the 
saturated ferromagnetic state with u=1 and total 
energy €tor=3(2)'/5. In this solution the energy sepa- 
ration between the bottom of the B band and the filled 
position of the A 
this 


as v decreases and 
=23/4. As vp 
decreases further, the unsaturated ferromagnetic state, 
obtained from Eqs. (10)- (12) with x=0, becomes stable. 
The quantity .Vu is equal to difference between the 
number of electrons in the 4 and B bands; it decreases 
from the value V to 0 as v decreases from 2!/4 to 4. 
That is, the unsaturated ferromagnetic state becomes a 
paramagnetic state at v 


band decreases 


energy separation vanishes at y 


}. The paramagnetic state is 
(10)-(18) with »=0 for any q 
value, and €or of the paramagnetic state is 3+» (Fig. 2). 

Secondly, when /i,« 
pressions (11) and (17 
12) and (18), 


also obtained from Eqs 


and uw are very small, the ex- 
both become, with the help of 


Eqs. respectively, 


where 
F(x)=1+[(1—.+°) 

Since un’ =yu+(h/U), we have 

= (h/€) $F (x)/[1— (3v/2)F (x) ]. (19) 


The approximation (19) also holds for case (II), as 
follows from Eq. (14) with use of Eq. (15) after a 
careful expansion, 
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Equation (19) gives the same expression for the 
susceptibility as that derived by Wolff,? and we have 
also the same results for the stability of the paramag- 
netic state as those obtained by Kohn and Nettel,! 
Wolff,? and Brout.’ That is, as long as v< 4, the para- 
magnetic state is stable in such a sense that it does not 
go smoothly into a screw-type state with a very small u. 

Equation (19) can be obtained not only for a very 
small uw and // «> but also for a very small v and finite 
uw’ and x, because v appears as a product vy’ in the 
functions G, F,, and ¢;; and the expansion for a small 
uw’, used in order to derive Eq. (19), was actually that 
for a small vu’. Therefore, we have no screw-type state 
for k=O in a limit of a very small v. 


hirdly, we shall examine the stability of the satu- | 


rated ferromagnetic state. This state belongs naturally 
to the case (II) (u=1 and x=0). If x is very small, an 
expansion of €o¢ with respect to x gives 


€vor 223 (2)'/54+[1— (28/5y) Je’. (20) 
: - , 
At v=2!/5, the saturated ferromagnetic state becomes 
g 
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unstable relative to a screw-type state with a very 
small x. The saturated ferromagnetic state, however, 
has already become unstable relative to the unsaturated 
ferromagnetic state for y<2!/4 (Fig. 2). 

Finally, for }<v<2!/4, we can derive an expression 
similar to Eq. (20), but the coefficient of x° is positive 
for every value of v in this interval. Therefore, a screw- 
type state with a very small x is never realized for this 
this range of v values either. 

We conclude that a screw-type state in a three-dimen- 
sional free electron gas appears never to become stable. 
A possibility for the existence of a screw-type state in 
a band model electron remains for a more compli- 
cated ¢(k). 
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This is a theoretical study of effects of anisotropy on spiral spin 
configurations, emphasizing the problem of the magnetic ordering 
in rare-earth metals. The principal results are as follows: It is 
shown that the ferromagnetic spiral observed at low temperatures 
by Wilkinson, Koehler, Wollan, and Cable in erbium can be the 
classical ground state of a spin Hamiltonian containing exchange 
and anisotropy terms, provided the latter includes terms of at least 
the fourth power in the spin variables. Furthermore, the observed 
cone angles (which imply large deviations from configurations 
possible with exchange forces alone) can be obtained with ani 
sotropy forces much smaller than the exchange forces. The spin- 
wave spectrum and susceptibility for ferromagnetic spirals were 
also considered. The former has the interesting properties that 
w(k) is linear in k for small k (even though the net moment is not 
zero), and there are two distinct branches, as contrasted with the 


I. INTRODUCTION 


‘INCE spirals were discovered theoretically,! they 
and related configurations have been found experi- 
mentally in a number of materials. Some of the most 
interesting examples of spiral-like states have been 
obtained in rare earth metals by Wilkinson ef al.” using 
neutron diffraction. Important qualitative aspects of 
their results on dysprosium and erbium are summarized 
in Fig. 1, where the types of ordering and their respec- 
tive temperature regions are shown. (Holmium, which 
is intermediate between Dy and Er, will be discussed in 
Sec. IV.) There are many interesting details which are 
not shown such as thermal variation of wavelength and 
the actual values of transition temperatures, magnetic 
moments, etc. In the figure, the vertical corresponds to 
the ¢ axis of the hcp structure—the direction of propa- 
gation is always found to be parallel to this axis. Suc- 
cessive spins along this direction correspond to successive 
c planes of metal atoms. 

A striking aspect of these results is the large deviation, 
in some cases, from what would be allowed by exchange 
interactions alone. (The reason that this is striking is 
that although one expects anisotropy forces to be much 
larger than in the iron group, they are still only of the 
order of 10% of the exchange forces in the case of 
dysprosium.*) It is shown in the Appendix that if the 
only forces are exchange type, then the ground state for 
the hep lattice must be a simple spiral (SS), that is, a 


* Partial results of this paper were presented previously, Bull. 


Am. Phys. Soc. 6, 1127 (1961). 

t Operated with support from the U. S. Army, Navy, and Air 
Force. 

1 A. Yoshimori, J. Phys. Soc. Japan 14, 807 (1959); J. Villain, J. 
Phys. Chem. Solids 11, 303 (1959); T. A. Kaplan, Phys. Rev. 116, 
888 (1959). 

2M. K. Wilkinson, W. C. Koehler, E. O. Wollan, and J. W 
Cable, J. Appl. Phys. 32, 48S and 49S (1961); W. C. Koehler, 
Supp. J. Appl. Phys. 32, 20S (1961). 

3S. H. Liu, D. R. Behrendt, S. Legvold, R. H. Good, Jr., Phys. 
Rev. 116, 1464 (1959). 


case of simple antiferromagnetic spirals. For high temperatures, 
calculations are made on the basis of the molecular field approxi- 
mation. It is shown that a small easy-axis anisotropy implies that 
at the highest transition temperature, 7, the ordered spin con 
figuration is a static longitudinal spin wave; the average spins are 
collinear, their lengths varying sinusoidally through the crystal. 
As T decreases below T,, the amplitude of the wave grows in order 
(T.—T)*, other Fourier components entering in higher order. The 
perpendicular components remain zero until a second transition 
temperature is reached, below which they begin to order. Since 
this complex type of behavior, which has been observed in erbium, 
can also occur with the same exchange and anisotropy constants 
needed to give the observed ground state, the possibility exists of 
describing erbium through the whole temperature range by this 
type of theory. 


spiral of the type discussed previously,! in which all the 
spins must be parallel to one plane, fixed in space. It is 
seen that this is not satisfied in the low-temperature 
configuration of erbium, in which the spins all lie on the 
surface of a cone; the transverse, £—-n components 
forming a simple spiral, the longitudinal, ¢ components 
being constant. We have called this configuration a 
ferromagnetic spiral (FS).* Furthermore, the cone half- 
angle is ~30 degrees,? showing a large deviation from 
coplanarity. In the high-temperature phase of erbium, 
which we call a longitudinal spin wave (LSW), the 
average spins are collinear, their lengths varying sinus- 
210074 5 
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Fic. 1. Magnetic ordering found by neutron diffraction (Wilkin 
son, ef al.), showing the approximate temperature ranges in which 
the various types of ordering occur. Symbols: F=simple ferro- 
magnet, SS=simple spiral, FS=ferromagnetic spiral, LSW=longi- 
tudinal spin wave. 


‘T. A. Kaplan, K. Dwight, N. Menyuk, Bull. Am. Phys. Soc. 5, 
460 (1960). T. A. Kaplan, K. Dwight, D. Lyons, N. Menyuk, J. 
Appl. Phys. 32, 13S (1961). Similar configurations have been 
shown in these papers to be theoretically possible in spinels with 
exchange forces only. 
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oidally as one moves along the ¢ axis—the transverse 
components are completely disordered to within the 
accuracy of experiment. This configuration is, of course, 
quite unlike anything discussed previously. 

Because of these features of erbium—large deviation 
in the ground state from what is possible by exchange 
forces only, and apparent intuitive opaqueness as to the 
reason for the high-temperature state—we shall concen- 
trate on this type of behavior. We shall find in fact that 
the first feature is entirely reasonable on the basis of 
small anisotropy, and, assuming appropriate exchange 
and anisotropy parameters consistent with the ground 
state, we shall see that the molecular field theory implies 
LSW ordering at the highest transition temperature. 
Other details, such as ordering of transverse compo- 
nents, variation of wavelength with temperature, and 
the appearance of higher harmonics will also be dis- 


( ussed. 


Il. LOW TEMPERATURES 


The theoretical foundation for the exchange coupling 
of the localized rare-earth magnetic moments via the 
conduction electrons has been considered by many 
writers. For our purposes we may simply take the ex- 
change energy as E.x= — J,,S;-S;, where the J ;; are 
exchange parameters of fairly long range, and the “spin” 
operators §; actually correspond to the total angular 
momentum J of the metal ion (the dimensionality of the 
space of eigenvectors of S; is 2/+1; for purposes of 
notation we put J=5). Since the S values of interest are 
large (~5 to 10), the S,; can reasonably be treated semi- 
classically, at least insofar as the type of spin-correlation 
is concerned. Furthermore, the energy difference be- 
tween the lowest multiplet and the next is ~10kT., so 
that we assume S is a constant. 

It is shown in the Appendix that the minimum ex- 
change energy in the hep structure is always attained by 
a simple spiral. Comparison with experiment on erbium, 
for example, therefore forces the conclusion that ani- 
sotropy forces must play an important role in de- 
termining the magnetic ordering in the ground state.*® 
The origin of these anisotropy forces will be an interplay 
between spin-orbit forces and electrostatic interaction 
between the localized magnetic electrons and the rest of 
the crystal, just as in Van Vleck’s theory.’ However, be- 
cause of the different relative magnitudes between spin- 
orbit and crystal forces, we expect that the coefficients 
of the various types of terms (self-energy, dipole-dipole, 
quadrupole-quadrupole, etc.) will be different from those 
occurring in the small spin-orbit approximation. As far 
as we know investigations of these questions have not 
appeared. We hope to make such a study but for the 


’ See for example, P. G. deGennes, Compt. rend. 247, 1836 
1958): S. H. Liu, Phys. Rev. 121, 451 (1961), and references 
contained therein. 
* This conclusion was reached 
through a different argument 
J. H. Van Vleck, Phys. Rev 52, 1178 (1937 


by deGennes (reference 5 
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present we will content ourselves with a_ strictly 
phenomenological treatment. 

Our first object is to write down the simplest spin 
Hamiltonian having the proper symmetry that will give 
a ferromagnetic spiral as the ground state. Assuming 
that in the ground state, all spins in any one basal plane 
are parallel (in accordance with the experimental re- 
sults),? the most general quadratic function of the spins 
consistent with the hexagonal symmetry is /.= Fyx 
—¥ Ki SS, where the self-energy terms K ;,(=K, 
are not necessarily zero, and S‘ is the component of S, 
along the ¢ axis. (The terms for i# 7 arise from dipolar 
coupling.) Now it is easy to see that a ferromagnetic 
spiral cannot minimize £», since /» for any FS will con- 
tain one term proportional to (S')? (where S* is the 
constant ¢ component) and another term independent 
of S*; the only possible cone angles are 0 or #/2.° Hence 
we must consider higher order terms; we will take these 
to be of the simplest type, namely 5° (S,‘)*. We then 
have the energy function 


E=—¥ J,8,-3,-¥ K.SéS LK’ > (Ss), (1 


2 — 


which we will assume for the rest of the paper. For the 
actual hexagonal close-packed structure, 
spins within one c plane to be parallel, 7 and j refer to 
the various such planes, /;; and A,; being sums of 
interatomic coupling constants. In this case (1) reduces 
toa linear chain problem. In our calculations, however, i 
and j can formally be considered to refer to atomic sites 
in any Bravais lattice. 
The ferromagnetic spiral can be written as 


S,=S[sino(& sink: R,+-n cosk-R 


where @ is the cone half-angle, R; is the position of the 


assuming all 


+cosh ¢ 


ith site, and &, 9, and @ are orthonormal (with ¢ along 
the ¢ axis for our examples of chief interest). The 
corresponding energy per particle is 
Ey= — 9(k)S?+ cos’ 9(k) — 9(0)— RK (0) |S 

4 IK ’S4 cos*6, 
where 


cosk- (R,—R ), 
cosk- (R,;—R,); 


§(k) = 
K(k) = 


Lit 
——- 
XK 
the latter two are independent of 7 because of the trans- 
lational symmetry of J ;; and K,;. The minimum energy 
over this class of configurations is obtained by choosing 
k= kp, where (ko) is the maximum over k of 9(k), and 
4= 6) where 


KS —[9(ko)— 9 (0) 1S 


( os°é )= 
K 'S4 


yrovided 0<cos’@) <1 and 
I 


g’'>6; (6) 

* This type of result was pointed out to the author by K. 
Dwight, in connection with the “umbrella” spin configuration 
found in CrSe. by L. Corliss and J. Hastings 
munication). 
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SPIRAL SPIN 


[We have put K= K(0).] It follows that we must have 
K> J(ko)— J (0); (7) 


hence the second-order terms must provide an easy axis 
and the fourth-order terms must give an easy plane in 
order to obtain a FS. Note that the wave vector Ko is 
determined in this case entirely by the exchange forces 
(this will not be true in general if, for example, two-body 
forces are included in the fourth power terms). 

The interesting feature of (5) and (7) is that the 
anisotropy needn’t compete with the full exchange 
energy Jj(ky) but only with the difference g(ky) —9(0). 
Thus, for example, if the wavelength is long, the re- 
quirement that 0<cos*@)<1 can be satisfied with small 
values of K and K’. To get an idea of orders of magni- 
tude, we have assumed first and second neighbor J ;,; 
only (for the linear chain model). Then, using the wave- 
length of roughly 8 layers found in erbium,’ we find that 
 9( ko) — 9 (0) |/ | g(ko)| ~ 10%, which is of the order of 
magnitude of the c-axis anisotropy found in dysprosium. 

3efore proceeding to questions of local stability and 
spin waves, we point out that the susceptibility parallel 
to { is a simple but useful quantity. Adding a term 
-~H > S§ to Eq. (1), we find that at equilibrlum 


2C °6-— HS/2K'S'=0, 8) 


*90°+ 


where cos8=Cy+6 and Cy=cos). Hence the zero-field 


susceptibility is essentially 


Cox 0. 


| 0(.S6) 1 


OH Jy ICeK'S 
Thus a measurement of xo, together with the neutron 
diffraction 
measurement of A’ 
(5). (This assumes a knowledge of the g factor that 
must enter.) We might also add that, neglecting domain 


results (which yield Co), gives a direct 


and therefore of the numerator in 


effects, complete saturation will be reached (@=0) when 
HS=2K’S* sin’6. 

If our ferromagnetic spiral is to actually minimize the 
energy (1), it clearly must be stable with respect to 
small but otherwise arbitrary rotations of all the spins. 
lo investigate this question of local stability, we calcu- 
late the energy for small deviations from their equi- 
librium positions in the FS. This is most conveniently 
done by expressing the S,, in terms of their components 
in coordinate systems that vary with #, as follows’ 


S$ =E eS n7 HG nS n*+2 nS vn’, 
where 
(E cosko- KR, +9 sinko- R,,) cos#o—f sino, 
—€ sinky-R,,+ cosky- R,, 
(E cosko- R,, +7 sink: R,,) sino +f cosA. 
That is, 4, is in the direction of S,°, the unperturbed 


spin at site 7, £, is in the €—2, plane, with #, chosen to 
form a right-handed system. Taking S,?= 1 and keeping 
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only up to second-order terms in the deviations §,,7 and 
S,”, we obtain 


VEo+d d Muv(k)Qu"*0x’, (10) 


> 
es 
k 
where u,v each run over x and y, 


V3 S. exp(ik- R,,)O, 
CP { 9 (Ko) —3L9(ko+k)+ 9 (ko—k) ]} 
+S? 9 (Ko) — 9(k) — K(k) +3C2K"], 


(7/2)Col 9 (Ko—k) — 9 (ko +k M,,(k)* 


(11) 


; 


M /(k) g(k —3{ §(kotk)+ j(Ky—k) |. 


(We have put So=siné 

For local stability of the fe rromagneti spiral, the 
eigenvalues of the matrices M,,,(k) must be non-nega- 
tive for all k. Hence the diagonal elements each must 
be 20. The condition that k 


that 


maximize j(k) ensures 


V,,(k)>0. 


(12) 
Hence for M,,(k) >0, it is sufficient to have 


(Ko) — g(k) —K(k) +3C2K'>0. (13) 


This is, of course, stronger than is necessary, but it is 
clear that it is possible to choose the parameters such 
that (13) is satisfied without violating previous require- 
ments. A sensitive point is the value of M,,(0), since 
the coefficient of Cy" 


vanishes; however, using (5), we 


have 


M ,.(0 

2Se°CeK'’, (14) 
which is positive. Incidentally, 
check on our arithmetic, it should be true that 
M ..(0 (1/2)0*ko/ 067 evaluated at @=6@. Given (13), 
local stability will be guaranteed if only the determi- 
nant D of M is 20. But 


D=C?_9 (ko) — J (Ko+k) J 9 (ko) — 9 (Ko—k) ] 
+S? M yy (k)L 9 (ko) — J (kK) — K(k) +-3CeK"] 


ly 


(14) provides us an easy 


since 


is true. 
It is interesting to note that our FS can be metastable 


which is certainly 20 if (13 


to consider an extreme example, FS will not be the 
ground state if the exchange forces alone should give a 
simple antiferromagnet (collinear spins, alternating in 
direction from layer to layer) and K(k)= (0) for all k, 
and yet the FS can be locally stable. This might be of 
interest in connection with the Yosida-Miwa® explana- 
tion of the transition from ferro- to antiferromagnetism 
in dysprosium. It also points up the importance of being 
able to determine rigorously the ground state of a func- 
tion like Eq. (1). This is a difficult question, particularly 


*K. Yosida and H. Miwa, J. Appl. Phys. 32, 8S (1961 
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since the Luttinger-Tisza trick” works only for a 
quadratic function of the spins. However, another 
method, based on a cluster analysis,'' shows consider- 
able promise—this is under investigation. 

The spin-wave frequencies (which are different from 
the eigenvalues of M,,,) may be determined easily from 
(10) and (11). Putting Qx?7=(Q, and Qy”= P_x, it follows 
from the commutation relations for the S$,“ that 
(Ox,P«) are canonically conjugate coordinate-momen- 
tum pairs, in the usual spin-wave approximation. The 
canonical transformation that diagonalizes (10) can be 
obtained from solutions of the equations of motion 


Qx= 2M yyP_-.+2M 2y*QOx, 


P_y=—2M .04+2M 2,*P_x, 


zz 
or, assuming e'“‘ time dependence, 
(2M .,*—iw)Qi+2M ,,P_x=0, 
—2M ,0x+ (2M 2,*—iw)P_«=0. 
Hence the spin-wave spectrum is given by 
ws (k)= Col 9 (Kot+k) — q ky—k) } 


+2[M,.(k)M,,(k)]}. (16) 


Equation (16) is to be used in (15) to determine the 
norma! coordinates ; however, the physically significant 
frequencies are w,(k) as long as the configuration is 


locally stable. Putting Co=0, K’=0, and K(k)= (0), 
(16) reduces properly to the expression found by Yosida 
and Miwa.’ 

Clearly 
(O)=0; (17) 


the two modes correspond to the two uniform rotations 
(in opposite senses) in which the spins remain on the 
surface of the equilibrium cone. For sufficiently small & 
the two frequency branches remain degenerate. For a 
linear chain, 


w(k) S2[—CPS PK’ (ko) |'k, (18) 


where §’’(ky)= (0°9/0k?)ky (which is <0). Hence we 
have the interesting result that a basically ferromagnetic 
configuration (the net moment is not zero) gives a linear 
dispersion law, which has usually been associated with 
antiferromagnets. 

Another interesting feature of this spectrum is the 
existence of two distinct branches (as contrasted with 
the spectrum for a simple spiral, for which Co=0). The 
splitting for small & is approximately (1/3)Cog’”’ (ko)k’, 
giving an indication of the type of detailed information 
that can be obtained from an experimental determina- 
tion of the spectrum. 

We might mention that the inclusion of anisotropy in 


1 See D. Lyons and T. A. Kaplan, Phys. Rev. 120, 1580 (1960 

T. A. Kaplan and D. Lyons (to be published) 

2 T. A. Kaplan, Phys. Rev. 109, 782 (1958). 

13 4 somewhat similar result has been reported in connection 
with Yafet-Kittel configurations (Kaplan, reference 1). 
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the basal plane will remove the zero of w(k) at k=0, just 
as the zero! at k=kp has been removed by the ani- 
sotropy terms considered here. 

A more detailed investigation of this spectrum and its 
various consequences (on the magnetization, specific 
heat, inelastic neutron scattering cross section, etc.) is 
not of interest here because of the idealized nature of 
Eq. (1); in the rare-earth metals the spins are not all 
parallel within a plane (except at 7=0), the lattice is 
not Bravais, etc. However, since it is our feeling that the 
most powerful way of experimentally determining the 
fundamental properties of these materials is by low- 
temperature measurements [due to the present lack of 
any reliable theory for treating the high-temperature 
properties of energies like Eq. (1) ], we intend to carry 
out similar calculations using a more realistic energy 
function. It should be pointed out that we do not expect 
Eq. (18) to be drastically modified, since the anisotropy 
in the basal plane is much smaller than that out of the 
plane, at least in dysprosium. 


Ill. HIGH TEMPERATURES 


We shall investigate the predictions of the molecular 
field approximation to the statistical mechanical prop- 
erties of Eq. (1). Classically, the molecular field theory 
is easily derived as follows.'® The true probability dis- 
tribution is p(S:,---,S,)=C expl—SE(S,,---,S,)], 
where 8=1/kT, and k= Boltzmann’s constant. We want 
to find an approximate distribution p,(---S,---) of the 
form J]; p,(S,). It is easy to show, classically, that the 
free-energy functional of pa, 


A= fe pak-+A7 f do Pa |Npa, 


is minimized when p,= p. Here d2= dw dws: - -, dw; being 
the element of solid angle corresponding to the ith spin 
Hence, one criterion for the subject to the 
restriction that it be a product JT p,(S,), is to choose the 
pi(S;) to minimize (19) (subject, of course, to 
malization). Using Eq. (1), stationarity of (19) gives 


pi(S ) Z; 


(19) 


“best’”’ Das 


nor- 


'expl—BE,(S,) ], (20) 
where 


E,(S)= —Hy-S—K (S!)?+4K' (St), 


(?1 ) 
with the uth component of H; given by 


u &,n, .. 


Lj 
K=K j,i, 


 Yoshimori (reference 1 

18 See for example, R. H. Fowler and E. A. Guggenheim, Sta 
tistical Mechanics, (Oxford University Press, New York, 1939). [A 
more recent derivation including anisotropy effects has been given 
by M. Freiser, Phys. Rev. (to be published) ] 


J gtK 
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(S)= f de S“p(S), (23) 


where dw is the element of solid angle. Z;~' is the 
normalization for p;. In other words, the stationarity of 
the free energy leads directly to just what one would 
write down intuitively. Inclusion of other types of terms 
in E, such as >) iz; K;;’(S¢)2(S;5)?, would of course lead 
to similar additional terms in E: [for the example, we 
would get 2(S')? }°; K;;/((S;*)’) ]. The problem now is to 
determine the solution, (S,), ---, (S,), of (23), that 
minimizes (19), using (20) through (22). Quantum- 
mechanically, the customary procedure is to simply re- 
place {dw by trace (considering the S; to be angular 
momentum operators), although there are difficulties in 
giving the same type of basic derivation. This need not 
concern us here, as we are interested mainly in the 
qualitative predictions of this type of theory (which will 
not be significantly altered for the large spins of interest 
in the rare earths). 


1. The Highest Transition Temperature, 7, 


It is expected that a solution of (23) that has nonzero 
values of 


Cg; =(§,;) (24) 


gives lower free energy than the solution o,;=0, all 7 [the 
latter satisfies (23) for all JT]. Accordingly, we shall first 
find the highest temperature 7, for which such a non- 
zero solution exists and later show that the corre- 
sponding solution does minimize the free energy (Sec. 
III-2). Since ¢,=0 at T=T., we expand the exponential 
in powers of H;": 


Z.= f deo fAF4PLS2)/H ie 


+(S,2) Hin? +(S2) Hk} +-**), 


where for convenience we have replaced S‘, S", 
Sg, dmy F 


Vv 2) 


f=exp8(KS?—}K’'S,)=exp6F, 


(Q);= fae of / f de f. 


1 OZ ; 


and 


Clearly 
Z;.0(BH ix) 
= KS .2)H iu; 
to lowest order. Since 


(S2)/=(S,2)s=}(S°—(S2) 2), 
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3kT/2s* 
p. 


Fic. 2, Qualitative behavior of the functions y(7); illustration of 
the determination of the highest transition temperature T,, when 
K;;=K6;;, and the easy axis dominates the easy plane. 


(28) becomes 


> Jijo 


t 


The transition temperature 7, is now determined by the 
maximum T for which nonzero values of o;" (for any «) 
satisfy these linear homogeneous equations. 

To get a feeling for these equations, let us first con- 
sider the case of no anisotropy. Then (S,*)¢=.S?/3, inde- 
pendent of 7, and (30) becomes © J jj0;"= (3kT/2.S?)o,". 
Hence 3k7,./2S?= 9(ko), the maximum eigenvalue of 
J;;, in agreement with Villain’s result.' [.S? is simply 
replaced here by S(S+1) for the quantum-mechanical 
case. | Next suppose that A ;;= K6,;. Then (30) becomes 

> Jijo;? 7:(T)o wt 


LD Jiso;"= 


— 


(31) 


Y zy( T)o; 
where 
ye(T)=kT/2S2)4, 


32 
Y zy(T)=kT/(S°—(S2) 5). (32) 


Assuming KS?/kT, 


we have 


and K’S*/kT. to be small (<0.1), 


S 4KS? 3K'S2y - 
(S 2°) = [i+ (.- ) | 
3 15kT 7K 


=15°(1+a/k7), 


(33) 


so that 
kT 
y:(T)= : 
45°(1+a/kT) 
kT 
Yzy\ T)= ° 
29°(1—a/2kT) 


Hence if 3K’S*/7KS?<1, and K>0 (that is, the easy 
axis dominates), then a is positive and y,(T )and y.,(T), 
respectively, lie below and above the line 3k7/2S?, as 
shown in Fig. 2. The Curie temperature is then de- 
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termined by y.(7.)=9(ko). At T=T7,, it is clear that 
the only possible value of o,7, 7; satisfying (31) is zero, 
i.e., these components are disordered. Furthermore, the 
solution of (31) when T=T,,, is o;7=c cosko- R,;, so that 
we have a static longitudinal spin wave (LSW) as a 
consequence of molecular field theory in conjunction 
with the energy function (1) with appropriate parame- 
ters. In this case (K,;;=0 for 1#7), we see that the 
wavelength at 7. is the same as that at T=0. 

An intuitive reason for the occurrence just below 7, 
of this longitudinal wave for any finite positive AK, no 
matter how small, is as follows. For no anisotropy there 
are many configurations that are degenerate, in the 
sense that they all correspond to the same ordering 
temperature. Examples of these degenerate configura- 
tions [all of which are given by the solutions of (31) with 
Y:= 7-2, are simple spirals, elliptically polarized waves, 
and linearly polarized waves, the LSW being a special 
case of the latter. Although the free energies for these 
various states are not equal at finite intervals below 7. 
(Villain' essentially showed 
lowest), they become equal at infinitesimal intervals 
since the amplitudes all tend to zero. The ‘introduction 
of anisotropy removes this degeneracy : If the easy plane 
dominates, the simple spiral lying in the easy plane is 
lowest ; if the easy axis dominates, the linearly polarized 
wave with polarization along the easy axis gives the 


the simple spirals to be 


lowest free energy. 

Returning now to the more general Eqs. (30), we 
again make the (nonessential) assumption of small 
anisotropy so that (34) holds for 727. and therefore 
Y2\ T) and Y cy T) clearly monotonically decrease as 7 
decreases in the region of interest. Then 7, is determined 
by the larger of the solutions of 


T) = §(Ko’) + Ko(ko’)=L,(ko’), 
T)= 9(k 

i(k) + Ko(k)," 
cosk- (R,—R,) 


where Ky’ maximizes and 


Ko(k)= > K =K(k)—K. (37) 


There are two possibilities which we define using (34 


a). L.(ko’)— 9(ko) +9a/4S?>0. Then T, is deter- 
mined by (35) and the spins first order in a LSW. This 
gives the possibility of the wavelength at 7, being 
different from that (27/k») at T=0, provided K ,,/J;; is 
not independent of i and j."’ In this case, to the same 
order as (33), 


kT .=2S°L,(ko’) +a, (38) 


and K,; commute since expik- R; diagonalizes 
f J;;+Kj;; are simply the sum 
pective eigenvalues. Ko(k) appears in 

30) excludes j=i 
of wavelength with temperature has been 
In his case, the cause of the 


dipolar 


eigenvalues of J 


rather than the 


inisotropyv ir 


Koko’) a 
meee ereer <r Seen f 
g(ko’) kT <0 


where 


RT 29 =3S°9 (ko), (40) 
the transition temperature in the absence of anisotropy. 
The wavelength shift for the linear chain, in this order, 
is easily seen to be given by 


(40’) 


where the primes on Ky and g indicate differentiation, 
or the appropriate directional derivatives in other than 
a linear chain. 

(b). L.(ko’)— 9 (ko) +9a/4S7<0. Then T 
mined by (36) and the spins first order in a simple spiral, 
the spins being perpendicular to the ¢ direction. In this 
case the wavelength must be the same as that in the 
ground state. The expression for 7 
obvious modification of (39). 


is deter- 


is obtained by an 


Note that the condition (a) is consistent with the 
requirements of Sec. II for a ferromagnetic spiral ground 
state. Hence with our simple energy function (1), in 
which the parameters (J;;, etc.) are taken to be inde- 
pendent of temperature, we can match both the low- and 
the high-temperature configurations in erbium, in- 
cluding such details as the proper cone angle at T=0 
and the difference in wavelength at 7=0 and at T=T, 
(as well as further details discussed in the following 
sections). On the other hand, dysprosium cannot be 
handled by the present molecular field approximation 
(MFA) to the thermal properties of (1), 
temperatures the parallel spins are found experimentally 
to lie in the basal plane.?* This of course is not a serious 
objection to the MFA since it is known’ that there is 
considerable anisotropy in the basal plane ; furthermore 
the addition of such anisotropy to (1) would favor the 
Dy ordering, even in the MFA. 


since at low 


) 


However, there is a recent example’ in which the 
MFA is qualitatively misleading, contrary to general 
expectations. Suppose we put A’=0 in (1) and take 
K,;= K6,;;, with K<0. Then (1) is to the 


energy considered by Yosida and Miwa,’ who showed by 


identical 


spin-wave theory that it is possible to 
ferromagnetic ground state (k»=0), 
tion at some finite temperature to a simple spiral, with 
the spins always lying the basal plane. However in this 
case, the MFA insists that the high-T ordering be simple 
ferromagnetic [by (31) and (36) |. Since the spin-wave 
theory is almost certainly correct, we must conclude 
that the molecular field approximation is almost cer 
tainly incorrect, barring the unlikely possibility that the 
exact statistical mechanics would give transitions from 


have a simple 


ind have a transi- 


a ferromagnet to a simple spiral back to a ferromagnet. 
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In other words, in this example, the MFA probably 
gives qualitatively incorrect results.'® 

Hence a fitting of the experimental results for Dy by 
using the MFA in connection with an energy function 
more general than Eq. (1) is questionable. Logically the 
same skepticism is valid in connection with Er as well. 
However, the MFA could be qualitatively or even 
semiquantitatively correct for energy functions of the 
type that characterize Er, even though it is not for the 
Dy type of function. Moreover, we feel that our in- 
vestigation of the predictions of the MFA is justified 
because we have shown that the unusual magnetic be- 
havior observed in Er at high temperatures corresponds 
(for appropriate parameter values) to the lowest free 
energy over the class of independent-particle distribu- 
tions, this class forming much of the basis for present 
intuitive understanding in magnetism. 


2. <8 


In this section we investigate the behavior of the spin 
system as T below T7,, assuming LSW 
ordering at 7T.. We first point out that it is highly 
unlikely that the simple expression o;*=¢ cosko’:R,, 
0 is an exact solution to (23). For, if we as- 
sume such an expression, it follows that 1;,=2L.(ko’' )o;7 
so that (23) becomes 


dec reases 


0 0 


o;°= SG[2B8L.(ko')o;7 |, 
where 


G(x) [ du pu exp (Mv +BK uw — 38K 'u') / 
J, / 


f du exp(ux+BKyu?—3BK"y'), 
ai l 
with o;7=0,;"=0. 

If we are to have such a solution, then there must be 
more than one solution to Cr=G(x), (C is a constant), 
and in fact the various solutions «; must be proportional 
to cosko’-R;; in general, therefore, there must be an 
infinite number of such x,;. Now G(x) never decreases 
with increasing x, G(0)=0, G(+«)=+1, and G(x) is 
single-valued, so that the oscillations that G(x) must 
exhibit, in order that it cross the line Cx in many places, 
cannot be large. In the familiar limiting cases, A= K’=0 
(G=Langevin function) and K— « (Ising model), 
there is no such oscillatory behavior, so that any 
oscillations (for x>0O) are unlikely in the general case, 
let alone the particular complex type of oscillations 
needed. 

However, we have seen that o;°=o cosko’-R; is a 


'8 The essential reason for this, as pointed out by Yosida and 
Miwa, is that at 7=0 there are two locally stable states of nearly 
the same energy, but the curvature of the energy function is 
different for the two states. The state corresponding to higher 
energy at 7’=0 can be of lower free energy at finite T if its corre 
sponding curvature is smaller. The molecular field theory does not 
haridle this effect of curvature adequately. 
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solution of (23) (giving minimum free energy) provided 
only the lowest order term in G(x) (for x small) is re- 
tained. In the following we obtain the corresponding 


solution that is valid to higher orders. 
Writing 


o;"= >. exp(tk- RO. (k 


and carrying the expansion (25), 


we get 


(28) to higher terms 


sp 
28(u*) QO, (k)*+—[(u') ;— 3 ((u?) 5)? 


I: 


©) (k)* 


x L 6(k+k,+k.+k;, K)L,.(k,)L. (ke) 
ike 


kikoks 
K Li (kK O. (KYO, (KO. (k 
+438 S 6(k+ki+k.+k,, K)[a,,.L. (ki) L, (ke) 
* L.(k JO. (KYO, (k2)O, (Ks) 
Liew den (Ky) Ly (ke) Ly (KO, (KYO. (kK) Ou (Ks) ] 
(41) 


whe re 


(u?v*) f—(Uu") 0") F, 
)= >. 'e “cosk: (R;—R 
and no pair of #, v, w are equal. Also K are vectors of the 
rationalized reciprocal lattice. We now follow a pro- 


cedure identical to that used in a perturbation theory" 
developed in another connection. We write 


B=8.(1+7), 


8.=1/kT -=1 


(42) 
(43) 


evaluated at 7=T., and obtain a solu- 


tion of (41) in the form 


with (27)o=(2") 4 


(45) 
g-o(ko’) and g-o(ko’)* 


so that are arbitrary in this order, 
with all other guo(k)=0. [We assume that L,(k) 

L.(Ko’) only for k=+ko’.| This is just the LSW 
solution obtained in the previous section. 


Considering the next order leads to 
a=s, (46) 


which gives the temperature dependence (7.—T)! 
(which is characteristic of the usual Langevin and 
Brillouin function dependence-—the coefficient, however, 


r. A. Kaplan, Phys. Rev. 119, 1460 (1960). 
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is different). Neglecting terms like na (small anisotropy) 

and assuming kp small (so that the only term in 

¥ 6(kKo’+k,+k.+k;, K) is that for K=0, as is true for 

the wavelength found? in Er) we find 
gzo(Ko’) |? (47) 

Furthermore, 

(48) 


gu(k)=0, u=x, y, 


that is, the transverse components are zero to order n}— 
we expect this to be true to all orders. This is not to say 
that the transverse components remain zero for all T 
(below we find the contrary). It is expected that the 
present series, at least for the x, y components, is 
asymptotic, so that zero values for these components 
down to some temperature 7.’, below which they are 
non-zero is consistent with this description. 

For the next term in the longitudinal components, we 
have for k¥+ky’, 


L.(k) 
{1 
L.(Ko’ 


> 6[k+ ky’ (r+s+0, K] 
1K 


X ¢20(rko’)gz0(sko’)gz0(tko’). (49) 


Thus higher harmonics at k=3ky’, etc., enter in order 


n}. For those at 3ky’, we get 


1 L.( Ko’) 
, ; Fi , J20 
3 L.. (ko) — L-(3ko’) 


(ko’), (50) 


where we have taken g.o(Ko’) real and have used Eq. 
(47). Such higher harmonics were not observed in the 
high-temperature phase of erbium’; however, it is pos- 
sible that these terms (which go as 7’ in the cross section) 
actually remain quite small for a fair temperature range. 

We can now show that, for appropriate parameter 
values, the longitudinal spin wave solution actually 
gives the minimum free energy over all product-distri- 
bution functions for 7.—T sufficiently small and posi- 
tive. Noting that the only other solution in this temper- 
ature region of the equilibrium equations (23) is the 
disordered state, we need only show that 


A—Ag=} > o@,;-H,-kT ¥ In(Z;/Z5) (51) 
is negative, A and Aq being the free energies for the 
LSW and the disordered state, respectively. [Z+ is the 
denominator of Eq. (27). ] Writing o,=0,%+0,9+---, 
where o@,‘" corresponds to the mth term of (44), and 
similarly for H; we see from (45), (22), and (30), that 
oi = (1/kT.)(2?)oH 2, the other components being 
zero. Then, using (25) and the small anisotropy ap- 
proximation used in the series development, (51) be- 
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comes to lowest order 


2*)o T—T, . 
A= Ago —— —— 258 ™ 
aT, 1 
which is negative for 7<7,. A similar result holds for 
the other type of solution (dominant easy plane).”° 


3. The Second Transition Temperature for 
the LSW Case— Ordering of the 
Transverse Components 


The considerations of the previous section suggest 
that the minimum free energy solution of (23), for ap- 
propriate values of the force constants, behaves as 
follows. As T decreases from high values, the o; are zero 
until T=T,., below which o,* and co,” first remain 
identically zero, but o;*#0. For T7.—T very small (and 
positive), 0,70 cosk’-R;, where ¢~(7.—T)!, ko’ is 
constant; as 7.—T7 increases, corrections [of order 
(T.—T)!] appear in o,*7. We now wish to investigate the 
possibility of the existence of a second transition tem- 
perature, 7.’(<T,), at which the x and y components 
begin to order. Our problem is to solve (23), which we 
write out: 


o,;*= fae S, exp6[H i252 +H i,Sy+H iS.+F (S:) \/ 
fa exp8LH;-S+ F(S)}. (23’) 


F is the anisotropy function defined in (26). If the 
picture suggested by the series solution is to be true, 
then it must be that for T./<7<T,., the only possible 
solution of (23’) written to lowest order in the o,7 and 
a,” and with o,7X0, is to have o;7=0;"=0. To this 
order, (23’) is 


where 


= fe S.2 exp6H iS.+F (S,) \/ 
fea exp6[ H;.S; +F(S.)]; (54) 


we have used L,;7=L,;4=J,;;. As we have seen, at 
T=T., (S,2); is independent of 7, and the only solution 
to (53) is o,“=0, u=-x, y. For T sufficiently close to T., 
H,, will be small, and we can write (54) as 

(S.2) MS .2)$4PL(S 282) ;—(S2) AS 2) i. 


(55) 


2% Freiser (reference 15), without resorting toa series solution of 
(23), proved that A —A4a<0, where A corresponds to any ordered 
solution, for the case of no single-particle terms in the energy. The 
generalization of his proof to include these terms does not appear 
to be simple. 
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For small anisotropy (a/k7 <1), 
further and write (55) as 


we can simplify 


(S,2) 4S?(1—Ba/2— (62S2/15)H 2) 


+O[ (Ba)?,8aH 2]. (56) 


Then (53) becomes approximately, 


og “= 38S2(1—Ba/2— (62S?/15)H;2)>> J j0;". (57) 


Using the lowest order solution for ¢;* obtained in the 
previous section, 


o,7=0 cosky’-R,, (58) 
we have 


H .=JZeL,( ky’) ( osk,’- R,; 
and (57) becomes 


g;“= (A+B cos?ko’- R)d> J 0," u=x,y, (59) 


where 
A= 38S?(1—}8a)(>0), 


Sb se , (O00) 
B= —86°S'¢2L..(ko')2/45, 


or, in terms of the Fourier transforms, 
[1—Cg(k) ]O i(k)— 1 BE g (K+ 2ky')O,, (K+ 2ky’) 
+ 9(k—2ky’)O.(k—2ky’) ]=0, 
where 
om : (62) 


Equation (61) with B=O0 is, of course, equivalent to 
(30) for the transverse components, using the approxi- 
mation (33). Writing (61) as > M(k,k’)O,,(k’) 
see that 7,’ is the highest temperature (which enters 
through B, C) for which there is a zero eigenvalue of 
M (k,k’). So it is convenient to consider the equations 


> M(k,k’)O.,(k’) 


O, we 


m(k)O.,(k), 


(63) 


where 


M (k,k’) =[1—Cg(k) ]6(k,k’) 
— {BL 9 (K+ 2ko’)6(k’, k+ 2k’) 
+ 9(k—2ko’)5(k’, k— 2k’) }; 


6(k,k’) is the Kronecker delta function. If B=0, the 
highest temperature would be determined by 1—CJ(Ko) 
mo(ko)=0, where ky maximizes J(k). Since we are 
interested in small B, we can use standard perturbation 
theory. The only degeneracy (which is assumed) is 
mo(k)=mo(—k); since the only such degenerate pair 
that is connected by the perturbing matrix is that for 
k= ko’, m(Ko’) is the only eigenvalue that will be changed 
in first order. This change is determined by a simple 
2X2 secular equation whose off-diagonal elements are 
M (ky’, — ko’) = —1B9(ko’)= M(—ky’, ky’), (64) 
giving 
m4 (ko’) = 1—C (ko) +3B9(ko’) 
= 1— 9 (ko)[A—3| B| (1-3) ], (65 


since by (40’), §(ko’)— (ko) is of second order in the 


CONFIGURAT 


IONS 


ratio of anisotropy to exchange. All the other eigen- 
values in this order are?! 
m(k)=1—J(k)(A—3} B}), 


k+k,’. (66) 


Since the coefficients of — J(k»} and — g(k) in (65) and 
(66), respectively, decrease with increasing 7 for 
T.—T SO, the only solution to (61) is Ox“=0 (u=x, y) 
unless 7 <7’, where 7,’ makes the minimum eigenvalue 
mo equal to zero (mo is the minimum for fixed 4 and B). 
Clearly the minimum of (65) and (66) is m,(Ko’) so that 
at T.’ we have 


(65) 


Using (40), (44), (47) and (60), this yields 


(06) 


ORT 


so that A>O, giving consistency with our conjecture 
that the x and y components vanish to every order in 
the series (44). The first term, a/2k7°.o, is just what one 
would have obtained using (34) and (36) as a first guess. 
The second term represents an added depression in 7,’ 
due to the influence of the z components on the trans- 
verse components. The most interesting aspect of this 
latter effect actually comes through the coupling of ko’ 
to —k,’ [in (59) }—this means that the phase of the 
transverse wave is coupled to that of the longitudinal 
wave, which is reasonable. It also gives the result that 
the wavelength of the transverse wave, when it first 
orders, is the same as that of the longitudinal wave, as 
observed in erbium.’ 

Combining (66) and (39), we finally obtain to lowest 
order in the anisotropy, 


T.—T/ Kolk)S 3 KS 3K'S? 
= (1- ) (67) 
T 0 kT 0 5 BT 0 7K 


Hence the difference of the transition temperatures is of 
the order of the anisotropy energy. If the latter is ~ 10% 
of kT., then (67) gives order of magnitude agreement 
for erbium? [where (7.—7.’)/ T. 35% } 


IV. SUMMARY AND DISCUSSION 


We have shown that the simple energy function (1) 
and the molecular field approximation to it, imply a 
surprisingly detailed reproduction of the complex and 


21 Of course, the high density of points, k, means that the m, for 
k near ko’ will be appreciably changed in higher orders, so that m, 
will exhibit two branches near kj’. instead of only at ko’. This 
should not affect our conclusions. What we are doing is analogous 
to a common elementary treatment of energy bands [F. Seitz, 
Vodern Theory of Solids (McGraw-Hill Book Company, Inc., 
New York, 1940)] in which free electrons are perturbed by a 
periodic lattice—lowest order perturbation theory gives an energy 
spectrum that is double-valued only at a single point (in one 
dimension), the point defined by the Bragg condition 
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unusual magnetic ordering observed in erbium by 
neutron diffraction.* In particular, making the reason- 
able assumption that the anisotropy coefficients are of 
the order of 10% of the exchange terms, we have ob- 
tained the following results. The ground state of (1) can 
be a ferromagnetic spiral (FS), as observed in Er at low 
temperatures. For constant values of the energy parame- 
ters consistent with such a ground state, the molecular 
field approximation must give, for appropriate parameter 
values, a static longitudinal-spin-wave (LSW) ordering 
at the highest transition temperature 7. as found in Er. 
The existence of this possibility, FS at 7=0 and LSW 
at T=T., obtained with constant parameters, is our 
principal qualitative result. The ingredients required for 
the FS ground state are sufficiently long range, com- 
peting exchange forces and competition between an easy 
axis and an easy plane coming respectively from the 
second- and fourth-order terms in our simple spin 
Hamiltonian. To obtain the LSW at high temperatures 
one requires, in addition to the competing exchange 
forces, that the easy axis dominates the easy plane, in 
the explicit sense of Sec. III-1. We emphasize the fact 
that when these conditions are satisfied, the longitudinal 
spin wave gives the lowest free energy over all possible 
configurations in the molecular field theory (i.e., in the 
general independent-particle approximation). 

Further details obtained in this theory are as follows. 
The wavelength of the LSW can differ from that at 
T=0 by the order of magnitude found in Er. The 
wavelength first remains constant as 7 decreases, as 
observed. The transverse spin-components remain dis- 
ordered until a second transition occurs, at T,’, below 
which these components order. The calculated value of 
T.—T-,’ is in order-of-magnitude agreement with experi- 
ment. The wavelength of the principal Fourier com- 
ponent characterizing these transverse components near 
T.’ is the same as that for the longitudinal wave, in 
agreement with experiment. Further, the phase of the 
transverse components is coupled to that of the longi- 
tudinal wave as expected on intuitive grounds. Finally, 
higher harmonics of odd order appear in the expression 
for the longitudinal components in the high temperature 
phase and these were not observed experimentally. 
However, these occur in the diffraction cross section in 
order (7.—T)* (as contrasted with the order (7.—T) 
characterizing the lowest harmonic), so that they should 
be small over most of the high-temperature phase, be- 
coming appreciable as 7 decreases further. Since such 
higher harmonics were observed below 7,’, it appears 
that even this detail might well be in agreement with 
experiment. However, such a detailed comparison seems 
premature for a number of reasons, one of which is that 
higher terms in our approximate solution for 7<T, 
might be important, as suggested by the fact that 
T.—T-,’ is fairly large in erbium (~0.357,). 

We also calculated the spin-wave spectrum associated 
with a ferromagnetic spiral ground state. One interesting 
aspect of the result is that w(k) is linear in k for small k, 
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even though the net spin is not zero. The reason for this 
is that in this region, the normal modes correspond 
approximately to oscillations of the components perpen- 
dicular to the magnetization, these components them- 
selves forming an antiferromagnetic structure. 

To obtain qualitative agreement in the molecular field 
approximation with the observed ordering in Dy,* one 
would have to include the anisotropy in the basal plane 
(which was excluded in our energy expression). How- 
ever, Yosida and Miwa’ showed, using spin-wave 
theory, that a special case of our Hamiltonian could give 
such agreement with the experiment on Dy. This points 
up a basic theoretical difficulty with the molecular field 
approximation, relating to questions of a qualitative 
nature. 

Holmium, which lies between Er and Dy in the 
periodic table, is also intermediate in its magnetic 
ordering.2 At low temperatures it is essentially a 
ferromagnetic spiral like Er, but -with a much smaller ¢ 
component. At high temperatures, there is a simple 
spiral, as in Dy. This type of behavior is possible with 
our energy function treated in the molecular field ap- 
proximation. The smaller value of cos*@) can be obtained 
with smaller, but still positive, K—[§(k»)— 
Eq. (5) ], and then having ®/ A’ smaller can lead to the 
dominance of the easy plane, in the sense of Sec. III-1, 
giving a simple spiral at high temperatures. However, 
because of the above-mentioned fundamental difficulty 
with the molecular field approximation, it does not seem 
worthwhile pursuing this now in any greater detail. 

Because of this difficulty, and despite the very de 
tailed agreement of our results with experiment in Er, 
we suggest that the best way of obtaining information 
as to the basic energy parameters is by means of low- 
temperature measurements. One of the most powerful 
tools in this connection is the coherent inelastic 


j(O) | [ sec 


scat- 
tering of neutrons,” by means of which one can directly 
obtain the spin-wave spectrum. Such experiments 
should be feasible, because of the availability of single 
crystals of the rare earth metals and because of their 
large moments. 
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NOTE ADDED 


After this work was completed, I learned that R. J. 
Elliott had been considering the same problems. His 
work, which is different in approach from ours, appears 
in the Physical Review.” 


2 See B. N. Brockhouse, Phys. Rev. 106, 859 (1957); 11, 1273 
(1958). 
%R. J. Elliott, Phys. Rev 
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APPENDIX 


We show here that a spiral minimizes the exchange 
energy associated with a hexagonal close-packed lattice, 
the proof being needed since this structure is not a 
Bravais lattice,’® there being two sites per primitive unit 
cell. In the notation of Lyons and Kaplan," the ex- 
change energy is 


E.==— 5 


nyomu 


J SiS 
J nvm nv’ Omu 


Te Yow Louk) Qn, On". 


Here, v and w each run over two values, 1 and 2, re- 
ferring, respectively, to the two different kinds of sites, 
1, and A». Since the A; sublattice can be obtained by a 
translation of the A» sublattice, it is clear that Jyi.m1 


J nome so that L4,(k)=Loo(k). Hence the matrices 


SPIN-C 
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L(k) are all of the form 
g s 
(|. ) 
the unnormalized eigenvectors of which are always of 
the form 
expid, 
Ci 


(¢2—¢1= —y or , where y is the phase of 6). By 


oe 


Eq. (24) of reference 10, it immediately follows that the 
minimum energy over the weak constraints is given by a 
simple spiral, and therefore the minimum energy for the 
original problem is always given by such a spiral. 
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rhe anisotropy of the absorption of the 1s exciton line in Cu2O which is observed by quadrupole radiation 
shows that this exciton is of type T':;*. The details of the anisotropic absorption properties of the Zeeman and 
Stark effect are predicted and compared with experiment. The anisotropy of the indirect absorption edges 
allows the symmetry of the phonon involved to be determined. From this symmetry identification it is 
possible to speculate about the nature of the valence and conduction bands in this substance. The results 
appear to be in agreement with a spin-orbit split valence band of Cu 3d functions and a conduction band of 
Cu 4s functions. Estimates of the ortho-para exciton splitting and Stark strain splitting on this model are 
of the right order of magnitude but smaller than those observed. 


ROSS and Kaplyanskii' have shown that the 

weak m= 1 line (A=6125 A) of the yellow exciton 
series of CusO has characteristics which indicate that 
the transition is electric quadrupole. The absence of 
this line in an intensity appropriate to dipole absorption 
was earlier pointed out to be explained if the Bloch 
states at either side of the direct gap had the same 
parity,” so that transitions are forbidden between them. 
Quadrupole absorption in a cubic crystal is not iso- 
tropic and from the nature of this asymmetry it is pos- 
sible to deduce the symmetry properties of the exciton 
state (i.e., the irreducible representation like which it 
transforms). It is then possible to predict the anisotropy 
of the various lines into which the exciton line is split 
under the action of electric and magnetic fields. Gross 
and Zakhartchernia* have observed the Zeeman effect 
and Gross and Kaplyanskii' the Stark splittings induced 
by strain. 

After this paper was first submitted, further work of 
Gross and Kaplyanskii° appeared, giving a more detailed 
account of the Stark splitting of the 1s line and of the 
associated absorption edges. These edges are due to 
indirect absorption to the 1s exciton band® utilizing 
the creation or destruction of a single phonon of energy 
105 cm~. From the asymmetry of this absorption it is 
possible to identify the symmetry nature of this phonon. 

With these symmetry properties and other informa- 
tion about the spectrum of Cu,0 it is possible to specu- 
late about the properties of the one-electron energy 
bands, although with so complicated a crystal structure 
it is difficult to draw definite conclusions. One picture 
of the bands which appears to fit the facts will be pre- 
sented, and some other possibilities discussed. Various 
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experiments are suggested which might clarify the 
situation. 
LINE INTENSITIES 


The dipole matrix elements are proportional to those 
of the operator e-p, where ¢ is a vector in the direction 
of the electric field of the light and p is a momentum 
matrix element. This can also be written m(e-r)27v, 
where v is the frequency of the radiation. The quadru 
pole matrix elements are therefore proportional to 
those of 

(m2rv)(e-r)(k-r), 


where k is the wave vector of the radiation. If the dire 
tion of © is (/;,m,,2,;) and k is (/2,mo,22), the angular 
dependence of (1) may be expanded in spherical 


harmonics of order two as 


Sn yn2(22?—x?— y*)+ 3 (lilo— mye) (2°7— y") 


TAVZS TUX VXY, 
using the fact that ek. For convenience we define 


A= (mynotmoen,), w= (ylotlyn2), 


(Lymot+lom,). (3) 


The matrix element can also be written in terms of 
M,’ using the relation between r and p, where 


Ae: hae 
“-—t Pp p _P p 
m i E.—E, F 
The sum is over all bands, other than the conduction 
and 
are the energies of the band edges. 
The probability of transitions to the exciton level 
may be calculated by the method used in reference 
It is again proportional to the probability that the 
electron-hole pair is to be found on the same atom; 
(0) where ¢(r) is function of 
relative electron-hole motion. The actual result for the 
f value is, per unit cell, 


and valence bands, « respectively, and the / 


1.e., to the wave 


kM)’. 


(BhZ/rvm) (0) 


7R. J. Elliott and R. Lou 
(1959) 
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TABLE I. Typical wave functions of the form a¢yz+Soer+7¢ry Of a 's5* level as split by magnetic fields 
and symmetrical strains—see text. 





Symmetry B 
M=1 [4 (m?-+n2) (—Im+in)/[2(m?+n2) 
M=0 l m 
Uw=—-1 [3 (m?+-n?) } Im—in)/[2(m?+-n?) }# 
M,* 0 0 
' ‘1 
Vs \0 
Ay P 
A 


Ai 
A 
Ay 


Here Z is the angle-dependent factor, and B is the 
volume of the unit cell. This may be compared to the 
intensity of the dipole allowed n22 lines which are 
given by 


fn= Bh(n?—1)| M\?/32?’mvn*ay’, (6) 


where dp is the Bohr radius of the exciton series. Thus 
the ratio of the intensities of the n=1 and m=2 lines 
in Cu,O should be 25Z(kao)*. For unpolarized radiation 
on a polycrystal, later work [Eq. (7)] gives 8/25 as 
the average value of Z. 

Nikitine ef al.8 measured /f2=2.7X10-*®. With a 
value of do>~ 10 A this gives M=0.12 per cell, and pre- 
dicts fi~10~°. 

Cu,O has over-all cubic symmetry and at the center 
of the zone, where direct exciton transitions take place, 
the group of k is isomorphous with the point group 
O,. The ground state of the crystal is, of course, com- 
pletely symmetric, transforming like [';*+.2 The quad- 
rupole matrix elements (2) contain functions which span 
Dz, of the rotation group, and which in the cubic group 
are either from irreducible representation I'\.* like 
32—r? and a°—y*, or I25* like 2yz, 22x and 2xy. Thus 
the only exciton states to which quadrupole transitions 
are possible are of types I'5+ and ['y.*. The intensity 
of such transitions are proportional to 


T'95* => A: 1—2>°/,1.2, (7) 
r'33°= anye~net+ (ylo—mymz2)? = lle = 1—>“d?. (8) 


Z in Eq. (5) is given by (7) or (8) multiplied by a 
numerical factor which depends on the actual exciton 
wave functions: if normalized second-order spherical 
harmonics are used, this number is 8/15. 

The results of Gross and Kaplyanskii‘ agree exactly 
with the anisotropy of Eq. (7), and we deduce that the 
n=1 yellow exciton state is of type 25+. The splitting 

8S. Nikitine, J. B. Grun, and M. Sieskind, J. 
Solids 17, 292 (1961). 

® The notation for irreducible representations is taken from 
Koster [G. Koster, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 174], 
except that instead of primes, the parity is denoted by + or — 
superscripts. 
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(—In—im)/[2(m?+-n?)]! 


(—ln+im)/[2(m?+-n?)]}} 


Energy 


} (gi: +g2)8H 
0 


+ Line variation 


n 
-4$(git+g2)8H 
—2a, 
0 
0 
1/v3 ( DA) 2a3 
uw v3 
w/V3 | 
1 
0 
0 


a4 


—@3 


of the absorption line in electric and magnetic fields 
confirms that it is triply degenerate. It also shows that 
there is no extra accidental degeneracy due to spin, 
but that this triple degeneracy includes the spin de- 
generacy, i.e., that it is an orthoexciton. It further 
shows that there must be considerable spin-spin forces 
present in this exciton, since without them the s exciton 
would be fourfold degenerate because of the two 
time-reversed states of the electron band, and two of the 
hole band. The origin and magnitude of these exchange 
forces will be discussed later. Because of the sphericity 
of the bands which is reflected in the extremely good 
hydrogenic properties of the yellow series, it seems likely 
that both the valence and conduction bands from which 
the yellow excitons are built have no more than double 
Kramers degeneracy. This means the types I’,, [, must 
be I'g* or T';*. But the s-exciton relative motion is 
I',*, so that the 1s excitons are ..XT,XI°1*. The only 
combinations which give ITs5* are if one band is Iz 
and the other I’; of the same parity. In this case the 
singlet paraexciton also present is I'y+, which will not 
be observable by quadrupole radiation. 

The splitting of the [2;* triplet by magnetic and 
symmetrical electric fields is most simply considered 
if the possible proximity of the [',* is neglected for the 
moment. In the presence of a magnetic field H along 
(/,m,n) the triplet will split into three levels which cor- 
respond to values of the component of the “‘ficticious”’ 
spin S=1 of M=+1,0 along H. The energies of these 
will be + (g:+g2)8H and 0, if g: and ge are the spectro- 
scopic splitting factors of the electrons in the conduction 
and valence bands. 

A typical set of wave functions describing the exciton 
will be $2, ¢:2, @z,, having transformation properties 
like yz, zx, and xy, respectively. In the presence of H 
each level will be described by a linear combination 
of these, say 

addy: +O22+ YP xy: (9) 


The intensity of absorption is such that a level is using 
(2) proportional to 
(Aa+pB+ vy)? 


(>-Aa)?. (10) 
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The values of a, 8, y together with the value of (10) 
are given in the table for arbitrary directions of H, 
E, and k. 

When the crystal is compressed, there is a Stark 
splitting whose symmetry properties can be determined 
from the symmetry properties of the point group 
which is isomorphous with the group at k=0. For 
compression along a fourfold axis [001] reduces the 
symmetry from cubic O, to tetragonal D,,, compression 
along a threefold axis [111] to trigonal Cs,, and along 
a twofold axis [110] to rhombic C»,. The representations 
of these groups into which. I'.5* decomposes, together 
with the anisotropy of the absorption, are given in the 
table. The energies are given in terms of arbitrary 
parameters which should be linear in the deformation. 
There should be, in addition, an over-all shift of the 
center of gravity of the lines due to the uniform com- 
pression. The experimental results’ show a shift which 
is very small compared to that which might be expected 
from the large temperature dependence of the energy 
gap. 

The resulting formulas are in agreement with the 
experimental results*~® in that they predict the correct 
number of lines. The identification with the experimental 
lines is as follows. \,{%=M;*t, \.=M 4, \,®=A), 
ho=Az, AYM=Ay, Ao™=Ay, Az®=As. In their latest 
paper Gross and Kaplyanskii® make a similar analysis 
of these results. They feel, however, from the expected 
sign of the strain splitting that the symmetries of the 
line pairs A; <A,“ and A» «> A; are interchanged. 
There is no obvious theoretical reason for this, although 
as will be shown later, the overall picture would be 
somewhat more satisfactory if this were the case. The 
simplest check on whether or not this theory of quad- 
ruple absorption has broken down would be to subject 
a crystal already strained along [111] to a small per- 
pendicular stress or magnetic field. For the theory says 
that the line always observed in this geometry is the 
doublet A; and such an experiment should split the 
line. One possible origin of a breakdown in the theory 
of quadrupole absorption could arise from the fact 
that under strains along the threefold and twofold 
axes the unit cell loses its center of symmetry. Thus the 


Fic. 1. Schematic repre- 
sentation of bands at k=0. 
Transitions A and B give 
the yellow and green series 
C or C’ is the blue absorp 
tion, depending on the in- 
terpretation. D or D’ would 
be the phonon transition in 
the indirect process C+D 
or C’+D’. Ey, is the for- 
bidden gap ~17 000 cm™. 
\ is the spin-orbit splitting 
~1000 cm™. The separa- 
tion to the intermediate 
band in 6 and is either in 
the valence band or in the 
conduction band but not 


both. 
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exciton could have a dipole moment induced by the 
strain and this moment would not be parallel to k. 
However, such strain-induced absorption does not seem 
to have exactly the characteristics required. 

The relative intensities of the lines do not show up 
very clearly in the published data, and it is difficult 
to say whether these are in agreement. For example, 
for the case of deformation P along [110] and light k 
along [111] the absorption A, is found only if E||P with 
intensity 3A, say; when EL P, A; and A, are found, with 
intensity 2K and A, respectively. For unpolarized 
radiation in this case the three lines should be in the 
ratio 3:2:1. 

If the separation in energy to the singlet para-exciton 
r'* is comparable to these splittings, it is possible that 
a fourth absorption line could be visible. In a magnetic 
field it becomes an M=0 state and mixes with the M=0 
state of the triplet causing a shift in energy of that state. 
Thus a fourth line could appear with M=0 angular 
dependence as given in the table. In the limit where the 
magnetic field effects are much larger than the ortho- 
para splitting, these two M=0 states have energies 
+4(gi—g2)8H and equal intensities }(}/A)*. The 
trigonal distortion changes T;*—> M,;* which is not 
observable, and this is also true for the tetragonal 
distortion which changes '»* — A.* and for the rhombi 
distortion which changes I.»*—> Ao. Thus the para- 
exciton will only be observable in magnetic fields or 
strains of lower symmetry. 


EDGE INTENSITIES 


the 
have been 


The continuous absorption edges appearing in 
red 105 cm! above and below the 1s line 
shown to be consistent® with the theory of indirect 
transitions involving a phonon. The absorption coeffi- 
cient is proportional to the density of states in the 1s 
exciton band and to 


O e-p 1,.0)(2, O| 3, | Is, K; NK 


E(i,0)— E(\s, K)+F,(K 


(11) 


The first matrix element represents the interaction of 
the electric field of the light raising the crystal from its 
ground state to an excited state 7, where the small wave 
vector of the light has been neglected, i.e., k=0. The 
second matrix element represents the electron-phonon 
interaction transferring the crystal from the inter- 
mediate state to the | 1s,K) exciton state. Momentum 
is conserved by simultaneously creating or destroying 
a phonon of wave vector K, and energy £,(K). The 
experimental results indicate that this second matrix 
element is independent of K at small K and its proper- 


0. Pastrnyak, Soviet Phys.—Solid State 1, 888 (1959); P 
W. Baumeister, Phys. Rev. 121, 359 (1961); S. Nikitine, J. B 
Grun, and M. Sieskind, Proceedings of the Prague Conference 
Proceedings on Semiconductors, 1961 [Czech. J. Phys 
published ) ], J. Phys. Chem. Solids 19, 189 (1961 
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ties may therefore be discussed in terms of the transi- 
tion to | 15,0) exciton using a K=0 phonon. 

From the properties of p the intermediate state 
must have symmetry I\s5~, since the ground state is 
I',*. Since the | 15,0) state is T.;*, the phonon involved 
in the transition must be 


Ris XPost=Pis +l es +P ie +P. (12) 
Typical angular dependences of such symmetries can 
be obtained from tables of cubic harmonics." For ¢ 
along [/\\, ] the transition probability (11) to a final 
exciton state of form (9) is for the various phonon types 
in (12) proportional to 


> (m8+myy)?=1+ (> la)?—2 ¥ Pe’, 
> (mB=myy)?=1—(d la)’, 
3 (la= mB)?+4(2nv—la— mB)? 


=[3 >> Pe?— (> la)? ], 
(> la). 


Strictly speaking, these selection rules hold only at 
K=0 and will be relaxed where the density of states 
becomes appreciable—particularly close to other band 
edges. However, they should indicate which edges begin 
sharply [x~ (hv—E,)*]. 

On the basis of the identification of the lines made 
in the last section the angular dependence of the ab- 
sorption in the edges corresponding to the lines® are 
in agreement only if the 105 cm™ phonon is [)2-. If, 
however, the symmetries of A; <> A» and A» << A3° 
are reversed for some unknown reason, the edge selec- 
tion rules would indicate that the phonon is T2 


SYMMETRY OF Cu.O 


The translation group of the Cu,O lattice is simple 
cubic. The unit cell is a cube with O at the body center 
(0,0,0) and the corners 3a(1,1,1) and Cu in a tetrahedron 
about the central O at 4a(1,1,1), }a(1,—1,—1), 
ta(—1,1,—1), }a(—1,—1,1). The rotation elements 
of the group are isomorphous with those of the diamond 
lattice,’ since those elements which are in the tetra- 
hedral group 74 appear as point operators, while the 
other elements in O, appear with the translation 
}a(1,1,1). The point symmetry at O is Tq and at Cu 
is Dsa with a large axial component from the two 
nearest O’s forming linear O-Cu-O arrangements in the 
[111] directions. 

The symmetries of the phonons and bands are readily 
obtained by the method of Moskalenko.” Placing dis- 
placement vectors on the atoms and examining their 
transformation properties under the group," it is found 


that the Cu motions give rise to 2P'\5- +l 25° +Tio +P 


re, C. 
1947) 
2S. A. Moskalenko, Soviet Phys.—Solid State Phys. 2, 1587 
1961) 

E. B. Wilson, J 


von der Lage and H. A. Bethe, Phys. Rev. 71, 612 


Chem. Phys. 2, 432 (1934). 


OF FE 


XCTTONS IN € 343 


and the O motions, rather like in diamond, to Ij5 
and T’:;+ phonons. With some knowledge of the normal 
modes of tetrahedral molecules" it is easy to obtain a 
crude picture of the nature of these phonons. 


the acoustical modes. 

relative motion of the Cut and O> lattices. 
rhombic distortions of cell along [110] 
directions ; 
(001 }. 
rotation of 
bending of O-Cu-O bonds. 

compression of tetrahedron along opposite 
edges. 

dilation mode of Cu tetrahedron—causing 
displacement of Cu in O-Cu-O bonds. 
relative motion of the O lattices. 


(1) Pis- 
(2) Tis 
(9) lis 
central O atom moves along 
causing 


tetrahedron of Cu, 


(7) T25* 


As noted by Pastrnyak,'* two of these are optically 
active and one [probably type (2) ] was observed by 
him at about 600 cm. Hradny (private communica- 
tion from S. Nikitine) has observed the infrared absorp- 
tion around 100 cm and finds no absorption corre- 
sponding to the phonon seen in the indirect absorption 
in agreement with the symmetry assigned to it in the 
last section. 

The symmetries of the band states can also be simi- 
larly determined. The point symmetries of the Cu 3d 
functions are L,*+ and 2L;*. The over-all cell symmetry 
of the combinations are 


$/.,* 


The point symmetries of the O 2p functions are P, 
and the over-all cell symmetry of combinations 


2P,—Tis-4+ Io5*. 


Thus there are 10 valence bands at [ of which all are 
even except one. The conduction bands for the Cu 4s 
functions. are 


and those from the O 3s functions 


2P, >T tr, 


so that of the four conduction bands only one is odd. 


SPECULATION ABOUT BAND STRUCTURE 


The energy separations of the various bands enumer- 
ated in the last section are caused by overlap of the 
atomic functions and can only be explicitly determined 
by a band calculation; they will probably be of the 
order of ev. Of the predominantly Cu 3d-wave functions, 
an L;* orbital will probably have highest energy in the 
dominantly axial environment, and it is suggested that 
the I's;+ combination forms the highest valence band 
A T+ bonding combination of Cu 4s and/or O 3s func- 
tions probably forms the lowest conduction band. 


a | Pastrnyak, Optika i Spectvos Kopiva 4. 64 (1959). 
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It is known that there is a near degeneracy in one of 
these bands with a second band which gives rise to the 
green series. Optical transitions in p-type material 
indicate that this is in the valence band.!® This near 
degeneracy may be accidental, but its magnitude sug- 
gests a spin-orbit splitting arising from the Cu 3d 
functions. Some confirmation of this is provided 
by the fact that both bands move together relative 
to the conduction band as the forbidden gap changes 
with temperature. The [25* will split under spin- 
orbit coupling into [';* (higher) and I'y*+. A conduc- 
tion band [',;* (—Ts* with spin) gives, therefore, the 
combination I's*XI;* which was shown to give 1s 
yellow excitons of the right symmetry. Irrespective of 
the details of this picture, it can be said that if the 
valence band splitting is due to spin-orbit coupling, 
the green series must arise from a Is state which has an 
extra degeneracy. Thus the green series should show a 
much larger strain splitting that the yellow. 

The magnitude of the valence band splitting is largely 
determined by the atomic spin-orbit coupling; thus it 
will be appreciable only in those bands which arise from 
L; atomic states which are themselves split by the spin- 
orbit coupling, and will be small in those bands which 
arise from L;, states. 

It seems unlikely that the valence band which gives 
the yellow series has an extra degeneracy unresolved 
by spin-orbit coupling as suggested in reference 4; since 
there should always be a small splitting of a few cm™ 
if the bands come from /, Cu functions or O functions 
and these together with the ortho-para splitting and 
the extra spin degeneracy should show up in the experi- 
ments. The quantitative aspects of the strain energies 
in our interpretation will be treated in the next section. 

In addition, some information is available about the 
bands of odd parity. It was proposed in reference 6 
that the main intermediate state 7) in the indirect 
process as given by (11) was from a band to which 
optical transitions are allowed. This has been confirmed 
by Grun ef al.'® who find a strong absorption roughly 
where it was expected in the blue. Since they find two 
absorption peaks separated by an amount equal to the 
difference between the green and yellow series, they 
suggest that this is a transition from the top valence 
band to an excited conduction band (transition C in 
figure) which, from the considerations of the last section, 
must be I’.-. If this is so, the phonon transitions in (11) 
must come dominantly from electron scattering from 
lr, to T;* and must use a =~ phonon. This would fit 
in extremely well with the symmetry properties of the 
edges provided Gross is correct in his feeling that the 
quadrupole symmetries of some of the strain split 1s 
absorption lines are reversed. Furthermore the I'.- 
phonon which displaces the Cu in the O-Cu-O bonds and 


16M. P Lisitsa and G. A. Kholodar, Soviet Phys.—Solid State 
2, 1518 (1961 
167. B. Grun, M 


Solids (to be published ) 


Sieskind, and S. Nikitine, J. Phys. Chem 
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changes the size of the Cu tetrahedron would be ex- 
pected to have a strong interaction with excitons mainly 
on the Cu and contribute to the extra binding energy 
of the 1s excitons. 

On the other hand, it was shown that there was no 
need to assume a breakdown of the quadrupole selection 
rules to explain the anisotropies of the lines and edges 
so far reported. In this case the phonon must be [12 
so that the intermediate state must arise because the 
I's” antibonding combination of O 2 functions is not 
far below the top valence band. If this is true, other 
phonons [',5~, 25>, and I’ will scatter the hole as well 
as T';2-, and it is surprising that no edges corresponding 
to these phonons are observed. The question of which 
band gives the intermediate state could probably be 
settled by looking for the ['7>—>T\;~ absorption of 
holes in p-type material which should occur at 6= 4500 
cm~'.'® This would be an optical transition like D’ in the 
figure. In this case the blue absorption of reference 16 
is transition C’. 


EXCITON FINE STRUCTURE 


Within the framework of this particular model of the 
band structure the various splittings of the 1s exciton 
levels can be estimated. The ortho-para splitting arises 
from the exchange interaction between the electron 
and hole which is important only when the two particles 
are on the same atom. Using a method similar to that for 
obtaining the intensity of absorption,’ the effective 
exchange interaction comes out to be 


Je= Bi (0) 2, 


where J is the exchange interaction which would be 

obtained if the electron and hole were confined within 

the same cell. If it is further assumed that the band 

functions are like 3d and 4s atomic functions on the Cu, 
I~t] a 


i ads 


where J,q is an atomic exchange integral. Because of 
the particular combination of spin states in the I; 
level, the J,a will be only one-third of that which deter- 
mines the singlet-triplet splitting in atoms. In Cut 3d*4s 
the *D—'D splitting is about 3000 cm From the 
Rydberg constant of the yellow series and an estimated 
dielectric constant e~8, the radius of the 1s orbit would 
appear to be ao~10 A, although the greater binding en- 
ergy of the 1s exciton showing a breakdown of the ef- 
fective-mass theory indicates that perhaps a value of 
|'y¥(0)|? should be used which is about twice the hydro- 
genic value 1/7a,*. This predicts a value of J’, the ortho- 
para splitting, of about 15 cm™', which is a reasonable 
order of magnitude. 

The Stark strain splitting of the triplet’ is about 2 
cm for a pressure of 1 kg/mm. Although the elastic 


17C. E. Moore, Atomic Energy Levels, National Bureau of Stand- 
ards Circular No. 467 (U. S. Government Printing Office, Wash 
ington, D. C., 1949), Vol. 2 
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properties of CusO do not seem to have been measured, 
this is considerably smaller than might be expected 
for a splitting arising because of orbital degeneracy in 
the valence or conduction band. For example, for the 
same pressure the degenerate valence band of Ge is 
split!’ by about 50 cm~!. On the other hand, in lowest 
order one would not expect any strain splitting of a 1s 
exciton built from two bands without orbital degeneracy. 
The only source of such a splitting can be an anisotropy 
in the exchange splitting just discussed, if one of the 
component bands becomes anisotropic. This is possible 
in the valence band because of the proximity of the 
other degenerate band. Since the exciton binding energy 
is comparable to this spin-orbit splitting, \ say, there 
will be appreciable admixtures of states of this I's band 
in the exciton. In order of magnitude the strain splitting 
will therefore be J’A/A, where A is the strain splitting 
of the degenerate band, which will show as a splitting 
of the green series. Since the band positions are very 
temperature sensitive, it is possible that this splitting 
will be large, say 100 cm~!/ kg mm”, and since we have 
already found J’~15 cm=', the order of magnitude is 
satisfactory. 


CONCLUSION 


In conclusion, it may be said that this analysis indi- 
cates that the model of the energy bands previously 
put forward, in which the valence band is a spin-orbit- 


18 ,, Roth and W. Kleiner, Phys. Rev. Letters 2, 334 (1959); 
W. Paul and D. M. Warschauer, J. Phys. Chem. Solids 5, 89 
(1958). 
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split Cu 3d band and the conduction band a 4s band, 
agrees in broad outline with the new properties of the 
1s yellow-exciton band recently measured. The exchange 
and strain splittings do, however, appear to be a factor 
of two or so larger than the theory predicts, and it 
would be interesting to check some of its other aspects. 
In particular, it would be useful to detect the para- 
exciton: using large strains of low symmetry, the para- 
exciton line should appear and the orthoexciton splitting 
should become nonlinear. The selection rules for the 
indirect edges indicate that the paraexciton edge is 
forbidden. Also the green exciton series should have a 
large strain splitting because of the degenerate valence 
band from which it is formed. 

It may be reiterated that as far as the selection rules 
are concerned, the experimental results are all ade- 
quately explained on the basis of the identification 
given in the text and a T'\z- phonon. However, there are 
some slight indications that the quadrupole selection 
rules are in some aspects inadequate under certain 
strains, and if this were true, the results would agree 
with a =~ phonon which would make a better fit with 
the over-all picture. Further experiments are required 
to clear up this point. 
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The rare-earth metals Gd-Tm have similar crystal structures and their magnetic properties have been 
partially evaluated by a number of techniques. The magnetic order is complicated, showing several phases 
in some cases and differing considerably in the various elements. These various orderings can be explained 
ona molecular field (Bragg-Williams) model if a long-range oscillatory exchange interaction whose minimum 
Fourier component J(q) is at g#0, small quadrupole-quadrupole interaction, and anisotropy are included 
\ crystal field calculation gives axial and hexagonal anisotropies which vary along the series in a way 
which accounts for the observed structures. In Tb, Dy, and Ho the moment is forced into the basal plane 


al 
r 


id the order is a spiral at high 7, becoming ferromagnetic at low T because of the hexagonal anisotropy 
he quadrupole-quadrupole interaction determines the change of pitch with 7. In Er and Tm the moment 


is forced along the c axis and the observed order, with sinusoidal variation of this moment, is found to have 
lowest free energy at high T. As T is lowered, transitions to an anti-phase domain structure and then to 


ferromagnetism are predicted. 


I. INTRODUCTION 


ROM recent measurements on single crystals of 

Dy, Ho, and Er the actual nature of the rather 
complicated magnetic properties of these metals has 
become apparent. There are noticeable similarities in 
the properties of all the elements from Gd to Tm in 
the second half of the rare-earth series which crystallize 
in a simple hep structure. From the little data available 
on Ce!’ and Nd? at the beginning of the series it 
appears that these metals have rather different ordering 
properties. The f shells are markedly bigger than those 
in the second half of the series, and it is therefore likely 
that the effects of crystalline electric fields and direct 
overlap interionic interactions are relatively more 
important. It is not proposed to discuss them here, but 
to restrict our attention to the heavier elements. 

It is the purpose of this paper to briefly review the 
information at present available and to outline a 
phenomenological theory which appears to describe 
qualitatively the observed effects in terms of a few 
parameters. The nature and magnitude of the inter- 
actions involved in the model do not appear unreason- 
able. The essential requirements of the model have 
already been put forward by a number of other authors, 
and these basic ideas are only synthesized and extended 
here. 

II. EXPERIMENTAL RESULTS 


There are four types of measurement which have 
been performed on some of these metals and which 
display the effects of magnetic order: 


a Speciti heat 
transitions 


showing anomalies at the ordering 
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(b) Neutron diffraction showing the actual ordering 
of the magnetic moments. 
Bulk magnetic moment and susceptibility meas- 
urements, showing critical fields which induce a 
change in the type of magnetic ordering. 

(d) Electrical resistivity showing scattering of con- 
duction electrons off the spin disorder. 


In general there are at least two temperature regions 
of magnetic order. At a Néel point Ty, the para- 
magnetism changes to an ordering which shows a single 
sinusoidal variation along the c axis of the moments 
which are ordered within the a- planes. At a lower 
temperature 7, this changes to a more normal ferro- 
magnetic ordering. In some cases there is an inter- 
mediate temperature below which the variation of the 
order along the ¢ axis remains periodic but which is no 
longer purely sinusoidal. The variation in this region 
is often complicated but probably approximates in 
some cases to a square wave antiphase domain arrange- 
ment with several layers pointing moments one way, 
followed by the same number pointing the opposite way. 

The details of the magnetic structures already 
known* are summarized in Table I. The most 
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Pape 1. Magnetic ordering in the heavy rare-earth metals. I—paramagnetic phase; @ is the Curie-Weiss constant. ITA and IIB— 
intermediated phases with sinusoidal moment variations; the angles 7 are those between the moment components in the plane 1 c 


in adjacent layers. I1{[—low temperature phase, usually ferromagnetic; yuo is the saturation moment. Transition temperatures are 
given as determined by experiments of type (a), (b), (c) of Sec. IT. 


LIB Tc rm 


spiral ule 220(a) ferroule 9.1(b) 
transition at 2.4°K(a) 9 Th 
174(a) spiral utc spiral utc plus second harmonic 83.5(a 9.5(b) 
179 (b,c) 243° — 3: 140(6) 235° — 26 rT 10.2(c) 
? small ul|c? 87 (6 10 Th 
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9.5(b 
~36° spacing 10 layers 40(b,c) only induced | ferro 


small y!!c ferro field (b 5.1(c) 
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spiral uic, 251 > 43 spiral utc, = 41 4.1(b) | 

9 Th 
sinusoid gu! c? ferro? 6.8(c) 


7 Th 


b See references 8-11. ¢ See references 5, 12, 13 d See references 13-16 

striking fact is that there is a very considerable ani- to consider them as such an assembly bathed in a sea 
sotropy between the directions of the c axis and the of conduction electrons. The ion cores are subjected 
basal plane, while there is a relatively much smaller to various interactions with the crystal lattice, the 
hexagonal anisotropy in the plane. The elements Tb, conduction electrons and among themselves which are 
Dy, and Ho have most of their ordered moment in the responsible for their magnetic properties. The main 
plane while Er and Tm have most of theirs along the _ interactions are: 

c axis. The exchange effects which try to impose a 
harmonic variation in the spin order are thus able to 
produce a true spiral for moments in the plane which 


(1) Exchange interactions between the conduction 
electrons ¢ and the localized ionic electrons f. While 
the conduction electron is on a particular atom the 
coupling is like an intra-atomic exchange, being summed 
over all the J electrons. 


have two degrees of freedom, but only a sinusoidal 
variation of magnitude of the moment along the axis. 
Because of this difference in dimensionality it is 
necessary to treat these two cases separately. >, Ks.-s;=Ks,.-S=K(s,- J)y, (1) 

In every case the maximum observed moment on an 
atom site approaches the value AJ, where \ is the 
Landé factor and J the total orbital momentum of the 
lowest multiplet in the trivalent rare-earth ion. 


v is obtained by projecting the total spin S of the ion 
on to the total angular momentum J which is a good 
quantum number.” 


v=\—1=1/(8—235) in this region. (2) 

III. INTERACTIONS IN THE CRYSTALS — ; aa aia 
ny This interaction causes the magnetic disorder resistivity. 
The high-temperature susceptibilities of the metals [py second order perturbation theory”! it also causes an 
agree well with the value x= VG°N"J(J+1)/3kT appro- effective interaction between ionic moments, which 
priate to an assembly of tripositive rare-earth ions. 


under the assumption of a spherical Fermi surface has 
Thus it would seem to be a good first approximation 


the form 
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shell. The properties of the conduction electrons are 
probably also fairly constant, making the main variation 
along the series proportional to (A—1)?J? which falls 
rapidly in general agreement with the observed trend. 
The most important property of this form of exchange 
interaction is its long-range and oscillatory variation. 
Such oscillations lead naturally to the oscillatory 
observed in the ordered = 


variations structures.” In 


particular if the Fourier transform 


j(q) J ser ‘dr, (4) 


has a minimum at a nonzero value of q, the molecular 
field treatment a spin order with this wave 
variation. 


2) Crystalline electric fields caused by the conduc- 


gives 


tion electrons and ion cores. These tend to align the 
charge clouds and hence the magnetic moments of the 
f electrons relative to the crystal axis. From calculations 
on ions in ionic crystals* it is known that for a hexagonal 
crystal the potential takes the form 


Veo(J)+Ve'y¥65(J). (5) 
are operator equivalents of spherical 
s and they and the numerical constants a, 8, 7 
reference 23. The V,” are constants 
structure. Assuming that the 
effect of all except the nearest neighbor ions is screened 
out by the conduction electrons and putting +3¢ 


these positions, one finds” 


defined in 


which depend on the 


charges at 

— 300r?). =+15(r' 
— 6(XKr'), = —OOr*), 
in cm with (r") in A*. (V.° would be zero for a perfect 
hep lattice. (The author is particularly indebted to 
Dr. G. Trammell for pointing out this and other 
properties of the crystal field.) This model is certainly 
very crude and only gives an indication of the size and 
sign of the effect. 

3) Direct interactions between f electrons on nearby 
ions which depend on the charge cloud and spin 
orientation. If the ions are not regarded as spherically 
symmetric as in the above calculation and the devi- 
ations are expanded in spherical harmonics, the most 
important effect is quadrupole-quadrupole interaction.”° 
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For ions with charge clouds oriented generally, this 
has a very complicated angular dependence. 


ji €((r®)ay)? 
> Jd tJ i? J °C :;(mn,pq), (7) 
eg R.» 


where i, } represent ions whose distance apart is Rj; 
and m, n, )», g represent components x, y, z. A reasonable 
magnitude of this effect would be 10°K. 
The Coulomb interaction between 
differen’. ions also gives a direct exchange interaction if 
there is overlap. However, because of the correlation 
between the direction of the spins and the highly 
anisotropic charge clouds the coupling can no longer be 
considered to have the simple cosine form (J;-J;) but 
has terms containing higher powers of J including 
some similar to (7). 


f electrons on 


IV. CRYSTAL FIELD ANISOTROPY 


Close to the ordering temperatures the suscepti- 
bilities of these substances still have the free-ion values, 
and at low temperatures the ordered moments approach 
the maximum \J. This indicates that the exchange 
interactions must dominate over the crystal fields, 
while the oscillatory behavior of the order indicates 
that these exchange interactions are long range and 
probably of type 1. The crystal field effects show up 
predominantly as an anisotropy which is dominantly 
axial. The sign of a shows” how the quadrupole of the 
f electrons is related to the direction of J: 


¥ (322-172) =a[ 3 2—J (J +1). (8) 


For Tb, Dy, and Ho, a is negative, while for Er and 
Tm it is positive. The fact that the moments of the 
first three are predominantly tc while the last two 
are ||c indicates that in all cases the charge clouds wish 
to lie largely in the plane. (The author is indebted to 
Dr. E. O. Wollan for pointing out this and other 
consequences of anisotropy.) If V.° is the dominant 
effect a negative value would produce this effect, 
although the higher order V’s and some of the inter- 
actions of type 3 will also contribute. Negative values 
of V4°8 and V¢°y would tend to make the direction of 
J along the c axis while positive values tend to make the 
direction at some angle to that axis but not in the basal 
plane. This may account for the fact that some of the 
moments do point in intermediate directions. 

The tendencies produced by fields of the sign evalu- 
ated on the model in Sec. III are given in Table II. The 
general trend of the experimental results is reproduced 
if the V.° term dominates. Only in Tm do all the effects 
combine to predict a definite uc. In the three elements 
with y» predominantly in the plane, the tendency 
towards having some moment |¢ increases in the 
sequence Dy-Ho-Tb. 

Magnetic fields as great as 20 kgauss seem to have no 
effect in any attempt to pull the ordered moments out 
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TABLE II. Properties of rare-earth ions Tb-Tm. J, \, etc., 
relate to relative magnetic moments and exchange. Va, etc., 
show tendencies of crystal field anisotropies. 2aJ*, etc., give 
relative magnitudes of these anisotropies. 
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of the preferred directions relative to the ¢ axis. This 
indicates that while the crystal field effects must be 
small with respect to the exchange they must never- 
theless be of the order of tens of °K as predicted by 
the crude calculation in Sec. ITI. 

The hexagonal anisotropy induced by the V,° term 
tries to align the moment components in the plane 
relative to the hexagonal axes. For the sign predicted 
in the model these easy directions are given in Table II 
in terms of the angles to the hexagonal axes. The two 
known results, on Dy * and Ho,” are predicted cor- 
rectly. 

The relative magnitudes of the anisotropies are also 
given in Table II when the maximum total moment is 
involved. This must be reduced in the case of the 
planar hexagonal anisotropy if the moment does not 
point wholly in the plane as in the case in Er. There 
the planar component 4.1 is less than half \J=9 and 
the number should be reduced by (4.1/9)® to give 0.07, 
i.e., an anisotropy some 50 times smaller than that in 
Dy. No anisotropy in the plane has been detected in Er. 

The temperature dependence of the hexagonal planar 
anisotropy is also of some interest since it will be shown 
that it sometimes controls the ferrospiral transition for 
moments Lc. For spherical harmonics of order n the 
axial anisotropy energy in the theory of Zener,?° Van 
Vleck,?”7 and Keffer?’ varies like M'"‘"*), where M is 
the relative magnetization. Relative to the plane, 
however, the term 


sin®é cos6d, (9 
varies like M® on the classical theory since M is pro- 
portional to the average value of sin#. 

V. A SIMPLIFIED HAMILTONIAN 


The interactions cited in Sec. III are complicated, but 
it can be seen that all the ingredients necessary to 
26 C, Zener, Phys. Rev. 96, 1335 (1954). 


27 J. H. Van Vleck, J. phys. radium 20, 124 (1959). 
28 F. Keffer and T. Oguchi, Phys. Rev. 117, 718 (1960). 
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account for the observed data are present. In this 
section we will write down a simplified Hamiltonian 
which includes all these complications and yet can be 
solved in the molecular field approximation. 

If the crystal fields were the dominant effects they 
would determine the ionic ground states as in salts. 
For example in a strong axial field the lowest doublet 
might be J,=+J. This doublet could be considered 
to have a fictitious spin o of one-half. On projecting an 
interaction J;-J; like (3) on to this manifold it will 
become anisotropic in the form o;*c;*. In this problem 
although the crystal fields are not dominant they will 
tend to produce such an anisotropy in the effective 
exchange interactions. Thus we write 


(10) 


Because of the sign of the anisotropy, / will be larger 
in Er and Tm, B in Tb, Dy, and Ho. 

In all the elements discussed it is found that the 
planar layers Le are always ferromagnetic. We may 
simplify the problem further by summing in layers and 
looking at the effective interactions between layers. If 
fz etc. are the maximum moments in the coordinate 
directions and M, is the relative saturation of that 
component the effective interaction can be written 


on Ane 2M iM 


+B,/yu2(M,'M,'*"+M,'M,'*"). (11) 


It can be seen from the work of Yoshimori and others” 
that in order to reproduce spiral effects, the smallest 
number of parameters that may be used in (11) is 
three. Accordingly we arbitrarily restrict interactions 
to those within a plane and between nearest, and next 
nearest neighbor planes, i.e., 7=0, 1, 2, and for con- 
venience we assimilate the yu? into the effective exchange 
parameters, i.e., An’u2=An, 

Since the effects of the ¢ rystal fields are more strongly 
felt at low temperatures, it is possible that the relative 
size of the A’s and B’s should be allowed some variation 
with temperature. Since the amount of anisotropy in 
the charge clouds will depend on the orientation of J 
it seems reasonable to include this variation by letting 
the parameters vary with M. Certainly the direct 
exchange and quadrupole-quadrupole effects [like those 
in (7) ] which are biquadratic in the J, will introduce 
energies into (11) biquadratic in M. Thus the simplest 
way to introduce these effects would be to let 


B,=B,—C,M’. 


etc. 


This has essentially the same kind of effect as the 
so-called magnetocrystalline energy which Kittel” 
shows to make possible the exchange inversion transi- 
tions. It will be shown in the next section only one 
further parameter of this form is necessary to obtain 
qualitatively correct results. 


2. Kittel, Phys. Rev. 120, 335 (1960) 
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VI. MOMENTS IN PLANE 


Following the discussion of the last section we now 
consider the case when the moments are confined in 
the planes perpendicular to the ¢ axis. Since the mo- 
ments have, apart from the hexagonal anisotropy, 
freedom of rotation in the plane, we assume that the 
moments in each layer are aligned at angles which vary 
from layer to layer to give a spiral along the c¢ axis. 
The exchange energy per atom, if the moment 


un7=uM cosna, pw,4=puM sinna, (12) 


is M*(Bo+2B, cosa+2B,cos2a). The higher order 
terms in M®, if they arise from quadrupole-quadrupole 
interaction or from magneto-crystalline anisotropy, 
must have symmetry for rotation by z, and hence their 
simplest term will be cos2a, though this might arise 
from nearest-neighbor planes. The simplest phenomeno- 
logical energy which will reproduce the observed affects 


M*(Bo+2B, cosa+2(B,—CM®) cos2a ]. (13) 


For an investigation of the thermodynamic properties 
of the system it is necessary to know the free energy 
and hence the entropy. For a relative ordered moment 
M the entropy for .V spins can be written 
S=In[NV1/3N(1+M) 3N(1—M)!] 


= N{In2—3(1+M) In(i+M) 


—3(1—M) In(1—M)]. (14) 


If the thermal energy is proportional to M?, minimi- 
zation of the free energy with respect to M, 


F=—JM°—kTS, (15) 


gives 


1+M 4] M 
nf ) = , or 
1—M kT 


This is the result of the molecular field approximation 
which is usually obtained by a self-consistency argument 
instead of an explicit calculation of S. 
Since quartic terms appear in 
solution for M is somewhat different 
be found that the CM* cos2a@ term is relatively small 
and, as a first approximation in making numerical 
estimates, we shall use the usual form for M given in 
(16). The approximation, therefore, reduces to that of 
Enz and is similar, apart from the spiral solution 
superimposed, to the model analyzed by Liu et al." 
However, we introduce the temperature variation of 
the parameters through the term in CM‘, which appears 
to be physically reasonable. Other attempts to derive 
the temperature dependence from first principles 
without such terms have not beén successful.” 


VU=tanh(2JIM kT). (16 


(13), the actual 
however, it will 


*® U. Enz, Physica 26, 698 (1960) 

S. H. Liu, D. R. Behrendt, S. Legvold, and R. H. Good, Phys 
Rev. 116, 1464 (1959). 

* K. Yosida and H. Miwa, J. Appl. Phys. 32, 8S (1961) 
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Furthermore, by minimizing F with respect to a, 


cosa= — B,/[4(B,—CM?)], (17) 


so that a now depends on T through M. This is borne 
out by the observations of turn angle in Er which show 
a striking resemblance to the variation of the component 
of w in the plane,!® and further by the fact that hyster- 
esis effects in w produce a corresponding hysteresis in @ 
(private communication by E. O. Wollan 

The transition to ferromagnetism will take place if 
the free ferromagnetic state (a=O0) 
becomes lower than that of the spiral. Within the 
molecular field approximation, the entropy is the same 
for the same relative ordered moment M of a spin, so 
that the free energy curves for different values of 
effective J in (15) cannot cross without the addition 
of extra terms. Large terms in CM* might cause such 
a transition as shown by Kittel’? and Néel®* but not 
terms of the size we are considering. The hexagonal 
anisotropy, however, provides a mechanism for the 
transition. This anisotropy cannot distinguish between 
the ferromagnetic arrangement a=0 and spirals with 
turn angles a= 7/3, which also allow all the spins to 
point in the easy directions. Thus for ferromagnetism 
it is also essential for E(a=0)<E(n7r/3). Within the 
three-layer interactions described above, this is true, 
provided the turn angle a at the transition is £41.4°, 
so that it is consistent in Dy. In Ho, however, it 
appears that the lowest energy state has all the moments 
in the easy directions, at the expense of making a true 
spiral—the pattern repeats after 10 atomic layers and 
has higher harmonics. The energy is now a combination 
of several Fourier components of the exchange ana will 
depend critically on its range and spatial variation, 
so that it is unlikely that this simple two-layer inter- 
action model will form an adequate description. 

As stated, to discuss the transition, the free energies 
should be compared and, in general, M will change 
discontinuously there. However, since in Dy at any 
rate the transition takes place when M is _ nearly 
saturated, we will follow Enz® in comparing only the 
energies and assume that M is unchanged. A more 
general problem concerns the effect of a magnetic field 
H in inducing the ferromagnetic transition. The energy 
of the ferromagnetic state is 


—[Bo+2B,+2(B,—CM?) |M 


energy of the 


~KM*—yHM, (18 
and the energy of the spiral state is 


—[Bo+2B, cosa+ 2(B,—CM?) cos2a |M?, (19) 


since the anisotropy also averages to zero. The transition 
takes place when 


uH .M+KM*=—2M"(B,(1—cosa 


+ (B,—CM?)(1 


—cos2a) |. (20) 


Again assuming that H does not in first order change 


L. Néel, Compt rend, 242, 1549, 1824 (1956 
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the angle of the spiral, we can use (17) for a and find 
wu ./M+KM'‘*= B,(1—cosa)?/cosa. 


For Dy, H, has been determined from magnetic 
measurements® and does have the form predicted above, 
rising from zero at 7. and falling to zero again like M 
as T— Ty. In Fig. 1, H./M is plotted and compared 
with a plot of (1—cosa@)*/cosa, using the neutron 
diffraction data for a. Normalization of the curve at 
Ty gives B,, and hence By and C,* as 


(21) 


B,/k=170°, B2/k=—57°, C/k=—11°. 


Using the Curie-Weiss @ of 170°, this gives also* 
£ £ 


By/k=—55°. 
The error in these numbers is probably about 10%. 
The deviations between the curves which represent the 
anisotropy field are shown in Fig. 2 and are in reasonable 
agreement with M* in temperature dependence and a 
K of order 1 cm™/atom. 

It is rather difficult to estimate AK from the obser- 
vations of saturation magnetization in the plane. By 
minimizing the energy, 


KM° cos6y—yzHM cose, (22) 


with one can plot ¢ as a function of 
uwll/KM®* and compare with the saturation at 90° and 
100°K. This seems to indicate a value of AK, three or 
four times smaller than the value obtained 
Assuming K=V,*y7J°, a value of V.°=5 cm 
K=1 cm". This requires (r°)~0.05 A® in (6) which is 
rather smaller than is usually assumed in rare-earth 
A value of (r?)~0.3 A®* would give an axial 


respect to 9, 


above. 


gives 


salts.?8 
anisotropy of reasonable order of magnitude. 

On the whole, however, the model proposed seems to 
give a satisfactory over-all fit with the data in Dy. 
It is unfortunately not possible to derive actual values 
of parameters in the other metals without measurements 
of H,. when T is suffic iently close to Ty for anisotropy 
effects to be negligible. 


VII. MOMENTS ALONG AXIS 


In the metals where the axial anisotropy produces 
moments parallel to the ¢ axis, we use as a starting 
point the model where only the terms in A are kept in 
(11). In Er it is found experimentally that at high 
temperatures the stable ordered phase has 


S,7=uM sin(na+6). 
The energy of such a phase is 
M*{ A>.» sin? (na+6) 
+2A,>°, sin(na+6) sin[(n+1)a+é ] 
+2Ao>- sin(nat+6) sin[ (n+2)a+6 J}, 


4 See Note added in proof at end of paper. 
] pa} 
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Fic. 1. Critical 
field 7-in Dy. Points 
are experimental val 
ues of H/./M from 
reference 9. Curve is 
plot of By 1—cosa 2, 
 COS@ using @ values 
of reference 8, nor 
malized to fit at 7); 
cf. Eq. (21). 
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since the terms in M‘, etc., will not be present in this 
one-dimensional case. Using the multiple-angle formulas, 


> sin(na+8) sin[(n+1)a+é | 


= > 3{cosa—cos{ (2n+1)a+26]}, etc., 


a 


the latter term averages to zero, and the energy has 
the form 


E=}M°(Ao+24A, cosa+ 2A» cos2a]=—}AM?*. (25) 


Just as in the last section, it is possible for this to have 
a minimum for some a given by 


—A, $A v9. (26) 


COSaQ 


However, the factor } which appears in (25) for all 


0 tends to make the energy of the 
ferromagnetic arrangement lower. This is particularly 
true if A 
loses the intraplanar interaction for some of the planes. 


cases except a 
is large, since the sinusoidal arrangement 


But in considering stable arrangements, it is necessary 
to compare free energies, and it is clear that the sinu- 
soidal arrangement has considerably more entropy than 
the ferromagnetic one. 





Fic. 2. Anisotropy 
field in Dy. Points 
represent deviations 
of experimental 
points from curve in 
Fig. 1, i.e., of KM® 
uM?*. Curve is a plot 
of M* with best nor 
malization near T.. 
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Fic. 3. Free energy F when spins confined along ¢ axis. Plots 
of kTF+1n2 for (A) sine wave, (B) ferromagnet, (C) anti-phase 
domain spin arrangements in the Bragg-Williams approximation. 
Characteristic temperatures 7,, @, A are arbitrarily chosen. 
Arrangement (A) exists only 7,>7>4T7,, below which the 
arrangement squares up and tends towards (C). The dashed 
curve is an extrapolation for this regime. T, occurs where this 
curve crosses (B). 


Using (14) for the entropy with M— M sin@ and 


averaging over 9, 


1 
S= NARI |In2— f (1+M sinx) In(1+M sina 
T 


+(1—M sinx) In(1—M sinx)dx 


- — Ve[In2(1+ p*)— (2p? 14+-p" 


where 

M=2p/(1+-~*), p=[1-—(1—M?)}]/M, (28 
provided M and pS1. Differentiating F=E—TS with 
respect to M gives 


24=kT(pPP+1 


f-4) 


Ty=2A=A 1 COSa+ 


kT\ kT 


2A7 2A 


+2A 


2A» cos2a, (30 


and the factor of 4 in the energy has been exactly 
compensated by the greater entropy. This will be a 
higher temperature than that at which it would have 
gone ferromagnetic, 


6=Ao+2A,42A (31) 


1 > 
2s 


if Ay and A, have the same type of relative magnitudes 
as the B’s in Dy. 

The ordered moment M reaches its maximum value 
of unity at 


T’=A=}Ty, (32) 


Ero? 


and below this temperature the above expressions are 
not valid. If, by the time this temperature has been 
reached, the system has not gone ferromagnetic, the 
spin modulation will begin to take on a square profile, 
gaining in energy because of the increased value of 
(S27) at the expense of some entropy. Unfortunately 
we have not been able to find an approximate expression 
for this squaring process which allows us to do the 
integrals analytically; and we have therefore not yet 
explored the theory in this region. It is interesting, 
however, that so simple a model predicts a transition 
from sine wave to a squarer arrangement which would 
show higher harmonics in the neutron scattering. If 
this arrangement persisted down to low temperatures, 
it would become an antiphase domain structure, with 
several layers of up spin followed by several layers of 
down, and so on. Since here the mean spin moment is 
the same in each layer, the entropy and hence the free 
energy have the same functional form as for a ferro- 
magnetic arrangement. Thus for the system to be 
ferromagnetic at 0°K, the effective exchange energy of 
the ferromagnetic state —@M? must be more negative 
than that for the antiphase state, say —AM?®. 

The transition to ferromagnetism will take place 
when the free energy of that state becomes lowest. In 
Fig. 3, curves of F are plotted for the sine, ferro- 
magnetic, and antiphase structures. The first is given 
by (25) and (27) and the last two by (15) and (14), 
where Ty, 0, and A have been chosen relative to one 
another for display purposes, although the values have 
some similarity to the possible situation in Er. The 
dashed curve extrapolating 1 to C represents the 
general trend of F for a squared-up arrangement. 

If 9>0.877Ty, there would direct sine-ferro 
transition. For smaller @ the squaring takes place, and 
it is not possible to find T 
lation. 

In the sinusoidal arrangement it is also possible to 


be a 


without numerical calcu- 


calculate the susceptibility if it is assumed that in the 
presence of a field H/, 


xH w)+uM sin(nat+é 


Assuming further that M is unchanged in a small H, 
this simply adds terms to the free energy. It is necessary 
to keep only those as far as H’, which are 

"4+ ERT (xH/p 


—4yH 1—V 


and since (0F/0H)= xH for small H, the differential 
of (34) gives, after some manipulation, 


x= Nyw2(2T—Ty)/kLT (Ty —28)+-T 9 

This joins smoothly on to the paramagnetic suscepti- 
bility Nyu?/k(T—0@) at T=Ty, and then has a sharp 
maximum falling rapidly to zero at T=}Ty. At this 
temperature some spins are saturated so that it is to 
be expected that with this model x=0. In practice, 


however, some variation in the form of S, must be 
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allowed, and it is to be expected that the above form 
of x will not be correct as T— 3Ty. 
The experimental results on Er can be partially 


interpreted on the above model. From the _high- 
temperature phase with a knowledge of a, 0, and Ty, 
it is possible to find™ 


1)/k=—40°, A,/k=80°, Ao/k=—30°. 

Again it can be seen that the simple two-layer 
interaction model evaluated in the spirit of the molec- 
ular field approximation leads to a satisfactory overall 
description of the phenomena. For a more complete 
description it will be necessary to calculate a model 
which includes all three components as in (11) and 
allows for more complex variation of S* intermediate 
between a simple wave and an antiphase domain 
structure. For Er has a transition at 50°K below which 
S* is not a simple wave and where the moments in the 
plane have a spiral ordering. 

The relative values of the .1,; found in Er are very 
similar to the B; in Dy, which is consistent with a 
dominant interaction of type (3). However, there must 
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be some variation of the ratio —B,/4Be. along the 
series, in particular to account for the very narrow 
spiral region in Tb and its absence in Gd. There does 
not appear to be any reason associated with anisotropy 
why this ratio should be larger in those two elements. 

After this was completed, the work of Kaplan** was 
brought to my attention which gives a rather similar 
theory of these effects, although he starts from a rather 
different simplified Hamiltonian, and he evaluates the 
properties in a different approximation. 


ACKNOWLEDGMENTS 


This work was performed during a visit to the Oak 
Ridge National Laboratory and the author is greatly 
indebted to Dr. E. O. Wollan, Dr. M. K. Wilkinson, 
Dr. G. Trammell, Dr. W. C. Koehler, and Dr. J. 
Cable for a most pleasant and stimulating time. Most 
of the ideas put forward in this work were the result of 
discussions with this group. 

Vote added in proof. The author is indebted to Dr. 
A. Arrott for pointing out an error in sign in the original 
calculations. The negative sign of By and A 9 is surprising 
in view of the ferromagnetic ordering within planes. 


% T. A. Kaplan, Phys. Rev. 123, 329 (1961 





PHYSICAL REVIEW VOLUME 124 


Interpretation of the Isomeric Chemical Shifts in Au'’’t 


NUMBER 2 


1. 


D. A. SHIRLEY 
Lawrence Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received June 14, 1961) 


The large chemical shifts recently observed in Méssbauer absorption experiments on Au! 


7 are explained 


on the basis of Coulombic interaction between the 6s electron of gold and the 3s, and 2d; protons. A first-order 
perturbation calculation is made, using the Coulombic potential within the nucleus due to the 6s electron. 


Prote 


ited 


are treé 


can 


mn wave functions derived from harmonic-oscillator, square-well, and Woods-Saxon nuclear potentials 
The latter two potentials yield results that are in reasonable accord with experiment 
afford a sensitive comparison of nuclear potentials as well as a determination of the s conduction 


This model 


electron density on impurity atoms. In particular, this calculation discriminates against the harmonic 
oscillator potential and shows that the 6s electron density on a gold impurity atom in several hosts is higher 
than in pure gold. These results also indicate that the 3s; proton subshell is filled in the ground state of Au’, 


I. INTRODUCTION 


ECENT observations of shifts due to environ- 

mental effects in the isomeric energy-level spacing 
of nuclei’ show promise of leading to new techniques for 
studying certain chemical effects in solids, as well as 
providing more insight into some of the mechanisms 
responsible for isotope shifts. Until now, these chemical 
shifts? have been interpreted as being proportional to 
the product of a difference, for different environments, 
in the average electron density at the nucleus times a 
difference in the mean-square charge radii of the two 
isomeric For most of the nuclei in- 
vestigated (which have an even number of protons), 
this difference in charge radius is difficult to interpret in 
detail, and it is not clear how the interpretation should 
be refined. Rec ently, however, data have been obtained 
on the isomeric chemical shift of the resonant 77-kev 
transition in Au’ 7 In this 
case the first excited state may be associated with proton 


excitation, and a change in the mean-square charge 


nuclear states. 


an odd-proton nucleus.° 


radius may be interpreted in terms of the proton wave 
functions. In this paper we present a detailed calcula- 


tion, based on this model, of the isomeric chemical shifts 


expected in Au!” 
II. OUTLINE OF THE PROBLEM 


The basic hypothesis here, as for the isotope shift, is 
fect is Coulombic in origin. Thus we may 
as supported the U. S. Atomic Energy 
inary account of this work was given at the Monterey 
\merican Physical Society, March 1961. 
ner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
the term “chemical shift,” or possibly “isomeric 
al over “isomer shift’’ because it conveys more 
information about the origin of the shift, as well as following the 
tradition of naming shifts for their unobserved variables (e.g., the 
isotope shift in optical spectroscopy). 
+S. DeBenedetti, G. Lang, and R. Ingalls, Phys. Rev. Letters 
6. 60 (1961 
‘L. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev. 
Letters 6, 98 (1961 
5 D. Roberts and J. O. Thimson, Bull. Am. Phys. Soc. 6, 75 
A. Shirley, M. Kaplan, and P. Axel, Phys. Rev. 123, 816 
1961). 
7L. D. Roberts and J. O. Thomson, Bull. Am. Phys. Soc. 6, 230 
1961). 


determine the electron density p(r) within and near the 
nucleus and do a first-order perturbation calculation 
using appropriate nuclear wave functions and the 
perturbation energy 


V(r)=—-—— i 
dies 


We choose the above convenient limits of integration 
because we are interested only in differences between 
the Coulombic interactions of the two isomeric states. 
Ideally, complete nuclear wave functions would be used 
for the two states. Lacking these, we assume that the 
nucleus participates in the shift primarily through the 
odd proton or hole. This proton hole) is then described 
by the 3s; (excited state) and 2d; (ground state) shell- 
model wave functions. We note that, 

excited state is assumed to be formed from the ground 
state by excitation of a single particle, and the shift- 
producing potential is spherically symmetrical, the 
modes of coupling within proton subshells in the two 
states do not affect the result. 

The populations of the subshells, however, can be 
important if the excited state is formed by breaking a 
pair, exciting one proton of the broken pair to the sub- 
shell containing the odd proton, and pairing it with this 
odd proton. Thus, if the ground state has the configura- 
tion (/41/z)'°(s4)?(dy) (Ay1/2)" 


p(r)dt 


(1) 


inasmuch as the 


and the excited state is 


(s;)(d;)*, the isomeric shift will have the same magni- 
tude but the opposite sign from that to be expected if 


the ground state were (/t1/2)'"(d;)’ and the excited 
state (h1/2)'*(d;)*(s,). The former set of configurations 
has been favored by Zeldes on the basis of shell-model 
systematics,*® but careful consideration of pairing forces 
probably will modify his conclusions. At least it seems 
clear that the /; subshell lies suffic iently far below the 
Fermi surface so that its population will not change 
appreciably between the isomeric states,’ and we are 
thus on fairly safe ground in considering only the 3s, 
and 2d; states. A complete interpretation of chemical- 


shift data should allow us to distinguish between these 
® N. Zeldes, Nuclear Phys. 2, 1 
*S. G. Nilsson, Lawrence Radiation 

California (private communication 


1956/57 


Laboratory, Livermore 
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possible nuclear configurations. The above configura- 
tions suggested by Zeldes are used in the following 
calculation to derive the expected sign of the shifts. 
Independent experimental and theoretical support for 
this choice is discussed in Sec. V. 

To evaluate V(r) in Eq. (1), we must decide which 
electronic states of gold are important in the chemical 
shift. The requirements are (a) the electron must have 
a substantial probability density at the nucleus, and 
(b) this density must be subject to change when the 
environment of the gold atom is changed (i.e., the 
electron must participate in a chemical bond, go into a 
conduction band, etc.). Only the 6s electron seems to 
meet both requirements to an important extent, and 
our calculations will involve only this electron. We 
shall, in fact, use the wave function of a 6s electron on a 
free gold atom to evaluate the 6s electron density. Near 
the nucleus, this wave function should be quite similar 
to that of a 6s electron in metallic gold, both in func- 
tional behavior and in magnitude. 

The distribution of the electron density inside the 
nucleus depends on the total nuclear-charge distribu- 
tion, which we have assumed to be uniform in our 
calculation. The actual nuclear-charge distribution is 
probably not far from uniform,’ and the electron- 
density distribution is not particularly sensitive to 
small variation in this quantity.” 

With these approximations, the problem becomes 
one of calculating the Coulomb interaction between the 
6s electron of gold and the odd proton or hole. We 
might expect, then, that if the proton states are properly 
described by the nuclear wave functions which we use, 
the total range of all the experimental chemical shifts 
will correspond to a change of one 6s electron or less on 
the gold atom. We shall use this as the first criterion for 
a reasonable answer, and experimental results may be 
interpreted in terms of the ratio of the experimental 
shift to the shift calculated for the addition of one 6s 
., In terms of the number 
of 6s electrons added or removed). 


electron to the gold atom (i.e 


III. THE ELECTRONIC COULOMB POTENTIAL 


Before discussing the details of this calculation, we 
mention an alternative approach which has been used 
in interpreting the isotope shift. In this approach one 
assumes that the nucleus is a uniformly charged sphere, 
or some simple modification thereof.” Then the shift 
is equivalent to the optical shift of an s electron and is 
proportional to the product of a mean electron density 

(0) ? times the difference between the second radial 
moments of nuclear charge for the two isotopes (iso- 
mers). In the relativistic case, the second moment be- 


10 See, for example, A.A 
Phys. Rev. 102, 1613 (1956). 
1S. G. Nilsson and J. O 


Ross, H. Mark, and R. D. Lawson, 


Rasmussen, Nuclear Phys. 5, 617 


Bodmer, Nuclear Phys. 9, 371 (1958/59). 
Rodmer, Nuclear Phys. 21, 347 (1961). 
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comes the 2cth moment, where ¢=[1— (a@Z)? }4.4 With 
this simple interpretation, the relative sizes of the 
isotopes (isomers) may be deduced from experiment. 
In the absence of other information about the configura- 
tions of the nuclear states, a more detailed interpreta- 
tion is unnecessary. 

Evaluation of the Coulomb potential is straightfor- 
ward, involving only the substitution of the 6s electron 
density into Eq. (1). Fortunately, in the case of gold, 
enough data are available to determine the electron 
density accurately.’®'® Substituting into the 
expression!” 


these 


hAv= —4rgrg spo? |W (0) |?2(27+1), (2) 


we obtain |W¥(0) ?=2.67X 10" cm~ for the average 6s 
electron density inside the nucleus. The density distri- 
bution within the nucleus may be obtained from the 
formulas of Bohr and Weisskopf,'* normalized to this 


average density, giving, to terms in 7", 
v(x) 


with x=r/R, where R is the nuclear radius, taken as 
7.00X 10-8 cm in this paper. The external electron 
density approaches the power dependence for a point 
nucleus given by Racah"® somewhat outside the nucleus, 
V(r) |? a r'7-* (=r-°*6 for gold). Immediately outside 
the nucleus, the electron density is obtained by match- 


2= (2.91 10°) (1—0.16662?+-0.0363x"), (3) 


ing to the internal solutions the components, f and g, 
of the Dirac wave function for the 6s electron. This has 


been done explicitly by Meligy,”° who has given approxi- 
mate solutions that have the form 


f= Axt+Bx~™, 
g=Cx?+Dx~, 


(4) 


as well as exact solutions, immediately outside the 
nucleus. Determining A, Bb, C, and D in Eq. (4) by 
matching f and g and their derivatives to the internal 
solutions at the nuclear surface, we obtain for the 
electron density in the region immediately outside the 
nucleus, 


v(x) | P= 2.91 10" 
[0.971227 2-+-0.008a-2" = —0.109x-2 ] cm, (5) 


with x>1. From Eqs. (1), (3), and (5), the expression 
for the perturbing Coulomb potential becomes 
2.58 10-4 

[0.16662 —0.0083x*+-0.0009x* ] ev 


V (x) 
(6a) 


44 We are grateful to L. R. Walker, Bell Telephone Laboratories, 
Murray Hill, New Jersey, for pointing out this method. 

‘6H. H. Woodbury and G. W. Ludwig, Phys. Rev. 117, 1287 
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16 G. Fricke, S. Penselm, and E. Recknagel, Naturwissenschaften 
48, 129 (1960). 

17 W. A. Nierenberg, Ann. Rev. Nuclear Sci. 7, 357 (1957). 

18 A, Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 

9G. Racah, Nature 129, 723 (1932). 

20 A. S. Meligy, Nuclear Phys. 14, 248 (1959/60). 
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from Eqs 
potential created by the 6s elec 
6b) is used in the region r>R, 
r increases, but is only 2X10°* ev 
he proton distribution for the 3s; 
armonic-oscillator and infinite 


the 6s electron density, 


10-*f — 1.278 +0.486x°7+0.0040-*" ] ev (6b) 
for x>1 
Plots of ‘y 
b). Relativ 
the ove r-al] 


less importa 
tronic 


>and } are shown in Fig. 1, (a) and 
ity has the important effect of increasing 
magnitude of the electron density and the 
t effect of changing the shape of the elec- 
Coulomb potential in and near the nucleus by 
to be nonuniform. If the 
first term in Eq. (6a 
would be nonzero, and this equation would reduce to 


) 
iusing the electron density 


density were uniform, only the 
the mean-square charge-radius approximation. 

From Eqs. (6a) and (6b), 
removal of one 6s electron becomes 


the chemical shift for the 


AE=AE.+AE; 


with 


AF.=2.58X 10 
0.16664 


—( OSS A +O .OO9O AC 


for x<1, and 


AEs = 10 { +0.486A (x79) + 0.00404 (2 


for x>1. 


IV. NUCLEAR WAVE FUNCTIONS 


The choice of nuclear radial wave functions used to 
evaluate Eq. (6) is rather critical here because of the 
shape of the perturbing Coulomb potential caused by 
the 6s electron, which changes considerably in the region 
r~R. This is just the region where the nuclear potential 
used in obtaining nuclear wave functions most seriously 
influences the nucleon density. Thus, for example, a 
diffuse nuclear potential would allow a substantial 
probability for the nucleon in question to be in the 
region r>R, where the Coulomb interaction with the 
6s electron is smaller. For an infinite square-well 
potential, on the other hand, only the region r< R would 
be important, and the chemical shift might be quite 
different. The calculated chemical shift is shown below 
to depend sensitively on the diffuseness of the nuclear 
potential assumed. Thus if the rest of the problem can 
be understood, chemical shifts can be useful in studying 
nuclear potentials. 

The chemical shift was first calculated using nuclear 
functions 
potential, for which Eisinger and Jaccarino have calcu- 
lated and fourth moments.” The 
contribution to the shift of that part of the proton wave 
function which is in the region r>R can easily be shown 
to be negligible, and only Eq. (5a be used in 
Thus the answer is essentially 


wave derived from a finite square-well 


the second radial 


need 
evaluating the shift. 
identical to that which would be obtained by using an 
infinite square-well potential, and may be regarded as 
characteristic of one limit of nuclear potential “diffuse- 
2./5X10-* ev 


indicates that the 


ness.” The shift for this potential is 4 
per 6s electron. The positive sign 
Coulomb interaction with the 6s electron increases the 
energy difference between the nuclear excited state and 
ground state. 

The shift was also calculated for a 
isotropic 
which analytical wave functions are 
rather diffuse potential, and may be regarded as the 
ntial in this re 


three-dimensiona] 


harmonic-oscillator nuclear potential, for 


available. This is a 


opposite limit to the square-well pote 


spect. As one would expe mtributions of the 


external portions of the nuclear wave fun tions are by 


no means negligible here. Thus we are not 


moments to infinity using 


justified in integrating radial 
should use Eq 6b) in the 


only Eq. (6a), but region 
r>R. In fact, we have calculated the shift both ways 
and the difference in AF is only about 1.5X10~ ev per 
6s electron. This may be understood by observing that, 
while the proton has only about 75% probability of 
being in the region r<R, it has 99.9% probability of 
J. Fisinger Jaccarino, Revs. Modern Phys. 30, 528 


1958 
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being in the region r<1.5R, where Eq. (6a) is still quite 
accurate. We might generalize this result to conclude 
that for gold and elements of lower atomic number and 
for harmonic-oscillator and less diffuse nuclear poten- 
tials, it is a good approximation for chemical-shift 
calculations to use the internal potential and integrate 
to infinity. Of course, this simplifies these calculations 
considerably. On the other hand, care must be taken in 
mean-square charge radii directly from 
chemical shift data. Such an approximation would be 
especially poor here, because the two states are derived 
from the same oscillator shell and we have A(r?)=0. If 
we use Eq. (6a) and integrate to infinity, the first non- 
zero contribution to AE is from the term in (r*). Using 
an oscillator constant #w=41A-! Mev, we obtain a 
chemical shift of +0.07X10~° ev per 6s electron. 

Finally, we have evaluated the expected chemical 
shift using radial wave functions derived from a 
“realistic”? nuclear potential. Blomquist and Wahlborn 
have calculated radial wave functions for shell-model 
states in the lead region using a Woods-Saxon diffuse 
potential.” We have scaled their 3s; and 2d; proton 
radial functions down to a nuclear radius of 7.00 f and 
evaluated the second and fourth radial moments by 
graphical integration. The results are (x?),=0.487, 
(x7)a=0.503, (x*),=0.397, and (x*)g=0.370. The ex- 
pected shift was evaluated, as discussed above, by 
combining these values with Eq. (7b), which is again 
equivalent to integrating to infinity in evaluating the 
moments in Eq. (7b). This procedure is certainly 
justified in this case, because the Woods-Saxon potential 
is considerably less diffuse than the harmonic-oscillator 
potential, and the proton wave functions fall off some- 
what faster outside the nucleus. The relative probability 
densities from these latter wave functions are shown in 
Fig. 1, (c) and (d). The shift calculated for proton wave 
functions based on the Woods-Saxon potential is 
+-0.75X10-* ev per 6s electron, intermediate between 
the harmonic-oscillator and square-well results. 


deriving 


V. DISCUSSION 


The calculated shifts are compared with experimental 
results in Table I. From the experimental shifts and the 
predicted shifts for the addition of one 6s electron, the 
fraction of one 6s electron added to or removed from 
the gold atom in several hosts has been calculated for 
each of the nuclear potentials considered. Perhaps the 
most striking feature is the sensitive dependence of the 
answers obtained on the nuclear potential used in the 
calculation. In similar calculations on optical isomeric 
shifts in Au'’’, Weiner did not find this sensitivity.” 
Presumably we found it because we dealt with a case 
in which the isomeric states are more nearly alike, being 
derived from the same oscillator level, and the small 


2 J. Blomquist and S. Wahlborn, Arkiv Fysik 16, 565 (1959/60 
Richard Weiner, Phys. Rev. 114, 256 (1958). 
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TABLE I. Experimental chemical shifts and derived changes in 
6s electron density on a gold atom in several hosts, relative to a 
using several nuclear potentials. 


gold lattice, 
Number of 6s electrons gained by gold atom 

Observed Harmonic- 
shift oscillator 
(10-6 ev) potential 
+-0.06 4 0.09 
+0.09 20 0.52 
+0.08 18 0.45 
+0.08 0.40 


Finite 
square-well 


Woods-Saxon 
potential i 


Host potential 
0.3 
1.9 
1.6 
1.5 


Pt 0.26 
Fe 1.42 
Co 1.23 
Ni 1.11 


differences in radial moments are therefore 
sensitive to details of the nuclear potential. 

There is strong, though not overwhelming, evidence 
that the 6s electron density on a gold atom is higher 
when it is in any of the other hosts than in a gold lattice 
(clearly the density is either higher or lower in all the 
other hosts because all the shifts are positive relative 
to a gold absorber). Zeldes’ shell model calculations 
indicate that the 3s; proton subshell is filled in the 
ground state of Au’. Combining this result with the 
present work yields the sign of the change in electron 
density given in Table I. There are two other pieces of 
evidence, which independently give the same sign. First, 
a calculation by Blatt and Elliott,?* using an impurity 
model similar to Daniel’s,*° suggests that the electron 
density of gold in iron should be higher than that of 
gold in gold. Second, the chemical shift of Au!” in tin 
is positive,” and tin, with a valence of four, almost 
certainly contributes electrons to the gold impurity 
atoms.”’ 

The harmonic-oscillator shift is at least an order of 
magnitude too low, while the other two potentials give 
answers that are certainly of the right order of magni- 
tude, corresponding to changes in 6s electron density 


more 


on the gold atoms of a fraction of one electron. These 
latter, less diffuse, potentials should be more realistic 
for a heavy nucleus such as Au’®’, and it is encouraging 
that they give reasonable results. When independent 
data on the 6s electron density on gold impurity atoms 
become available, it will be interesting to compare the 
results from these latter potentials in a more quantita- 
tive way. Such data could be obtained from Knight 
shift measurements on gold impurity atoms in any of the 
hosts in Table I. 

We estimate that the assumption of uniform total 
nuclear charge distribution, consideration of only the 6s 
electron of gold, and errors in the data used in calcu- 
lating the shifts should produce a cumulative error of 
less than 20%. While this model is internally quite 
satisfactorily, it is weakened somewhat by the sizable 


*4R. J. Elliott, Department of Physics, University of California, 
Berkeley private communication, March, 1961). 

25 E. Daniel, J. Phys. Chem. Solids 10, 174 (1959 

26R. W. Grant, M. Kaplan, and D. A. Shirley (unpublished 
data, April, 1961). 

27 We are indebted 
experiment 


to W. J. Carr, Jr., for suggesting this 
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chemical shifts recently reported for Fe®’ and Sn"93.4.28 
odd-neutron nuclei and would exhibit no 
shifts in first order on this model. These shifts constitute 
an interesting problem for which there is at present no 
unique simple solution, although several qualitative 
explanations are available. (For example, an “effective”’ 
positive charge on the odd neutron would fit the Sn! 
data quite well. The shift in Fe*’ may be explained by 
the complexity of the ground state.) As discussed in 
reference 6, there is little doubt that the single odd 
proton is the major contributor to the shift in Au’”. We 
estimate that this ambiguity contributes an error of 
30% or less to our calculation, and the cumulative error 
should be less than 50%. 


which are 


VI. CONCLUSIONS 


The chemical shift in Au’ can be explained at least 
semiquantitatively on the basis of the interaction of the 
odd proton with the 6s electron. The differences among 
the theoretical results obtained using nuclear wave 
functions derived from three different nuclear potentials 
suggests that this type of data could possibly be a useful 
criterion for deciding among nuclear potentials. 

The interpretation of chemical-shift data on heavy 
nuclei in terms of radial moments is complicated some- 

F. Boyl 


tters 5, 553 


e, D. St. P 
1960 


Bunbury, and C. Edwards, Phys. 


what by relativistic effects. These effects render the 
s-electron density near the nucleus nonuniform, thereby 
producing finite from radial 
moments. The internal expansion of the Coulomb 
potential due to the 6s electron is sufficiently accurate 
for some distance outside the that radial 
moments of the proton distribution may be evaluated 
by using only the internal potential and integrating to 
infinity, even for proton distributions obtained from a 
harmonic-oscillator nuclear potential. 

This shift shows promise of providing useful solid- 
state information, i.e., the conduction electron density 
at impurity sites. In particular, this analysis establishes 
the signs and approximate magnitudes of differences in 
the conduction-electron density at a gold atom in several 
lattices. 

Finally, the sign of the shifts indicates that the 
ground state of Au! is “smaller” or, more exactly, has 
more 3s; protons than the 77-kev state 
Zeldes’ conclusion that the 3s; 


contributions higher 


nucleus 


This supports 
subshell is filled in the 
ground state, which is then best approximated by the 
shell-model configurations (/;; 35) 
(3s;)?(2d;)'. 
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Cyclotron Resonance in Copper* 
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Extensive cyclotron resonance experiments in copper at 24 kMc/sec are described 


The results are con 


sistent with the Azbel’-Kaner theory of cyclotron resonance in metals and with the known Fermi surface 
geometry. “Stationary” orbits (orbits having extremal effective mass and vanishing average velocity in the 
magnetic field direction) are found to dominate the cyclotron resonance signals in copper. The effective mass 
anisotropy of various classes of stationary orbits is reported. The effects of tipping the magnetic field slightly 
out of the plane of the sample surface and of the direction of the rf currents with respect to the magnetic 


field are described 


I. INTRODUCTION 


HE success of cyclotron resonance experiments in 

determining the band structure of semiconduc- 
tors'? suggested the extension of this technique to 
metals. Azbel’ and Kaner*® were the first to present a 
solution of the appropriate transport problem and indi- 
cated how cyclotron resonance might be observed in 
metals. Azbel’-Kaner resonances have subsequently 
been observed in a number of metals. We report here 
the results of extensive cyclotron resonance experiments 
on a single crystal of copper. 

We consider here only the Azbel’-Kaner type experi- 
ment in which the static magnetic field is essentially 
parallel to a plane surface of a single-crystal metal 
sample. Cyclotron resonance in metals is similar to the 
more familiar (bulk) cyclotron resonance in semicon 
ductors in that it depends on the resonant response to 
microwave fields at magnetic fields H, such that the 
cyclotron frequency of the orbiting carriers (a, 

el1/m*c) equals the rf frequency w, where m* is the 
cyclotron effective mass. Thus both experiments require 
samples of sufficient purity and uniform crystal struc- 
ture so that wr>1, where 7 is the electron relaxation 
time, and are performed at temperatures (typically in 
the liquid helium range) such that 7 is impurity or defect 
limited. 

However, in contrast to the bulk experiment which is 
performed at carrier concentrations for which the skin 
depth is very much greater than the diameter of carrier 
orbits and the sample dimensions, the experiment in 
metals is performed under anomalous skin effect condi- 
tions (as a consequence of the high carrier density and 
the necessarily long relaxation times) where the pene- 
tration depth of rf fields is typically two orders of 
magnitude smaller than the radius of carrier orbits. 

This brings about several important differences be- 
tween the two experiments. During each cyclotron 


* This work has been supported in part by the Office of Naval 
Research and by the Air Force Office of Scientific Research. 
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N. Dexter, H. J. Zeiger, and B. Lax, Phys. Rev. 104, 637 


Ya. Azbel’ and E. A. Kaner, J. Phys. Chem. Solids 6, 113 


period an electron interacts with the rf field for a time 
short compared with either the cyclotron period or the 
rf period. Resonance will occur if the electron makes 
each rapid traversal of the penetration depth at the 
same point in an rf period, i.e., if a=w/n where n is a 
nonzero integer. Thus in metals, resonances observed at 
constant w will appear at a field H.= m*cw/e and also at 
fields H./n. The resonances at H./n are called sub- 
harmonic resonances because the cyclotron frequency 
at each of these resonances is a subharmonic of the 
constant rf frequency. It should be emphasized that the 
subharmonic resonances occur even for spherical energy 
surfaces in contrast to the semiconductor case in which 
weak harmonic resonances are sometimes observed for 
warped, nonquadratic energy surfaces.‘ The origin of 
the subharmonics in the two cases is quite different. 

Since the rf fields interact with the carriers over only 
a very small part of their orbits, it is impossible to detect 
the sense of the cyclotron rotation (i.e., the sign of the 
charge-to-mass ratio) as can be done in semiconductors 
or in metals with the static magnetic field perpendicular 
to the sample surface® by using circularly polarized rf 
fields. 

At resonance the rf power absorption is a minimum 
in metals but a maximum in semiconductors. This does 
not reflect any fundamental difference in the resonance 
phenomena in the two cases but only a difference in the 
experimental conditions imposed by the high con- 
ductivity of metals on the one hand and the low 
conductivity of semiconductors on the other. In each 
case the conductivity at resonance is a maximum.® 

A typical cyclotron resonance absorption derivative 
signal in copper is shown in the top panel of Fig. 1, in 
which the second through twelfth subharmonics are 
clearly visible; the bottom panel shows the signal 
predicted for a free electron metal by Azbel’ and Kaner 
for wr= 10. 

The cyclotron effective mass may be determined with 
the precision of resonance methods either from H, 
(m*=eH./wc) or from the periodicity in 1/H, A(1/H), 
of the subharmonic resonances [m*=e/wcA(1/H) ]. In 


4B. Lax, Phys. Rev. Letters 4, 511 (1960 
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addition, the existence of various types of orbits can 
yield much information about the shape of the Fermi 
surface, although this is well known in the present ex- 
periments. Also, as we shall show below, the electron 
relaxation time may be determined from the relative 
magnitudes of the subharmonic resonances, and some 
information about the details of the effective-mass dis- 
tribution may be inferred from the resonance line shape. 

Shockley’ has shown that the cyclotron mass of an 
orbit is related to the energy band structure by the 
relation 


m*= (h?/2r)(0A/dE), (1) 
where A is the cross sectional area of the orbit in wave- 
vector space and £ is the electron energy. Thus a know- 
ledge of the shape of the Fermi surface and of the aniso- 
tropy of the effective mass enables one to reconstruct 
A, £(k) over the Fermi surface, and the density of states 
and the Fermi velocities may be computed. 
Azbel’-Kaner experiments have been performed on a 
number of pure metals. The first experiments to give an 
indication of success were performed by Fawcett® in 
1956 on tin and copper. No subharmonics were observed 
in these experiments. Experiments on tin by Kip, 
Langenberg, Rosenblum, and Wagoner’ showed as 
many as 13 subharmonics and also showed patterns of 
two or more sets of subharmonics, indicating that 
several different cyclotron masses were being observed 
for a given crystal orientation. More recently, Khaikin'® 
has also observed many subharmonics in tin. Bezuglyi 


7 W. Shockley, Phys. Rev. 79, 191 (1950). 

’ FE. Fawcett, Phys. Rev. 103, 1582 (1956) 

* A. F. Kip, D. N. Langenberg, B. Rosenblum, and G. Wagoner, 
Phys. Rev. 108, 494 (1957 


” M.S. Khaikin, Soviet Phys.—JETP 10, 1044 (1960). 
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and Galkin":'? observed resonance in tin and lead, but 
saw no subharmonics, and Aubrey” has observed sub- 
harmonics in lead, using a cylindrical sample. Aluminum 
has been studied by Langenberg and Moore“ and by 
Fawcett.'5 Cyclotron resonance in zinc has been ob- 
served by Galt, Merritt, Yager, and Dail'® and in 
antimony by Dexter and Datars.” Bismuth has been 
studied by Aubrey and Chambers'* and by Galt ef al.°-" 
Preliminary results of the present work in copper have 
been reported previously.”’ 

This is the first cyclotron resonance study in metals 
in which (i) the mass anisotropy (that is, the depend- 
ence of the mass on the orientation of the magnetic 
field with respect to the crystal axes) has been deter- 
mined, (ii) the resonating orbits have been identified 
on the Fermi surface, and (iii) the dependence of the 
effect on the direction of the rf currents with respect to 
the crystal axes (rf polarization) and on the angle be- 
tween the magnetic field and the sample surface (field 
tipping) has been investigated in detail. These last two 
effects are an almost indispensable aid in orbit selection 
and identification, especially in a metal like copper in 
which many types of orbits are possible as a consequence 
of the zone boundary contacts (see, 
Lifshitz and Peschanskii*). 


for example, 


II. THEORY 


As a consequence of the condition wr>1, cyclotron 
resonance experiments in metals are performed under 
anomalous skin effect conditions, where the mean free 
path 7 is greater than the classically computed skin 
depth 6= (2rwa/c*)~!. Thus Ohm’s law, which is a point 
relation between currents and fields, fails, and a com- 
putation of the surface impedance requires the use of a 
more general transport theory with the nature of the 
carrier scattering at the surface imposed as a boundary 
condition. 

Such treatment have been made by Pippard*:* and 
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Reuter and Sondheimer* for the anomalous skin effect 
by Pippard,* Heine,?® Azbel’ and Kaner,’ 
Rodriguez,*® and Mattis and Dresselhaus?’ for cyclo- 
tron resonance. We shall only quote the results of these 
exact treatments here, and discuss some of the qualita- 
tive aspects which affect cyclotron resonance. 

Under anomalous skin-effect conditions in the absence 
of a magnetic field we can see immediately that electrons 
leaving the surface at angles such that they do not 
undergo a collision before they have penetrated many 
skin depths into the metal cannot acquire any net 
momentum parallel to the surface. If they did, currents 
and thus fields would exist many skin depths below the 


and 


surface, contradicting the assumption of the existence 
of a skin depth. Exact treatments show that rf fields do 
not penetrate metals exponentially under these condi- 
tions, but exist in space and time in such a way that 
electrons traveling away from the surface acquire no 
net transverse momentum. Nevertheless, the fields are 
confined within a region close to the surface of the same 
order of magnitude as the classical skin depth. These 
observations form the basis of Pippard’s* “‘inetfective- 
ness concept,” which assumes that only those carriers 
whose paths make an angle less than 86 / with the sur- 
face are effective in transport processes, where £ is 
expec ted to be of the order of unity. Using this simple 
concept, Pippard derived an expression for the complex 
surface impedance Z, which is essentially the same as 
the result of a more rigorous treatment, but with 3 
about 10 for the best fit. 

If we assume (1) diffuse reflection of electrons at the 
and (ii) that the surface impedance tensor Z 
may be reduced to principal axes, the results of exact 


surface, 


are given by 


wl} ° 

| 

Cc 4 ) 

The angle ¢ is measured from the x axis and A (¢) is the 
Gaussian curvature of the Fermi surface, both measured 
in the plane 7,=0 as shown in Fig. 2. The sum is over 
disconnected parts of the Fermi surface. The depend- 
ence on K(¢) may be understood quite simply in terms 
of the ineffectiveness concept: The number of electrons 
whose velocities lie within an angle 86/1 of the sample 
surface is roughly proportional to the area of the Fermi 
surface whose normals lie within this angle, since the 
is normal to the sur- 


treatment 


( os" ¢.SIn ata 
de 
K(o¢) 


velocity [proportional to A,() | 
face. This area is inversely proportional to K(¢). It was 


8 


from measurements of this curvature that Pippard? 
deduced his model of the Fermi surface of copper, which 
we shall use in analyzing the cyclotron resonance re- 
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tween 


sults. Note that the frequency dependen e of the 
anomalous surface impedance is proportional to w 
rather than to w? as in the classical case, that the phase 
*, and that Z is independent 
of a, since l/o is a constant of the metal. 

Now consider the surface impedance under anomalous 
skin effect conditions in the presence of a magnetic field 
parallel to the surface of the metal. Before examining 


factor is e‘** instead of e 


the results of exact treatment, let us consider a few 
qualitative aspects of the problem. 

At available microwave frequencies, the condition 
wr>1 for cyclotron resonance is much more stringent 
than the requirement />6 for the anomalous skin effect 
(for w~ 10", 6 is typically of the order of 10~° cm, while 
the circumference of electron orbits at 
m*=m, is approximately 10°* cm). 

The electron trajectories are governed by the Lorentz 


resonance for 


equation 


hdk/dt= (e/c)[ (1, h)Aye (kK) XH], 


if we neglect the weak perturbing forces of the rf fields, 
while the electron energy is not changed by the presence 
of the magnetic field. Thus the component of wave 
vector parallel to H, ky, is a constant of the motion and 
may be uséd to label the orbit. The electron orbit cross 
sections in real space have the same shape as the Fermi 
surface cross sections of constant k,, scaled by ch/eH 
and rotated by 2/2 about H. 
Che average velocity of an electron is 


1 1 
J A, E(k), 
hT 


where 7, is the cyclotron period, and Vp is parallel to H. 
Harrison® has shown that a necessary and sufficient 
condition that Vp vanish is that 0.1,0ky=0, where 
is the orbit cross-sectional area in wave-vector space. 
Since Vp is general is not zero, the electron trajectories 
are helices about H. Unless H is aligned parallel to the 
surface within an angle a~6 vp7, the electrons will 
spiral out of the skin depth before suffering a collision, 
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Fic. 3. Carrier orbits for 
H in the plane of the sample 
top panel) and for H 
tipped at an angle @ with 
respect to the sample sur- 
f bottom panel 





face 


and the size of the resonance signal will thus be reduced. 
This situation is illustrated in Fig. 3. Since rp vp ~ 10° 
cm sec~', where vp is the Fermi velocity, and r= 10 
sec for wr=10 at w~10 
imposing severe experimental requirements both on field 
alignment and surface smoothness. Of those 
orbits for which »p=0 will not be affected by small 
angle tipping. In addition, as we shall see below, there 


, « may be as small as 10 


course 


is also a mechanism which may actually tend to enhance 

the resonance when the field is tipped, thus easing the 

requirement for field alignment in some cases. 
Shockley®® has shown that in the case of quadratic 


spherical or ellipsoidal) energy surfaces the cyclotron 
frequency w.(k,), and thus the cyclotron mass m*(ky), 
is the same for all orbits, independent of ky. Such is the 
case in the conduction bands of silicon and germanium, 
and also perhaps in some zones of semimetals such as 
bismuth. However, in most real metals m* is a rather 
strong function’ of ky, and we might expect that this 
“mass spread”’ would tend to dephase the resonance and 
thus wash it out, or at least drastically affect its nature. 
A simple consideration of the number of carriers having 
cyclotron masses m*(k that the 


ki) +Am* indicates 





Fic. 4. Displacements of the 
Fermi surface for j,¢ perpendicular 
and parallel to H 
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resonance should be dominated by orbits ky°+Aky, 
where m*(k,;") is extremal with respect to ky and 


Am* = 5[ d?m* (ki ) ky 1(Ak;)?. 


The conditions that m*(k;) be extremal (Om* dk,=0) 
and that vp vanish (04 /dky,=0) are often simultane- 
ously required by 
example, ky =0 orbits for a simple, closed Fermi sur- 
face). We shall call such orbits sfationary orbits, after 
Ziman* ; it will turn out that they play a dominant role 
in cyclotron resonance in copper. 

If the mass spread is large, field tipping may actually 
enhance the resonance since those electrons which do 
not spiral out of the skin depth may have a more uni- 
form mass distribution. Thus there are two competing 
mechanisms affecting the size of the resonance when 
the field is tipped; fewer electrons participate in the 
resonance, tending to weaken the signal, but there is 


symmetry considerations (for 


less mass spread, tending to strengthen the signal. Both 
of these effects have been observed experimentally and 
have also been verified by exact calculation for absorp 
tion derivative signals. 





Fic. 5. Relationship betwee 
to the x axis Vo 1dded in tf 
tield direction and the 


Next consider the effect of the direction of linear rf 
currents with respect to the static magnetic field, that 
is, the effect of rf polarization. The contribution to the 
rf currents and hence to the losses by any orbit will be 
proportional to Axl’, (Riz) + jes 
the orbit in & space corresponding to the transit of the 
real space orbit through the skin depth. As illustrated 
in Fig. 4 those carriers which lie on parts of the Fermi 
surface normal to the current direction in the effective 
zone will dominate conduction processes. Thus, in 
Fig. 4(a), with the rf currents perpendicular to thé 
static magnetic field, the region about the stationary 
orbit ky =0 will contribute most of the current, and th 
resonance will be “twice favored” in that the mass is 
extremal and the drift velocity is zero. In Fig. 4(b), on 
the other hand, electrons of ky will 
dominate, and these orbits are not stationary; they will 
have drift velocities vp S vp, and dm* (ky, 
be large, so that the resonance may be relatively weak. 
The stationary orbits ky,=0 will e to the 
current in this case. Even if there is no mass spread, 
practical considerations of field alignment will make the 
resonance difficult to detect in this case, and place severe 
restrictions on the flatness of the surfac« 


evaluated at the point on 


with large value 
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tivity to field tipping will be much greater for parallel 
polarization, and perpendicular polarization will usually 
be the favorable mode. 

The most detailed and rigorous theoretical analysis 
of cyclotron resonance in metals has been made by 
Azbel’ and Kaner.* They formulate the problem in 
terms of the Boltzmann transport equation and 
Maxwell’s equations, imposing diffuse reflection of 
carriers at the surface as a boundary condition. If some 
small, almost constant terms are 
neglected, their results in the resonance region are given 
by 


magnetoresistance 
2" cos’ y,sin*y 


yy(H) « 


- 1 


- gre. 
H\i+1 = 


Xx 
[1—exp{[—27rH.(¢) 


where 


wm™*(o)c/e. 


H.(¢) 


. The relation 
between ky and ¢ is shown in Fig. 5. In ee free-electron 


The nomenclature is the same as in Eq. 
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and k(¢) are and 


so that Eq. (3) reduces to 


case cosg=ky/kr, tle) constant, 


= 1 


Z(H) Z(0O){1—expL (—2riH ./H)(1—i/wr) |}, (4) 


where Z(Q) is the corresponding anomalous skin effect 
result given by Eq. (2). 

A plot of the real part of the surface impedance nor- 
malized to its zero-field value for the case of a free elec- 
tron gas and infinite relaxation time is shown in Fig. 6. 
The resonance minima R(/7)/R(0O)=0 occur exactly at 
the cy< lotron fields, so that m*=eH,/we=e/A(1/H)we 
There is no attenuation in the size of the resonance 
signal with increasing harmonic number. 

The effect of a finite relaxation time for a free electron 
is illustrated by the theoretical curves shown in 
Fig. 7. The cusp structure of the resonance minima is 
rounded off, the minima occur below the 
fields, and the size of the resonance 


gas 


cy¢ lotron 
signals decreases 
with increasing harmonic number as fewer and fewer 
electrons complete orbits before suffering a collision. For 
wr=5 the fundamental resonance occurs at H=0.90H,, 
while A(1/H)=1 0.999//,; thus the periodicity of the 
resonance is a much better 


measure of the cyclotron 
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Calculated absorption curves for finite 


relaxation times as indicated 


effective mass than the resonance fields themselves. A 
plot of reciprocal resonance fie lds against the harmonic 
number » is shown in Fig. 8. This plot would be a 
straight line passing through the pire having slope one 
in the case of an infinite relaxation time. The displace- 
ment of the resonance fields is seen to be a constant in 
1/H; we shall call this displacement, normalized to 
A(1/H), the phase shift Ag. In this case, Ag=+0.12 
and is a consequence of the finite relaxation time. This 
phase shift might be called “normal” or “expected,” 
since it can be predicted if wr is known. This is to be 
distinguished from the larger ‘‘anomalous” phase shifts 
which are sometimes experimentally observed. 
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Fic. 9. Calculated absorption derivative curves for finite relaxation 
times as indicated. Ordinate in arbitrary units. 


Absorption derivative curves for various wr are shown 
in Fig. 9. For an infinite relaxation time, it can be seen 
from Fig. 6 that the derivative maxima occur at exactly 
the cyclotron fields. In the case of a finite relaxation 
time, these derivative maxima move to higher fields, but 
remain closer to the cyclotron fields than do the corre- 
sponding absorption minima. For wr=5, using absorp- 
tion derivative maxima as the resonance criteria, 
H/H,.=1.06 at the fundamental resonance and A(1/H) 
=1/1.005H,. with Ag= —0.09 

Thus for a free electron gas and wr>5, the mass 
values as derived from A(1, H) using either absorption 
minima or derivative maxima as the resonance criteria 
are in error by no more than 0.5% while use of the 
fundamental resonance alone may lead to errors as large 
as 10%. These conclusions are not changed radically in 
the presence of mass spread, which we discuss below. 

One interesting feature of the derivative curves should 
be noted. As wr is increased, the signal increases much 
more rapidly than in the corresponding absorption cases 
and the maximum signal occurs at higher and higher 
subharmonics. One consequence is that as w is increased 
it is not necessary to scale magnetic field capabilities 
accordingly; thus at a low frequency wo it may be 
necessary to work with the fundamental and first few 
subharmonics, while at .Vwo it may be possible to use the 
NV, V+1,. subharmonics, and the magnetic field 
requirements remain the same. However, we shall see 
that for some purposes it is desirable to examine the 
structure of the fundamental and first few subharmonics. 

Table I gives the harmonic order and relative maxi- 
mum signal size of the derivative curves for various wr. 
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Fairly precise estimates of wr may be made from the 
envelope of the absorption derivative curves. 

We have made fairly extensive calculations, using an 
IBM 704 computer, of the resonance behavior as given 
by Eq. (3) in the case of mass spread and field tipping 
for js both parallel and perpendicular to the static 
magnetic field. The computer was programmed so that 
the functions K(¢), m*(¢), and r(¢) could be inde- 
pendently compiled without 
program. 

In all the calculations performed to date, A(¢ 
been constant; that is, the shape of the Fermi surface 


rewriting the main 


has 
COs¢g 


has been spherical, and ky, ky 
The mass function used has had the form 


m*(go)=m,+Am(cos¢ 


This is the lowest-order approximation which can be 
made; m*(¢) is extremal at g=+2 (ky =0) by sym- 
metry and hence must be an even function about these 
points. Higher-order terms could easily be included. 

Field tipping has been incorporated by means of the 
relaxation function 7(¢) in the 
wr(g)/2m is just the average number of revolutions an 
electron completes at the fundamental resonance, or the 
number of times it enters the skin depth in synchronism 
with the rf fields. If the magnetic field is parallel to the 
surface, w7o should be used, where 7» is just the electron 
collision time, which we assume to be isotropic. How- 
ever, when the field is tipped at an angle a with respect 
to the surface, an electron orbit &;, will complete only 
[6/sina revolutions before spiraling out 
of the skin depth or into the surface. In 
up(Ri = (ky Rv)vy | 
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following manner: 
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this « ase, 
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wr(y)=minl wroA 


This rather elementary treatment ignores the statistics 
of orbit survival and, more importantly, the space and 
phase variations of the rf fields in the skin depth, but 
should give the correct dependence on @ and ¢. The 
constant K « 6w/2mrvpr can be adjusted to compensate for 
the shortcomings of the model. 

The integrand of Eq. (3) will be a very strong func- 
tion of ¢, especially at low fields if Am is large. A given 
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Fic. 10. The real part of the integrand of Eq. (3) for various values 
of the mass spread parameter at //.//7=1 and //,///=5 


field corresponding to, say, the Vth subharmonic of the 
central ky, =0 mass, may also correspond to the V+1 
subharmonic at ky=Ak,, and also to the V+2 sub- 
harmonic at ky=\2Aky, etc.; the number of nodes in 
the integrand is approximately .V(Am/m,). Thus the 
numerical integration of Eq. (3) becomes more and more 
difficult as .V and Am are increased. Figure 10 shows the 
behavior of the real part of the integrand at the funda- 
mental and fifth subharmonic for wry=20 for several 
values of Am; the polarization factor sin’¢, cos’¢ has 
been omitted in these curves only. 

\n instructive nomographic equivalent of these calcu- 
lations can be given with the aid of Fig. 11. The spiral 
is the resonance factor 


F={1—exp[—(29iH,/H)(1—i/wr) )}", 


for wr=20. In the free electron case Z(H) « Z(O)F 
the constant of proportionality is such that at the con- 
vergence point of the spiral Z(/7) = Z(0), the anomalous 
skin effect results. In the arbitrary case there is a spread 
of H./H ata given field because of mass spread, and 
the integration process is equivalent to the vectorial 
addition of such resonance factors over a range of H,, H, 
suitably weighted by the appropriate polarization factor 
sin’¢g or cos’¢ and the geometry factor A(¢). If the field 
is tipped, spirals for various wry would be used, as 
explained above. The scale factor would again be chosen 
so that the limiting value at small fields is Z(0). 
Pippard™ has suggested a similar treatment. 

One of the primary purposes for undertaking these 


calculations was an attempt to reproduce anomalously 
large phase shifts (of the order of Ag 
experimentally in absorption derivative data. No phase 


+().3) observed 
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shifts greater than Ag= +0.10 were found for AmS0.40 
using the A(1/H) of absorption derivative maxima as 
the resonance criteria, although somewhat larger phase 
shifts did occur using absorption minima. 

As expected, the effect of mass spread and tipping was 
much less for perpendicular than for parallel polariza- 
tion. The deviation of the mass values from the extremal 
value as derived from A(1/H) were typically of the 
order of Am, 10 for perpendicular polarization and Am 
for parallel polarization. Enhancement of the resonance 
signal in the cases of large Am by field tipping was 
verified. 

The effect of mass spread, polarization, and field 
lipping on the shape of the absorption resonance curves 
is also of some interest. To a first approximation, the 
effect of mass spread is an apparent decrease in w7, as 
was first suggested by Phillips.* In addition, the absorp- 
tion minima are narrowed for positive Am with perpen- 
dicular polarization or negative Am with parallel 
polarization, and are broadened in the converse cases. 
These effects are shown in Fig. 7 where for w79= 20, 
Am=-+0.20, and perpendicular polarization, the reso- 
nance is more characteristic of a free-electron resonance 
with w7y= 10, and the absorption minima are narrowed. 
This curve is very similar to the data of Galt!® in zinc, 
using circular polarization. 

Absorption derivative curves are much more sensitive 
to changes in line shape, and it is difficult to make any 
general qualitative comments about them. Two interest- 
ing features should be mentioned, however. Extra struc- 
ture often appears in the fundamental and low har- 
monics, which for large mass spread sometimes forms 
extra peaks, or “satellite” lines; in addition the envelope 
of the high harmonics can become nonmonotonic. These 
effects have been observed experimentally and may 
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Fic. 11. The resonance factor F for free electrons with wr=20, 
The parameter along the spiral is H./H. 


2 J. C. Phillips, Phys. Rev Letters 3, 327 (1959). 





a 8 


Fic. 12. Calculated absorption derivative curve for Am=—0.20, 
K/sine= 10, and wr) = 20 with j,¢ perpendicular to H. 


serve to distinguish between mass spread and relaxation 
time anisotropy. A typical example is shown in Fig. 12; 
the scale factor is such that the maximum signal (at the 
second harmonic derivative minima) is 294.8/800 of the 
maximum signal in the free-electron with the 
same wo. 

Calculations were also made for the case in which two 
independent groups of carriers were present with various 
mass and population ratios by summing free-electron 
resonance factors. The case of mass ratio 2:1 is of 
particular interest for the work in copper. Some results 
of these calculations are shown in Fig. 13. 

A limited number of complete copies of these calcu- 
lations and the computer programs used are available 
from the authors on request. 
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Ill. EXPERIMENTAL ASPECTS 


The measurements reported in this paper were made 
at 24 kMc/sec using a standard microwave reflection 
spectrometer! similar to those widely used in electron 
spin resonance experiments. The sample formed one 
wall of a resonant cavity at helium temperature, and 
the spectrometer was balanced so that AQ Q=AR R, 
where R is the real part of the sample surface impedance. 
We confine our discussion here to three main topics: 

\) samples, (B) cavity design and sample mounting 
techni ) signal detection methods. 


jues, and (C 


A. Samples 


The success of the work reported in this paper is in 
large measure due to the high quality of the copper 
sample used, which was kindly provided by Dr. J. E. 
Kunzler of the Bell Telephone Laboratories. Some con- 
cept of the excellence of this sample can be gained by 
considering residual resistivity ratios S= (p300°k/p4°x). 
For ordinary commercial copper, S is about 50, and 
zone-refined copper available before 1959 yielded values 
of $< 1000; Langenberg™ reported that some natura] 
samples, notably from the Lake Superior region, have 
unusually high ratios, 8600 being the maximum value 
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California, Berkeley, California, 1959 (unpublished 
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found. However, this material is not very suitable for 
cyclotron resonance experiments, since it is usually 
polycrystalline, nonhomogeneous, and has rock inclu- 
sions. The Bell Telephone Laboratory sample used in 
the present work was a large single crystal about 3 cm 
in diameter and 5 mm thick; its residual resistivity ratio 
was between 5000 and 10 000. 

Specimens having this high degree of purity and 
crystalline perfection may be easily damaged if they are 
shaped mechanically, and thus must be cut chemically. 
In this case, a (110) surface was cut with concentrated 
nitric acid using a continuous-string acid saw. The 
resulting surface was then smoothed with acid-saturated 
felt, and finally electropolished with a 50-50 phosphoric 
acid-water solution. 


B. Cavity Design and Sample Mounting Techniques 


A systematic investigation of cyclotron resonance 
requires the following degrees of freedom: (i) orientation 
of the static magnetic field with respect to the crystal 
axes in the plane of the sample surface, (ii) small-angle 
tipping of the magnetic field with respect to the sample 
surface, and (ili) the direction of linear rf currents with 
respect to the magnetic field (rf polarization 

The first of these was accomplished by mounting the 
sample in the horizontal plane and rotating the whole 
magnet about a vertical axis. Relative angles of the 
magnetic field axis could be easily set with a precision 
of } degree. 

Field tipping was accomplished by raising the magnet 
and inserting calibrated blocks under one end; the 
maximum tipping which could be achieved in this 
manner was 3°. 

The ideal way to assure linear polarization would be 
to use a rectangular cavity. However, this would require 
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remounting the sample to change the direction of polari- 
zation with respect to the crystal axes. The present 
experiments were performed using a cylindrical TE, 
cavity with the sample forming the bottom wall. The 
current lines across an end wall of this mode are not 
strictly linear, but are slightly divergent. A crude 
estimate indicates that 85% of the current density lies 
within +10° of a symmetry axis through the center of 
the end wall; this is a satisfactory situation since 
changes of 10° in the polarization direction do not 
appreciably affect the resonances. 

This mode is degenerate in the ideal case and may be 
split into two orthogonal modes by a slight ellipticity 
or side-wall perturbation. This has been accomplished 
in the present case with a phosphor-bronze ‘mode- 
splitting pin” attached to the top coupling wall; the pin 
is close and parallel to the side wall; but does not 
actually touch it. The whole coupling wall may be 
rotated with respect to the cavity body and attached 
sample, so that the end-wall symmetry axes of the two 
orthogonal modes may be set along any desired crystal 
axis in the sample surface. At any position of the pin, 
data may be taken near two orthogonal crystal axes 
with jr either parallel or perpendicular to the axes by 
simply shifting the klystron frequency from one mode 
to another and rotating the magnet 90°. The mode 
splitting was about 100 Mc/sec or 50 cavity half-widths 
at helium temperature. 

The whole cavity (sample, body, and coupling wall 
together) could be rotated on the wave guide, thus 
adjusting the degree of coupling to either mode, which 
is proportional to the sine of the angle between the fields 
in the guide and cavity. 

Magnetic field, « rystal axis, and polarization orienta- 
accomplished in the following manner: 
Electron paramagnetic resonance signals vanish when 


tion was 
rf currents are perpendicular to the applied magnetic 
field, so that the mode-splitting pin could be located by 
rotating the magnet to minimize the signal from a small 
piece of organic free radical permanently mounted at 
the center of the sample; the closest crystal symmetry 
axis ((100) or (110)) was then located by the symmetry 
of the cy lotron resonance data. Both of these proce- 
dures could be accomplished with a maximum absolute 
error of 3 

The cavity side wall was made of a thin shell of 
electrodeposited copper having a residual resistivity 
ratio of about 750, so that the microwave losses in this 
portion of the cavity were only about 75 of what they 
would have been had ordinary commercial copper been 
used. One undesired consequence of this high-conduc- 
tivity material was an attenuation and field-dependent 
phase shift in the modulation field. This last difficulty 
was largely overcome by electrodepositing only the first 
few microns (or skin depths) with high-purity copper; 
the conductivity of the rest of the cavity body was made 
low by adding sodium-arsenate to the electrodepositing 
solution. 
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Fic. 14. Schematic cutaway view of the cavity 
and sample assembly. 


During the early part of this work the sample was 
lightly clamped onto the cavity body using phosphor- 
bronze springs in order to avoid possible damage to the 


sample from differential thermal contraction which 


might occur if the sample were soldered. This arrange- 
ment gave unsteady contacts between sample and 
cavity and gave a variable cavity Q. Later, the sample 
was soldered to the cavity body with indium, which 
remains plastic at 4°. Since that time, the sample has 
been cooled approximately 50 times with no apparent 
damage. 

The whole sample-cavity assembly was enclosed in 
a helium-tight copper can sealed with glycerine and 
Ivory soap. The can contained a helium exchange gas. 
Thus it was not necessary to pump below the A point 
to prevent noise from helium bubbling in the cavity, 
and the thermal stability was excellent. 

The sample-cavity assembly is illustrated in Fig. 14. 


C. Signal Detection Methods 


Either dc (homodyne) or ac (field-modulated) signal 
detection methods could be used in the present experi- 
ments. In the first case, the signal is proportional to 
R(H), and in the second case to dR/dH. For low wz, the 
absorption signal is appreciable only for low-order sub- 
harmonics and the lines are therefore very broad (of the 
order of H,/2n, where n is the subharmonic number). 
Because of the high conductivity of the sample and 
cavity, it is difficult to modulate an appreciable fraction 
of a linewidth, especially at audio frequencies. Under 
these circumstances de detection may be more sensitive, 
but always has the disadvantage that crystal noise is 
large and drift problems may arise. If the field is modu- 
lated, crystal noise is reduced by a factor proportional 
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to 1 /, and a phase-sensitive detector may be used, 
whose effective bandwidth may be reduced by integra- 
tion (Af~1/RC). One difficulty with high-frequency ac 
detection is the occurrence of microphonic effects caused 
by the modulation field; these often take the form of 
reproducible mechanical resonances and cavity “‘squeez- 
ing” due to eddy currents. 

Both methods of detection have been used in the 
present work and are about equivalent except for one 
factor. The rf magnetoresistance of copper between zero 
field and H, is a monotonic function having a total 
amplitude approximately ten times the maximum 
Thus, if de 
detection is used, the cyclotron resonance signal appears 
as a fairly minor perturbation; on the other hand, 
detection is used, the magnetoresistance appears 


cyclotron resonance absorption signal. 
only 
if 
only 
region, since its derivative is a relatively weak function 
of field. This is shown as the dashed line in Fig. 1. All 
data presented in this paper were taken using field 
modulation. 

The modulation frequency used in this work was 7} 
this choice was dictated partially by the avail- 
ability of existing equipment. Even at this relatively 
low frequency, the modulation amplitude at the surface 
of the sample at helium temperatures is only 5% of the 
applied modulation because of eddy current losses in 


ac 
as a nearly constant bias signal in the resonance 


cps; 


the cavity walls and sample. 

The 7}-cps frequency was generated by digital fre- 
quency division from the 60-cps line; since an exact even 
harmonic was used, any 60-cps pickup in the detection 
system was integrated to zero by the phase-sensitive 


detector, and shielding problems were held to a mini- 
mum. The 7}-cps signal was then applied to two parallel 
relay-driving circuits, one of which could be delayed 
phase shifted) up to one-half cycle with respect to the 
other. Two mercury-wetted relays (Clare HG 1003) 
were used, one for field modulation and the other for 
signal demodulation. The 7}-cycle resonance signal was 
amplified using a Liston-Becker de chopper amplifier 
with its chopper motor disconnected; this instrument 
has a nominal center frequency of 8 cps and a 2-cps 
bandwidth. 

Figure 15 is a schematic drawing of the ac detection 
described above. 


IV. EXPERIMENTAL RESULTS AND INTERPRETATION 


The Pippard model?> of the Fermi surface of copper 


is shown in 


Fig. 16. It may be described fairly accurately 
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as a sphere with “necks” in the (111) directions which 
contact the zone boundaries. These “necks” have almost 
circular cross sections at the zone boundaries and sub- 
tend an angle of about 17° from the center of the zone. 
The more recent de Haas-van Alphen* and ultrasonic 
resonance® experiments have confirmed these features. 

All the data presented in this paper were taken with 
the static magnetic field in a (110) plane. Since this 
plane has twofold and reflection symmetry, only one 
quadrant need be considered. We shall specify the 
direction of the magnetic field in the plane with respect 
to the (100) axis by 6; the (111) direction is at @=55° 
and the (110) at @=90°. 

Figure 17 shows the (110) plane through the center 
of the Fermi surface in the extended zone scheme; the 
small ellipses represent the out-of-plane contact areas. 
The shaded segments represent the angular regions in 
which various classes of stationary orbits exist. 














Fic. 16. The Pippard 
model 1957 for the 
Fermi surface of copper 
derived from anomalous 
skin measure 


ments 


effect 


These stationary orbits may be divided into four main 
“mass two” 


“neck” 


classes as follows: (i) “belly” orbits, (ii 


orbits, (iii) ‘negative mass’ orbits, and (iv 
orbits. 

Belly orbits, labeled A and £ in Fig. 17, encircle the 
spherical part of the Fermi surface and are closed in a 
single zone. The plane of these orbits in k space passes 
through the center of the Brillouin zone [ (ky=0). 
These are the only stationary orbits in the case of a free 
electron sphere ; in copper, because of the zone contacts, 
belly orbits do not exist over the full 90 degrees of field 
orientation and other types of stationary orbits do exist. 

The ‘“‘mass two” orbits, labeled B, C, D, are 


closed in two zones, or, alternatively, undergo two Bragg 


and 


reflections at zone boundaries. The plane of these orbits 
passes through the symmetry point / at the center of a 
hexagonal face, which is also the center of the contact 
area; a simple consideration of neighboring parallel 
orbits shows that these orbits are indeed stationary. 
These orbits are essentially two belly orbits joined 
across the narrow neck and hence “dumbbell” shaped ; 
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CYCLOTRON RESONANCE 


we can see from Eq. (2) that they have a cyclotron mass 
very close to twice the mass of a belly orbit. 

The negative mass orbits F and H-H’ are closed in 
four zones; that is, they undergo four Bragg reflections. 
They have “negative” masses because their cyclotron 
rotation is in the opposite sense from that of a free elec- 
tron. The cross section of an F orbit, appropriately 
referred to as the ‘‘dog’s bone” by Shoenberg,* is also 
shown in Fig. 17; we can see that as the energy is in- 
creased the area of the orbit decreases, so that Eq. (1) 
yields a negative mass. The orbits H-H’ have also been 
observed in the de Haas-van Alphen effect and have 
been termed the “four-cornered rosettes”? by Shoenberg. 


Neck orbits, labeled G (not shaded), area special case 
of mass two orbits. We do not expect them to have 
masses twice the belly mass, however. The orbit in the 
plane of the zone boundary will have a relatively small 
cross-sectional area, which will rapidly increase as the 


Fic. 17. Projection of the Fermi surface of copper onto the (110 
plane in the extended zone scheme. The shaded areas represent 
angular regions of the various classes of stationary orbits discussed 
in the text. Magnetic field directions are normal to the orbit planes 


plane of the orbit (e.g., the magnetic field) is rotated in 
either direction; the mass values therefore should be 
highly anisotropic. 

These are certainly not the only stationary orbits 
which exist in copper. At T’ there are extended orbits 
, 2n-+1, . 


closed in 3, 5, . . zones which might be 


called “mass 2n+-1” orbits in analogy to ‘mass two” 
orbits, and at Z there are orbits closed in 4, 6, 
“mass 2n’’ orbits. These orbits exist 
in small angular regions to either side of a (111) direc- 
tion; the larger 7, the smaller the region. In addition, 
there are various types of “‘open”’ orbits, that is, orbits 
which never close. A trivial example is the limit »= x 
the orbit in this case is along the (111) direction in k 
space. Various types of open orbits and the regions in 
which they occur have been described in some detail by 
Lifshitz and Peschanskii*' but need not concern us 
further here. Direct observation of open orbits in copper 
in magnetoresistance saturation has been reported by 


2n, . . . zones, or 
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Fic. 18. Mass and phase shift anisotropy of the belly orbits 1. 


Alekseevski and Gaidukov*® and by Klauder and 
Kunzler.*? Cyclotron resonance data have been taken for 
all values of 6 from 0° to 90°, with rf polarization essen- 
tially perpendicular and parallel to the static magnetic 
field. The @ increments were small enough to follow the 
mass anisotropy and in some cases were only 3°. Field 
tipping was used wherever necessary to identify har- 
monic series corresponding to different groups of 
carriers. 

Recorder tracings were made for both increasing and 
decreasing fields so that time-constant delays in the 
phase-sensitive detector could be averaged out. The 
cyclotron fields corresponding to derivative maxima 
were then punched on IBM cards and the periodicity 
A(1/H) and phase shifts Ag computed by a least- 
squares method. The rms errors in the masses and phase 
shifts were typically 0.5%. 

The most useful data were obtained with perpendic- 
ular polarization, and all results discussed below were 
taken using this mode unless otherwise stated. In 
general, traces taken with parallel polarization were one 
or two orders of magnitude smaller in signal amplitude, 
highly anisotropic, and very tip dependent. Interpreta- 
tion of these data was often impossible because two or 
more groups of carriers were present and “satellite” 
lines were relatively strong and confusing. 

We start our specific consideration of the data at 
6=0°, that is, with the static magnetic field along the 

100) direction. Here the belly orbits 4 are present over 
a wide range of ky, and the resonance signal has the 
largest amplitude observed, about 1% of Z(0). The 
negative mass orbits H-H’ also exist here, but are not 
observed, probably because any resonance signal from 
them is dwarfed by the strong belly resonance. The 
recorder tracing shown in Fig. 1 taken here; 
m*=1.39 and Ag= —0.09. 

The anisotropy of the mass and phase shift of the 


was 


belly orbits is shown in Fig. 18. These data were sym- 
metric about @=0° 
feature of these curves which should be noted is the 
remarkable correlation Ag. This 
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Fic. 19. Experimental absorption derivative trace at @=27° 
with j,¢ parallel to H. Stationary orbits of both belly type A and 
“mass two” type B are present 


phenomenon is characteristic of all the data. Another 
feature is the dip at @=8°, the angle at which the H-H’ 
orbits cease to exist. 

The magnitude of the signal from the A orbits de- 
creases with increasing @ because the range of ky over 
which such orbits exist decreases, becoming zero at 
9= 28°. 

The “mass two” B orbits, which start at @=8°, are 
not observed until = 14°, probably for the same reason 
the H-H’ mass was not seen. A recorder tracing with 
signals from both the A and B orbits is shown in Fig. 19. 
The mass ratio is very nearly 2:1, so that every other 
harmonic of the B mass is coincident with an A_har- 
monic. A reciprocal field plot of these data is shown in 
Fig. 20. The odd harmonics of the B mass may be 
erroneously interpreted as belonging to a mass one-half 
the actual B mass with Ag~+0.5. That such is not the 
case is indicated by field-tipping data (see Fig. 23) and 
the excellent agreement of the “mass two” interpreta- 
tion with the Pippard model. 

To facilitate comparison of the ratio m4*/mp,*, the B 
orbit mass and phase shift is shown in Fig. 21 between 
14° and 31° as derived from odd harmonics only. The 
actual mass is, of course, twice that indicated, and the 
phase shift very near zero. The heavy line between 0° 


and 30° represents the A mass as in Fig. 18. Again we 
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Fic. 20. Reciprocal field plot of the data in Fig. 19. The dotted 

line represents an erroneous interpretation of the B subharmonic 


lained in the text, using only the odd subharmonics. 
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see a strong correlation between m* and Ag. The peak 
at 25° corresponds closely to the angle at which the 4 
orbits are expected to vanish. It is impossible to deter- 


mine where the A signal actually fades out because the 
even-numbered 6 harmonics are coincident with them; 
the A mass shown beyond 25° is probably only the even 
B harmonics. The B mass disappears at 31° as expected. 


The existence of B orbits between 8° and 14° is 
strongly indicated by parallel polarization data. Figure 
22 traces taken at 11°; the mode- 
splitting pin was on the (100) axis so j,¢ was 70° from 


the static magnetic field in the upper trace, in which 


shows recorder 


there is only a single, strong signal from A orbits, and 
11° from the field direction in the 
shows two weak signals, presumably from A 


lower trace, which 
and B 
orbits. The anisotropy of the masses was not investi- 
gated in this mode. 
The region between 31° and 46° 

are prohibited by the contact areas, gave very compli- 
cated results. This is just the region where ‘“‘mass 2n”’ 
orbits 


‘ where belly orbits 


and ‘“‘mass 2u+1” are expected over narrow 
angular ranges. No attempt was made 


atic data in this region, but the behavior here was in 


to take system- 


qualitative agreement with the Pippard model. 

At 46° the belly mass / appears and can be followed 
to approximately 78°. The ‘‘mass two” orbits D also 
come in around 64° and fade out at 80°; they are shown 
in Fig. 21 in the same manner as the B orbits. The 
negative mass ‘‘dog’s bone”’ orbits F are seen from 78 
to the (110) direction, @= 90°. 

The regions about 65° and 80°, where the D orbits 
and thre 
and the 


vanish, are extremely complicated; two 
masses are simultaneously present, 
strength is very weak. It was impossible to sort out the 
masses with any confidence in The break 
in the E belly mass at 65° represents the best interpreta- 
with 


signal 
these 


regions. 


tion of the data in this region but is inconsistent 
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CYCLOTRON 


the Pippard model and is probably due to erroneous 
identification of “satellite” lines and perhaps resonances 
from neck orbits G which do not appear often enough, 
if at all, to be positively identified. 

An example of the use of field tipping to distinguish 
between resonances caused by different groups of 
carriers is shown in Fig. 23, taken at @2=75°; the belly 
orbits £ and ‘‘mass two” orbits D are both present, as 
indicated. The D resonance is attenuated by tipping, 
while the & resonance is enhanced, indicating that /£ 
orbits do indeed have a large mass spread. 

The dog’s bone orbit F is unique in that it is the only 
negative mass observed and gives anomalously large 
phase shifts, Ag~0.3. All the other phase shifts ob- 
served are very close to zero. 

The effective mass of orbits around the smallest part 
of the neck (for Hg, along a (111) axis) is of particular 
interest. While the neck orbits G are stationary, the 
range of ky for which the drift velocity is small and for 
which perpendicular polarization is the favorable mode 
is much less than the corresponding range of ky for 
belly orbits. Thus it is reasonable that the strong 
resonance signals from belly orbits obscure any signal 
from neck orbits. The belly resonance is suppressed, 
however, if parallel polarization is used and stationary 
neck orbits may be observed for Hy. in a region between 
the (110) and the (111) axes, where the gradient of the 
Fermi surface, Ay/(k), in the effective zone has a large 
component parallel to the field. Orbits in the plane of 
the zone boundary cannot be this 
resonance is also suppressed by parallel polarization. No 
which could be identified as neck orbits 
were observed with Hy, to the other side of the (111), 
perhaps because the plane of the neck orbits in this 
region is nearly tangent to the Fermi surface and hence 
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Fic. 22. Experimental absorption derivative traces at @=11 
with j,¢ along the (110) axis 79° from H (top panel) and along the 
100) axis 11° from H (bottom panel). Belly orbits A dominate the 
signal in the top panel; both the belly orbits A and the ‘‘mass two”’ 
orbits B may be seen in the bottom panel 
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Fic. 23. Experimental absorption derivative traces at @=75° for 
various angles of field tipping as indicated; j,, along the (100) axis 
15° from H. Belly orbits E and ‘mass two” orbits D are both 
present, as verified by the different effects of field tipping. 


the cyclotron mass very large. A plot of these data is 
shown in Fig. 24; the mass increases rapidly as @ ap- 
proaches 90°, since the area of the orbits in momentum 
space rapidly increases. An effective mass of 0.6 m, may 
be assigned to orbits around the smallest part of the 
neck by extrapolation. 

Ziman*! has suggested that the relaxation time of 
neck orbits parallel to the zone face should be signifi- 
cantly less than that of belly orbits. Because of an 
inability to distinguish between mass spread and true 
relaxation time effects, only a lower limit of one-half 
the belly wz can be placed on the relaxation time of the 
neck orbits described above. A higher wz (say at a higher 
microwave frequency) might allow these effects to be 
separated to a greater degree, so that relaxation time 
anisotropy could be investigated in general. 

Determination of the temperature dependence of the 
cyclotron resonance signals might also yield some in- 
formation about collision processes. Fragmentary data 
at 2°K show no detectable differences from data taken 
at 4.2°K,, indicating that the relaxation time is indeed 
impurity and defect limited. 

We would like to take this opportunity to point out 
that the discrepancies between the mass values reported 
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Fic. 24. Mass anisotropy of neck orbits G: 
jr¢ along the (110) axis 





mir’, 
our earlier work,” which in some 
cases are as large as 8%, are due to the arbitrary rf 
polarization used in the preliminary experiments. 
Some mention should be made of the structure below 
500 oe, which can be seen in all the experimental reso- 
nance curves. This ‘‘zero-field” effect was originally 
observed by Kip ef a/.® in tin using ac detection, and 
was thought to be due to microphonic effects caused by 
the modulation field. Similar structure has now also 
been seen in aluminum” as well as copper using both 
de and ac detection methods and appears to be charac- 
teristic of high-purity, single-crystal samples. The effect 
occurs at fields where orbits are not being completed but 
in which the curvature of the trajectories is important, 
so that neither high- nor low-field approximations can 
be made. Therefore no theoretical explanation is avail- 
able as yet. The effect appears to be very isotropic, so it 
is unlikely that any detailed information can be derived 
from it. More recently Khaikin** has reported the 
observation of fine structure in the surface impedance 
of tin below 10 oes. 


in this paper and in 


V. CONCLUSIONS 


With the exception of the unexplained phase shifts 
and the absorption at low magnetic fields, the results 
obtained from cyclotron resonance experiments in 
copper are consistent with the known Fermi surface 
geometry and with the theory of Azbel’ and Kaner. 


Stationary orbits, that is, orbits with extremal effective 
mass and zero drift velocity, dominate the resonances. 
An infinite number of classes of stationary orbits exist 
in copper because the Fermi surface contacts the zone 
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boundaries. The effective mass and phase shifts of 
several classes of stationary orbits have been deter- 
mined as a function of the orientation of the static 
magnetic field in a (110) surface. 

Pippard™ has suggested that the phase shifts and their 
correlation with mass values may be caused by mass 
spread; exact calculations, however, show that while 
such phase shifts are present in absorption minima, they 
do not occur in absorption derivative maxima. 

An alternative explanation is that phase shifts are due 
to many-body or orbit interaction effects. Consider the 
dog’s bone orbits F, which give the largest phase shifts; 
this is the only negative mass observed, and there is a 
large population of nonstationary belly orbits present 
which are not observed but which may interact with 
the stationary dog’s bone orbits in such a way as to 
impress a phase shift. The presence of “kinks” at 6=8°, 
where the unobserved negative mass orbits H-H’ vanish, 
and at 6=55°, where the unobserved neck orbit is 
parallel to the zone boundary, is further evidence that 
such mechanism may be present. 

Experiments to determine the temperature and fre- 
quency dependence of cyclotron resonance signals might 
yield information about collision processes and relaxa- 
tion time anisotropy; such work should probably be 
done at higher microwave frequencies for optimum 
results. 
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An investigation has been made of the relationship between 
crystallographic symmetry and Mn*+—O* — Mn** 180° superex 
change interactions in several perovskite systems. In particular, 
crystallographic and magnetic measurements have been made on a 
number of samples in the systems La(Mm_zM7z)O3,3, where 
M=Ga, Co, Ni. In all three systems, the Mn*+—O? -- Mn** 
interactions are found to be ferromagnetic for O-orthorhombi« 
samples having a<c/v2<b. For x<0.5 in the system M=Ga, 
there is O’-orthorhombic symmetry (c/V?<a<b) and ferrimag 
netism that is suggestive of anisotropic Mn*+—O?- — Mn** inter 
actions, similar to those found in LaMnOs;, and preferential 
ordering of the Ga’* into one magnetic sublattice. Measurements 
of Curie temperature vs composition in this system support 
ordering of the gallium in the compositional range x<0.4, par 
tial ordering in the range 0.4<x<0.6. These observations are 


consistent with the magnetic measurements of various other 


I. INTRODUCTION 


NUMBER of samples of the perovskite systems 
La(Mn;_2zM ,)O3,3, where M=Ga, Co, and Ni 

have been prepared and several crystallographic and 
magnetic properties have been measured. It is found 
that the nature of the Mn*+—O?-— Mn** 180° super- 
exchange interactions are structure-dependent. Samples 
with O’-orthorhombic symmetry (c/V2<a<b) have 
Mn**+-occupied octahedral interstices with relatively 
large distortions from cubic symmetry which reflect 
electronic ordering about the Mn** cations, whereas 
those with O-orthorhombic symmetry (a<c/v2 <6) do 
not. Samples with O’-orthorhombic symmetry have 
anisotropic Mn*+— O?~— Mn** superexchange: Within a 
001) plane the coupling is ferromagnetic and between 
is antiferromagnetic. The O-orthorhombic 
samples on the other hand, have isotropic ferromagnetic 
Mn*+—©?-— Mn+ interactions.! The details of the 
sample preparation and purity as well as the experi- 
mental techniques and findings are presented in Sec. II. 
In order to apply superexchange theory to obtain a 
set of rules for magnetic coupling between various 
cations, it is necessary to have a detailed knowledge of 
the static and dynamic relationships of the crystalline 


planes it 


fields and the outer-electron configurations. These re 
lationships are considered in Sec. III, where a “‘quasi- 
static” model for superexchange between Mn** ions in 
“undistorted” octahedra is presented. This model is 
shown to be consistent with existing theories for super- 
exchange and to enable extension of the rules for the 
sign of the 180° superexchange interactions to include 


* Operated with support from the U. S. Army, Navy, and Air 
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! For a complete discussion of the O and O’ orthorhombic sym 
metry as well as a summary of the available experimental data on 
perovskites, see J. B. Goodenough, Landolt-Bornstein Tabellen 
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workers on the La, MM’? 
(La,Ba) (Mn,Ti)Os. 


The ferromagnetic Mn**—anion — Mn* 


systems MnO;,;5, La(Mn,Cr)O3 


interactions that occur 
in the perovskites with O-orthorhombic or rhombohedral sym 
metry and in the NiAs-type compounds cannot be accounted for 
by present superexchange theory if the electron configuration 
about a Mn** ion is assumed fixed with one electron arithmetically 
averaged over the two e, orbitals, or if static, local distortions are 
randomly distributed through the structure. It is pointed out that 
Jahn-Teller electronic ordering is fast relative to the atomic 
vibrations so that there is strong coupling of the vibrational modes 
and the e,-electron configuration. This means that the electron 
configuration that is used in the superexchange calculation must 
be correlated with the vibrational modes. If this is done, a ferro- 
magnetic Mn*+—anion— Mn** interaction follows from the super 
exchange theory. 


the various possibilities for Jahn-Teller ions in different 
types of environments. 

In Sec. IV the theoretical model is applied to the ex- 
perimental data. It is found that the anisotropic cou- 
pling that occurs in O’-orthorhombic samples follows 
from a straightforward application of existing theory, 
since here the pertinent electron configurations are 
static and have been adequately defined. The isotropic, 
ferromagnetic coupling that occurs in O-orthorhombic 
samples is shown to follow from the fact that the lattice 
vibrations are capable of correlating the electron con- 
figurations of neighboring cations. The addition of this 
correlation effect permits a straightforward interpreta- 
tion of all the various 180° superexchange interactions 
that have been observed. It is further shown that the 
magnetic measurements permit this model for the elec- 
tron configurations to be selected in preference to other 
alternatives that have been proposed. 

Finally, it is pointed out that the present model pro- 
vides a possible mechanism for the interpretation of the 
magnetic coupling that has been observed in NiAs-type 
compounds. 


II. EXPERIMENTAL 
A. Chemical Preparation 
1. La(Mn,_,Ga,)O 


Spectroscopic-grade lanthanum oxide and gallium 
oxide were ignited at 800°C for three hours to insure 
complete decomposition of carbonates and removal of 
water. These oxides were then cooled over a phosphorous 
pentoxide desiccant and weighed amounts were inti- 
mately mixed with Mn,.O;. After several hours of 
thorough grinding, the mixture was pressed into }-in. 
pellets and placed in a platinum crucible. The crucible 
was sealed in an evacuated, heavy-walled silica tube. It 
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is important that the samples be first fired at 800°C for 
two days in order to minimize any attack of the silica 
capsule. The sample was subsequently fired for twenty- 
four hours at 900°, 1000°, and twice at 1100°C, the 
sample being reground before each of the four firings. 
The product was ground, sifted through a 325-mesh 
screen, and analyzed by both chemical and x-ray tech- 
niques. The valence state of manganese was confirmed 
by standard chemical procedures. In all samples the 
manganese was present as Mn** with less than 1% 
Mn?*. There was no evidence of Mn** in any of the 
samples. 


2. La(Mn,_Co,)Ox, 


Compositions in the system La(Mn,_-Co,)Os,5 were 
prepared by heating mixtures of LaxO;, Mn.O;, and 
CoCO, to 1300°C. At 1300°C, it was not possible to heat 
the samples in 
were heated in 


evacuated silica capsules. The samples 
air and the products were analyzed for 
or reducing power, the analysis being 
values expected for the Mn*+—(Co* 
compound. In the compositional range 0.4<x7<0.6, a 
two-phase region appeared at 1300°C ; one was rhombo- 
hedral, like LaCoO 
O, not O’). In addition two samples, x 


total oxidizing 


compared with 


and the other was orthorhombic 
0.25 and 0.5, 
were prepared at 1100°C in vacuo for Curie-point de- 
terminations. These samples contained no Mn* and the 
x-ray patterns, though too poor for measurements, indi- 


cated two phases in the sample xs=0,5. 


3. La(Mny_2Niz)Ox9 


Samples of La(Mn,_,Niz)Os,s were prepared by 
reacting La,O; with varying molar mixtures of NiO and 
Mn.O;, in air at 1100°C. The products were annealed at 
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800°C in vacuum to improve their crystallinity. These 
materials were made as part of an earlier investigation? 
and therefore were not prepared in vacuo, as was the 
gallium series. 


B. Measurements 
1. Magnetization 


The magnetization measurements, which were made 
with a vibrating-coil magnetometer,’ were taken at 
4.2°K in magnetic fields of approximately 6, 9, and 11 
koe. The saturation magnetization was then determined 
by extrapolating the measured moment to infinite field. 

The resulting saturation magnetizations for the sys- 
tem La(Mn,_,Ga,)O; are given in Fig. 1. For «<0.5, 
the magnetization closely follows the dashed line labeled 
ferrimagnetic. This line was obtained by assuming that 
each diamagnetic Ga** ion orders on the same magnetic 
sublattice and that each Mn** ion carries a spin-only 
moment of 4uz. For x«>0.5, the magnetization ap- 
proaches that for ferromagnetic alignment of all the 
Mn** moments. 

A similar set of measurements for samples of the 
system La(Mn,_-Co,)O3,;5 revealed strikingly different 
magnetic properties, as shown in Fig. 2, even though the 
cobalt ions presumably exist as low-spin-state (diamag- 
netic) Col! It is particularly noteworthy that in the 
region 0.25 <x<0.5 the magnetization is approximately 
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MAGNETIC PROPERTIE 
4up per Mn* ion plus 3uz per Mn** ion, indicating ferro- 
magnetic Mn*+—©?-— Mn** and Mn*+—O*?-— Mn*+ in- 
teractions. By contrast, compositions of La(Mn,_zGa_)Os 
in this range are ferrimagnetic, indicating anisotropic 
Mn*+—(©*?-— Mn*+ interactions that are ferromagnetic 
in some directions, antiferromagnetic in others. The 
number of Mn** ions present in the cobalt-substituted 
system is not sufficient to account for the discrepancy, 
as can be estimated from the data for LaMnO3;,, that 
are also plotted in Fig. 2. 

Magnetization measurements for samples of La- 
(Mn,_zNiz)O3,;5 also indicate (see Fig. 3) ferromagnetic 
Mn**+— ©*-— Mn*+ interactions throughout the range 
0.25<x<0.5, the net magnetization corresponding to 
ferromagnetic alignment of 4uz per Mn*+, 3u8 per Mn**, 
and lye per Ni'!'. Again the fraction of Mn*+ present is 
not sufficient to account for the ferromagnetic coupling. 


2. Curie Temperature 


Curie-point determinations were made for each sample 
of the La(Mn,_,Gaz)O; system. The samples were 
cooled to 4.2°K in a field of 10 koe; the field was then 
reduced to 700 oe and the sample slowly warmed 
through the Curie temperature. The Curie point was 
taken as the intersection of the magnetization axis by 
the tangent to the magnetization curve at its point of 
steepest slope. The resultant values are given in Fig. 1. 
The magnetization curves of the samples containing 50, 
55 and 689% manganese had tangents with relatively 
steep slopes ; the curves of the other samples had rela- 
tively small slopes. The small slope is indicative of some 
compositional variation within the sample and leads to 
a Curie-temperature reading that is higher than the true 
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Fic. 4. Variation of lattice parameters with composition in the 
system La(Mn,_,Ga,)O 


value for the nominal composition tested. The error due 
to this effect is estimated to be of the order of +3°C, 
and is additional to the measurement uncertainty of 
+2°C. Substitution of gallium into LaMnOs causes a 
decrease in Curie temperature that is linear with the 
percentage of substitution up to approximately 30% 
gallium. Further gallium substitution causes an ap- 
parently anomalous rise in the Curie point, a maximum 
value occurring at 50% gallium. Beyond this composi- 
tion, further gallium substitution produces a rapid de- 
crease in the Curie temperature. 

Similar Curie-point measurements were made of 
samples of La(Mno.5Coo.5)O; and La(Mno 75Coo.25) Os 
that were specially prepared to eliminate Mn** content. 
Since these samples were fired at 1100°C, they were 
probably incompletely reacted, so no absolute measure- 
ments of the magnetization were taken. The magnetiza- 
tion curve of La(Mno.sCoo.5)O3 showed the presence of 
two distinct magnetic phases, with Curie points of 
225°K and approximately 175°K. On the other hand, 
La(Mny.75Coo.25)0; had a well-defined Curie 
temperature of 168°K. These values are also shown in 
Fig. 1. 


single, 


3. X-Ray Analysis 


Room-temperature parameters for the system La- 
(Mn,_,Ga,)O3, obtained with FeK, radiation and a 
Norelco diffractometer, are plotted in Fig. 4. All mem- 
bers were orthorhombic, but poorly crystallized. It is 
noted that the symmetry remains O’ throughout the 
range 0<x<0.5. The ratio c/v2a is plotted in Fig. 5. 
The symmetry is O’ for c/ v2a<1, and is O for c/v2a>1. 
lor samples in the range 0.5<.+<0.85, the combination 
of poor crystallinity and small distortions did not permit 
accurate resolution of the diffraction-pattern splittings. 
Therefore only a mean cubic parameter was calculated 
and plotted in Fig. 4 for each sample throughout this 
range, even though the pattern showed definite indica- 
tions of small splitting indicative of the O symmetry. 
Examination’ of LaMnQs;,,, prepared under varied 
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+Mn**, Nil!l+Mn*, and Ga 


firing conditions, shows that the symmetry changes 
from O’ toO at about 20% Mn**, orA=0.10 (see Fig. 5). 
The most significant fact in Fig. 5, however, is the 
difference in symmetry in the range 80>percent Mn** 
> 50 for the system La(Mn,_,Ga,)QOs3, on the one hand, 
and La(Mn,_,Co,)O3,3;, La(Mn,;_-Ni,)O3;3,, on the 
other. These crystalline symmetries suggest an electronic 
ordering in the system La(Mn,_,Ga,z)O; that is similar 
to that found in pure LaMnOs;, but no long-range, 
cooperative Jahn-Teller distortions about Mn** ions in 
the samples of the other two systems that were studied. 
This suggestion is, of course, strengthened by the 
observation (see Figs. 1-3) of different magnetic inter- 
actions for the two classes of systems. 

It was also noted that, in samples of the system 
La(Mn,_zNiz)Os,s, a second phase (La,NiO,g with 
K,NiF, structure) was present throughout the range 
0.5<x*<0.8. The end member, LaNiO;, had rhombo- 
hedral symmetry. The system La(Mn,_-Coz)Os,5 con- 
tained two phases, a rhombohedral and an O-ortho- 
rhombic perovskite, in the range 0.5<x<0.6. There 
were also indications of two phases in the x=0.5 sample 
prepared at 1100°C. The existence of two phases in this 
sample was also indicated by the double Curie point 
shown in Fig. 1. The end member, LaCoQs, is rhombo- 
hedral. 


III. THEORY 


Rules for the sign of the 180° superexchange inter- 
action between cation moments via an anion inter- 
mediary in an ionic crystal have been proposed®:® and 
given semiquantitative justification.’“"' These rules, 
which are summarized later in Fig. 9 for octahedral-site 
cations, depend upon the number of d electrons and 


their configuration at the cations on either side of the 


5 J. B. Goodenough, Phys. Rev. 100, 564 (1955) ; J. Phys. Chem 
Solids 6, 287 (1958); J. phys. radium 20, 155 (1959 
6 J. Kanamori, J. Phys. Chem. Solids 10, 87 (1959) 
7R. K. Nesbet, Ann. Phys. 4, 87 (1958); Phys. Rev 
1960 
®P. W. Anderson, Phys. Rev. 115, 2 (1959). 
’ J. Kondo, Progr. Theoret. Phys. (Kyoto) 22, 41 
F. Keffer and T. Oguchi, Phys. Rev. 115, 1428 
T.R Waite, J Chem Phys 33, 256 (1960) 
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anion intermediary. Therefore to properly apply these 


rules, it is necessary to know the electron configurations. 


A. Electron Configurations 


The d-electron configuration is primarily determined 
by the internal crystalline fields. The strongest crystal- 
line fields at a cation are those due to the adjacent 
anions. In an octahedral interstice, the cation d levels 
are split as indicated in Fig. 6." Here £.. is the intra- 
atomic exchange splitting responsible for Hund’s rule 
and A is the cubic-field splitting. Frequently the sym- 
metry of the cation sublattice introduces trigonal fields 
that are superposed on the anion-sublattice field. The 
trigonal splittings are also indicated in Fig. 6. Such 
energy diagrams provide the essential information about 
electron configurations. 
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For the special case of £..>>A=10Dg and four outer 
d electrons, which may occur if the outer-electron con- 
figuration is 3d* (as in Mn*, 'Cr°+), the problem is 
equivalent to that of a sing In this case, the 
orbital ground state 
degenerate /,, and the orbital 
largely quenched by the cubic-field splitting A. Jahn and 


le hole. 


for cubic symmetry is twofold 


angular momentum Is 


Teller’ have pointed out that in such a case a con 

figuration of lower symmetry splits the orbital de 

generacy into two nondegenerate levels, where the mean 
; 


value of the two first-order energies is equal to the 
energy of the original degenerate level. This means that 


The Mulliken nomenclature is used wherein the threefold 
degenerate T:, state (containing f2, electrons or holes) is formed 
from dzy, dyz, dzz orbitals and the twofold-degenerate F, state 
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MAGNETIC PROPERTIE 
the cubic symmetry is not stable; that is, the system has 
lower energy if the crystalline fields at the 3d‘ cations are 
less symmetrical. The splittings of the E, state by two 
types of tetragonal distortion are shown in Fig. 7. 
Significantly, it has been shown!’ that although the 
electronic state for a stable configuration of the nuclear 
framework is nondegenerate, the system has a vibra- 
tional degeneracy arising from the fact that there are 
two or more stable configurations that are geometrically 
equivalent, and therefore have the same energies. For 
example, the two tetragonal distortions of Fig. 7 are 
mirror images of one another. This type of distortion, 
which splits the d,:_,2 and d.: orbitals, is referred to as 
mode Q;. There is also a mode Q» that is congruent to 
(3; it consists of a movement of the anion nuclei along 
the [100 ] away from the center of symmetry and along 
the [010] toward the center of symmetry. In this case 
the split orbitals are a mixture of d.: and d,:_,:. If polar 
coordinates p and 9 in the space of the coordinates Q» 
and Q; are defined (Q3;=p cos#, Qe=psin9), then to 
first order in the coupling between modes Q», Qs; and 
orbitals d.2, d,*_,2, the ground-state energy for an iso- 
lated Mn**+(O?-), complex is independent of 6. This 
means that the ground state is not uniquely determined, 
but corresponds to any point on the circle with radius 
p=6, where 6 is proportional to the coupling constant 
and the inverse root of the stiffness constant associated 
with the vibrations. A consequence of this is that the 
degeneracy may be removed by resonance between the 
stable configurations. The degeneracy may also be re- 
moved by the addition of anharmonic terms in the po- 
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iG. 7. Tetragonal-field splittings for one d hole corresponding to 
a 3d‘ cation 


tential energy and higher-order coupling terms, which 
makes the total energy at T=O°K 


i ¥{3C+ (13—B,;6) cos36}, 1) 

ere of; is generally positive.'® With a point-charge 
model, B; is calculated to be positive," and the sign of 
the cos3@ term is uncertain. However if covalency favors 
bond formation, as is probably the case, Bs is negative 
and the stable state unambiguously favors cos3@= 1, or 
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6=0, +27/3. This corresponds to Qs; (c/a>1) with ¢ 
axis oriented along the z, x, and y axes, respectively. In 
the perovskite lattice, on the other hand, the lowest 
mode, given no anharmonicity, turns out to be +Qz, the 
short (s) and long (/) axes alternating along the [100] 
and [010] axes of the pseudotetragonal cell.'* Addition 
of the anharmonic terms bends the two vectors towards 
6=+27r/3. The extreme-anisotropy case (@6=+27/3) 
corresponds to an ordering of d.: orbitals as shown in 
Fig. 8. Thus the presence of higher-order coupling terms 
and of anharmonic terms in the vibrational energy may 
stabilize a static distortion of the interstices at low 
temperatures. In a solid with a large percentage of Jahn- 
Teller cations, these distortions are cooperative and 
therefore give rise to measurable changes in the crystal- 
line symmetry. At higher temperatures entropy con- 
siderations can be expected to favor either (a) non- 
cooperative static distortions or (b) removal of the 
degeneracy by resonance between the stable configura- 
tions. In Sec. IV it is shown that the experiments 
reported in this paper support the second alternative. 
The dynamic problem, which represents a doubly 
degenerate electronic state E, whose degeneracy is re- 
moved in first order by a doubly degenerate vibration, 
has been studied by several workers.'**! These studies, 
which were restricted to an isolated complex, indicate 
not only that the ground-state degeneracy is removed 
by coupling between the nuclear vibrations and the 
electron configuration, but also that for strong coupling 
the electrons are in a ‘‘Born-Oppenheimer”’ potential so 
that the electronic configuration “follows” the nuclear 
vibrations. Thus for sufficiently large coupling the 
electronic configuration corresponds to the symmetry of 
the nuclei, the nuclear motions being slow relative to the 
electronic motions. In this limit, then, the electronic 
configuration at any moment of time can be approxi- 


Fic. 8. Schematic diagram of ordering of the single e, electron on 
the 3d‘ B cations given O’-orthorhombic (¢/v2<a<6) symmetry 
This represents extreme anisotropy case. Zero anisotropy would 
also have electron density along c axis'so that each c-axis cation 
anion-cation interaction corresponded to Case 1 rather than Case 3 
of Table I. The true situation lies somewhere between the two 
extremes. 
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“1G. 9. Rules for 180° superexchange interactions 
ground-state configuration 
associated with the nuclear positions at that moment. 
This limit will be referred to in this paper as the 


guasistatic limit. 


mated by the ‘‘quasistatic”’ 


B. Superexchange Theories 


Several contributions to the superexchange inter- 
actions of the electron configurations represented by 
Fig. 9 have been identified and given analytic expres- 
sion. In the 180° case, the important terms are additive 
and of the form of the Heisenberg exchange Hamiltonian 


Beo-F 3 Act, (2 


— 


rhe three principal contributions have been referred to” 
as delocalization superexchange,*'"' correlation superex- 
change,’ and polarization superexchange.’” The various 
mechanisms are briefly presented in the Appendix to 
establish the physical origins of the rules of Fig. 9. The 
various analytic expressions may be found in the litera- 


ture references cited. 


C. Superexchange between Jahn-Teller Cations: 
The Quasistatic Hypothesis 


Application of the superexchange rules of Fig. 9 is 
straightforward once the outer-electron configuration at 
he cations is defined. As has been noted, most electron 
configurations follow directly from crystal-tield theory, 
but in the case of Jahn-Teller ions special precautions 
taken. If there are static Jahn- 
Teller distortions, it is possible to obtain the electron 


must be cooperative, 


configurations at the Jahn-Teller ions from an experi- 
mental determination of the positions of the atomic 
their 


neighborhood. This requires no new 
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principle. If there are no cooperative, static Jahn-Teller 
distortions, it is necessary to make an assumption about 
the electron configurations. There are three possible 
assumptions that can be made: (a) There are static, 
local Jahn-Teller distortions, but these distortions are 
random, having no cooperative, long-range order. (b) 
There are no static, 
pling to the nuclear vibrations removes the orbital de- 
generacy and correlates the electron spin configurations 
of neighboring Jahn-Teller ions. 
local distortions; and weak coupling to the 
vibrations, although it removes the orbital degeneracy, 
leaves the spin configurations of 


local distortions; but strong cou- 


c) There are no static, 
nuclear 
neighboring Jahn- 
Teller ions uncorrelated. Theoretical arguments for each 
of these alternatives are presented below, and in Sec. I\ 
it is shown that the experimental data presented in this 
paper indicate alternative (b), the quasistatic hypothe- 
sis, is the correct alternative for 3d* cations 
Wojtowicz™ used assumption (a) in a statistical treat- 
ment of the order-disorder transition and of the temper- 
ature variation of the c/a ratio for spinels that are 
distorted by cooperative, Jahn-Teller electron ordering. 
With this model, he was able to obtain semiquantitative 
agreement with the experimental c/a ratios, and to 
correctly predict a first-order tetragonal - 
transformation for the spinels, a second-order O’ =O 
phase transformation for Jahn-Teller-distorted perov- 


~ cub phase 


skites. Consistent with assumption (a), he also assumed 
high vibrational anisotropies, which removes the Qo, QV 
degeneracy. With such a 
figuration about a Mn 
or (2 


model, the e, electron-con- 


tion is (22*—x*?—¥*), (2x77—y—z 

2y’—=°—x") and the three alternat 

distributed through the structure 
Kanamori!’ has also discussed the temperature varia- 


. 2 ] 
ives are randomly 


tion of the c/a ratio in Jahn-Teller-distorted spinels. He 


assumed no static, local distortions in his analysis 


[assumption (b) or (c)]; and he also obtained semi- 


quantitative agreement with the experimental c/a 


ratios, a first-order phase transformation in spinels, and 
a second-order transformation in peros skites. Consist- 
] 


ent with his assumption he placed no restrictions on the 


ratio Q2/Qs in his static, perovskite distortions and he 
required only small vibrational anharmonicity in the 
spinels. 

Therefore it appears t 
lographic or thermodynamic variables are unable to 


. How- 


ever, the three models predict quite different electron 


| 
hy 


isurements of crystal- 


a mea 


distinguish between the three alternatives (a ( 


configurations for the cubic or O-orthorhombi phase ° 
and therefore different magnetic coupling, so that dis- 
thre obtained 


crimination between the models can be 


from magnetic measurements. This empirical discrimi- 
nation is made in Sec. IV. 

To obtain a theoretical estimate for discrimination 
between alternatives (b) and (c), it is reasonable to 
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assume that alternative (b) is preferred if 
vi<K<AEsr/h 
and alternative (c) if 
v,>AEsr/h, (4) 


where vp, is the nuclear-vibration frequency, / is Planck’s 
constant, and AF, is the Jahn-Teller stabilization as- 
sociated with a deformation of the interstice to a re- 
duced symmetry. These relationships follow from the 
Born-Oppenheimer™ argument that the relatively small 
ratio of electron to nuclear masses makes possible 
electron motions that are rapid relative to any nuclear 
motions. This means that, if the driving energy for the 
electrons is large compared to hy,, the electron con- 
figuration is able to follow the nuclear motions, in ac- 
cordance with the quasistatic hypothesis. If the driving 
energy is small compared to /y,,, the electron configura- 
tion deviates little from that for orbital degeneracy, 
which is given by a simple arithmetic average over the 
two e, states. Thus the electron configuration at two 
Mn** (3d*) cations separated by an anion intermediary 
is, for alternative (b), correlated with the nuclear mo- 
tions as indicated schematically in Fig. 10, whereas for 
alternative (c) the electron configuration ¢ orresponds to 
a half-electron per e, orbital. 

From Fig. 10 it is apparent that the vibrational mode 
of principal interest represents the vibration of the 
cation and anion sublattices against one another. The 
frequency of this mode is the Restrahl frequency. 
Restrahl wavelengths? are ~ 10 
In 100° cm 
orthorhombic - 
Q00°K, 


~ cubic 


> cm, corresponding to 
In the perovskite LaMnOs, the O’- 
‘rhombohedral transition*® occurs at 
and in the spinel Mn,O,4 a tetragonal 
transition®’ occurs at about 1443°K. The fact 

that the cooperative transition temperature varies with 
the number of Mn** ions that are present indicates that 
the Jahn-Teller stabilization per Mn** ion AE;r can be 
properly estimated from the transition temperature only 
if all the cations present are octahedral-site Mn*+. How- 
ever, the transition temperatures cited provide a lower 
bound, so that AFy;7,>750 cm™. This means that Eq. 


3) applies, so that the quasistatic hypothesis of al- 


about 


ternative (b) is to be preferred to assumption (c). This 
assertion is supported by the magnetic data, as is shown 
in Sec. IV. 


IV. DISCUSSION 
A. Perovskite Systems 


Perovskite-type oxides and fluorides (.1 BO, or A BE 
are espec lally suited to the study of 180° cation-anion- 
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Fic. 10. Schematic 
diagram for quasi 
static electronic or 
der about 3d‘ cations 
for two different rela 
tive positions of an 
ion and cation sub 
lattices. Each config 
uration corresponds 
to case 3, moderate 
ferromagnetism 


cation magnetic interactions. Ideally the cations form a 
CsCl-type sublattice with anions on the edges of the 
simple-cubic array of B ions. 
nonmagnetic, 


If the A cations are 


a magnetic B cation can interact mag- 
dipole-dipole interactions neglected) only 


with its six nearest-neighbor B cations via 180° cation- 


netic ally 
anion-cation linkages. 


1. Anisotropic Mn*+—O*-— Mn** Interactions 


A neutron-diffraction study” of LaMnQ; has revealed 
that in this O’-orthorhombic perovskite the Mn*+—O?- 
—Mn** interactions are anisotropic, being ferromag- 
netic in the (001) planes and antiferromagnetic along 
the ¢ axis. This anisotropic coupling was shown! to be 
compatible with the rules of Fig. 9, provided electronic 


ordering of the single e, electron had been induced by a 
cooperative Jahn-Teller distortion of the B-ion inter- 
stices. In that original paper the ordered arrangement 
was assumed to be that of the high-vibration-anisotropy 
limit shown in Fig. 8. Subsequently Kanamori'* showed 


that the ratio Q3/Q2 that is present in a given static 
distortion is given by 


2/\/6)(2m—I1—s 
tand : (5) 

+ (2/v2)(l—s) 
where s and / are the short and long cation-anion bond 
lengths that alternate along [100] and [010] axes, m is 
the bond length along [001 ], s<m</, and ¢ is the angle 
between the state vectors and the Q» axis. In the high- 
anisotropy limit, m 30°, which corresponds 
to @=+2/3. [See discussion in connection with Eq. 
(1). ] In either the low-anisotropy limit (only +Q2) or 
the high-anisotropy limit with 0=+27/3), 
magnetic coupling within the (001) planes is ferromag- 
netic via case 3 of Fig. 9, and along the [001] it is 
antiferromagnetic either via case 2 of Fig. 9 (high- 
anisotropy limit) or via a weakened case 1. Therefore 
measurements of the magnetic order cannot distinguish 


-s and @ 


only ©) 


*8 The ideal cubic phase is rarely found in the oxides and 
fluorides. The influence of ionic size on the density of packing 
induces small distortions to orthorhombic or rhombohedral sym- 
metry. Electronic order may induce additional distortions to be 
superposed on those due to ionic size 


FE, O. Wollan and W. C 


see reference 1). 


Koehler, Phys. Rev. 100, 545 (1955). 
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between these limits. However, careful x-ray determi- 
nations of m, /, and s can give this information via Eq. 
5). Although such measurements have not been made 
on LaMnQ; itself, such measurements have been made” 
on MnF;, whose ideal structure is similar to perovskite 
with the A cations missing. It is found that ¢(MnF3;) 
which corresponds to only a modest vibra- 
tional anisotropy. Anisotropic 3d‘-anion-3d* magnetic 
interactions have been directly confirmed by neutron 
diffraction for monoclinic MnF;,*' and tetragonal 
c/a<1) KCrF;,” where the electronic ordering at the 
3d‘ cation is manifestly similar to that found in LaMnOs. 
These anisotropic magnetic interactions are a dramatic 
confirmation of the rules of Fig. 9. Further, the available 
x-ray data argue against the Wojtowicz assumption of 
high vibrational anisotropy. 


] 4 
6° 35 


(?- 


- ~Mn** Interactions 


2. Isotropic Mn* 


It follows from Fig. 9 that, if it were possible to obtain 
rocksalt-type order among two types of magnetic B 
cation, one with no outer e, electrons and the other with 
electrons, ferromagnetic coupling should 
occur. Previous attempts to order La(Feo.;**Cro.s°*)O 
were unsuccessful.” With no charge difference between 
the two types of B ions, there were no electrostatic forces 
to favor the ordered arrangement. Therefore an attempt 
made obtain ordered La(Nio.s?*Mno st )Os 
and La(Cop ;**Mno.5**)O3. However, it found* 
that the cations favor La(Nio.5!!!Mnp.5*+)O; and La- 
Coy.s''!Mny.5°*)O3, so that again there were no electro- 
static forces to induce ordering on the B sublattice.*® 
However, the systems La(Co,Mn)QO; and La(Ni,Mn)O, 
provide an opportunity to study the important Mn** 

O?- — Mn* interactions 

Previous paramagnetic-susceptibility measurements 
by Jonker® | that antiferromagnet 
LaMnO 1 Mn*+—O*-— Mn? in- 
teractions at high temperatures. Jonker also reported 
that samples of La(Mn,_,Al,)O3, «<0.5, were nonmag- 
netic, whereas the system La**, Ba**(Mn**,Ti**)O; is 
“ferromagnetic.” To help resolve these apparently con- 
flicting results, samples in the La(Mn,Ga)O; system 
were also prepared for the study of Mn**—O?-— Mn** 
interactions 

At higl 


the 


two outer @ 


Was to 


was 


ave 


suygye sted 


has only ferromagnetic 


) temperatures and or with sufficient dilution 


gv 
B-cation sublattice with non-Jahn-Teller ions, 
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** Roman-numeral valences refer to low-spin-state cations. This 
situation occurs if the crystal-field splitting A is greater than the 
exchange splitting FE... (See Fig. 6.) Thus Ni!!! has the outer 
electron configuration f2,*e,', with only one unpaired spin, and 

Coll! (t.,%,°) is diamagnetic 
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there is no static, cooperatis e distortion of the structure 
that reflects electron ordering at the Mn** ions. It was 
pointed out that there are three possible assumptions ; 
(a) random, static distortions, (b) the quasistatic hy- 
pothesis, and (c) no static distortions and no correlation 
between neighboring electron configurations. For al- 
ternative (a), the Mn*+—O?-— Mn+ interactions are 
randomly case 1, case 2, or case 3 of Fig. 9. Such a 
model would predict no long-range magnetic order and 
the possibility of a ferrimagnetic moment. For alterna- 
tive (b), the electron configurations of neighboring Mn** 
ions are correlated as shown in Fig. 10, so that the 
magnetic coupling is ferromagnetic, corresponding to 
case 3 of Fig..9. For alternative ( orbitals, 
which have a twofold spin degeneracy, are quarter-filled, 
and the superexchange mechanisms dictate that in such 
a case rules for the sign of the interaction are those for 
half-filled e, orbitals. Therefore with alternative (« 
antiferromagnetic Mn*+—0?-— Mn** are 
predicted. 
Trivalent cobalt 


; the €g 


interactions 


to be diamagnetic 
when located in an octahedral of an O° 
sublattice.*7*5 Although paramagnetic LaCoQO,; con- 
tains® high-spin-state Co**+, which presumably couples 
antiferromagnetically according to case 1 of Fig. 9, 
trivalent cobalt appears to be in its low-spin state in 
La(Mn,_,Co,)O2;5, at for x<0.5. For larger 
values of x, there may be a mixture of low-spin and high- 
spin trivalent cobalt.” In this discussion, it is assumed 
that the crystalline fields are sufficiently large to render 
trivalent cobalt diamagnetic, Co!!! (f:,%e,") for x<0.5. 
Similarly trivalent nickel is assumed to be in its low- 
ate, Ni!!! (t.,%,'). 


therefore, 


is often found 


interstice 


least 


spin st 

It is significant, 
La(Mn,_,Co,)O3,;; is ferromagnetic with a magnetiza- 
tion approximately 44uz/ Mn atom throughout the region 
0.25<*<0.5 (see Fig. 2). Diamagnetic cobalt cannot 


O-orthorhombi 


that 


contribute directly to the magnetic coupling. However, 
by destroying the O’ symmetry it destroys the coopera- 
tive, static Jahn-Teller ordering of LaMnQs. Of the 
three alternative models for the electron configurations 
at the Jahn-Teller ions, only the quasistatic hypothesis 
[alternative (b) ] is compatible with the magnetization 
data. It should also be noted that this conclusion is also 
compatible with Jonker’s finding of ferromagnetic cou- 
pling in high-temperature (or rhombohedral) LaMnO 


and in the system La; .Ba,(Mn,_,Ti,)O3.4 


P chi 

9 B Goodenough, J Phys hen 

% G. H. Jonker and J. H. Van Santer 

Such a mixture could reflected the two 
magnetic (and crystallographic) phases that were observed in the 
sample with x=0.5. A phase containing high-spin-state Co** would 
have a higher Curie temperature than one containing diamagnetic 
Colt, 

4! This system approaches but does not attain a magnetization of 
4up/Mn atom. The magnetization is sufficiently high that ferri 
magnetism via alternative (a) ybable than ferrimag 
netism due to ¢ 
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Physica 19, 120 (1953 


conceivabiv be in 


seems less pre 


hemical inhomogeneities in the sample 





MAGNETIC PROPERTIE 


3. The System La(Mny_Gaz)O; 


In our study of the system La(Mni_,zGaz)Os, it was 
found that the O’-orthorhombic phase persists up to 
*=0.5. LaGaO; is rhombohedral above 900°C, O- 
orthorhombic at room temperature,” so that size effects 
favor the orthorhombic phase. If the introduction of 
diamagnetic Ga*+ into the O’-orthorhombic phase 
caused the Mn*+—O*?-— Mn** interactions to become 
isotropic and ferromagnetic, as in the case of similar 
concentrations of diamagnetic Co' and Ti* in the 
Q-orthorhombic phase, then the magnetization curve 
for the system LaMn,_,Ga_,Q ; would be similar to that 
for LaMn,_zCo,O3,5. The fact that this is not the case 
(compare Figs. 1 and 2) argues strongly that the 
crystallographic symmetry does indeed reflect electron 
ordering that permits anisotropic Mn*+—O?-— Mn* 
coupling. 

However, if Ga*+ were to enter the Mn** sublattice 
randomly, but without destroying the static Jahn-Teller 
ordering responsible for the O’ symmetry, the system 
La(Mn,_zGa,)O; would remain antiferromagnetic, the 
only change in the electronic ordering about a Mn* 
cation having a Ga** neighbor being an adjustment of 
the electron concentrations between the m and / bonds, 
In fact this is the result that was anticipated, since we 
suspect that Jonker’s La(Mn,_,Al,)O3 samples were 
probably of O’ symmetry with Al*+ substituted randomly 
for Mn*+. It is obvious from Fig. 1 that the O’ phase is 
not antiferromagnetic in the range 0<x<0.5. However 
a straightforward interpretation of the magnetization 
data of Fig. 1 is available if the Ga**+ order preferentially 
into alternate (O01) planes when x<0.5. This assump- 
tion is made in the following discussion of the data even 
though a direct observation of atomic ordering has not 
been made. The theoretical plausibility of this assump- 
tion is discussed subsequently. 

Given O’ symmetry, the static electron ordering at the 
Mn** ions remains essentially the same asin O’ LaMnQOs, 
so that the rules of Fig. 9 call for ferromagnetic (001) 
planes coupled antiparallel to one another. With prefer- 
ential ordering of Ga** into alternate (001) planes, there 
must be a spontaneous magnetization per molecule uy. 
For perfect order, 

Ms= deur, COS. 0 
In Fig. 1 this prediction is compared with the experi- 
mental points. Further, for x>0.5, where the symmetry 
is O-orthorhombic, ferromagnetism via the quasistatic 
mechanism is predicted, or 


p,e=4(1 —X)B, x>0.5. 


This line is also shown in Fig. 1. 

Agreement between theory and experiment is quite 
satisfactory in the range 0<.x<0.4. In the range 6.6<x 
<1.0 there is sufficient dilution of the Mn**+ sublattice 


#S. Geller, Acta Cryst. 10, 161 
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by Ga**+ that not all of the Mn*+ can be cooperatively 
coupled. Therefore agreement between theory and experi- 
ment is quite satisfactory in this range also. In the inter- 
mediate range 0.4<x<0.6, chemical inhomogeneities 
can be expected to be important so that Ga**+ ordering 
is not complete and domains of O-orthorhombic material 
could be present within the O’-orthorhombic phase or O’ 
material within the O phase, without detection by the 
x-ray patterns. Throughout this range, the diffraction 
lines are considerably broadened, which is compatible 
with a heterogeneous mixture of static and dynamic 
Jahn-Teller effects at the Mn** ions. 

Further evidence for Ga**+ ordering is given by the 
Curie-point data. With no change in the magnetic- 
coupling mechanisms within the O’ phase, introduction 
of Ga*+ into alternate (001) planes would depress the 
Curie point at a rate that would make it approach 0°K 
at «=0.5.% Such a depression of 7, is found in the range 
0<x<0.4. Deviations to higher 7, in the range 0.4<x 
<0.6, but no sharp discontinuity at x=0.5, iscompatible 
with a gradual breakdown of Ga**+ ordering and two 
orthorhombic phases throughout this region. The Curie 
temperature for disordered material would be higher 
than that for ordered material because of the greater 
number of Mn** links between Mn**-rich (001) planes. 
That there should be a higher 7. for ferromagnetic O- 
orthorhombic domains, in which the magnetic-coupling 
mechanisms are changed, is evident from the Curie tem- 
peratures found in O-orthorhombic La(Mno_.75C00.25)O345 
and La(Mno,sCoo.5)O3;.3, which are also shown in Fig. 1. 
With fine-grained chemical inhomogeneities responsible 
for the two phases, the two phases would be magnetically 
coupled so as to render but a single 7,. This type of 
magnetic coupling between ferromagnetic and ferrimag- 
netic or antiferromagnetic domains to give a single 7, is 
characteristic of those materials that exhibit exchange 
anisotropy.“ 

It is concluded, therefore, that the magnetic data for 
the system La(Mn;_,Gaz)O3 strongly implies Ga*t 
ordering into alternate (001) planes for 0<*<0.4 and a 
breakdown of this ordering in the range 0.4<*<0.6. 
Lack of such order would imply that the electron 
configurations at the Mn** ions of the O’-orthorhombic 
phase changes in a complicated manner that depends 
upon the number of Ga** neighbors. 

Since there is no charge differential between the Mn** 
and Ga** ions, it is important to enquire how ordering is 
possible in the La(Mn,Ga)O 3 system when it is not 
found in other La(Mn,M**)Os, systems. Although we 
have no definitive answer to this problem, it is possible 
that the elastic energy associated with the static electron 
ordering of the O’ symmetry is optimized by atomic 
ordering. The opposite motions of the ©?~ ions in 

* With perfect ordering at «=0.5, the Mn** (001) planes are 
sufficiently isolated from one another that the interplanar coupling 
must be extremely weak (<30°K) 
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alternate (001) planes (see Fig. 8) show that alternate 
(001) planes are differentiated elastically. However this 
mechanism requires O’ symmetry at temperatures that 
are sufficiently high for atomic mobility. This require- 
ment is barely fulfilled in LaMnQs, where the O’ — R 
transition temperature is T7,~900°K. However T; must 
decrease with increasing x, and for x greater than some 
critical composition x,, the atomic mobility for 7<T;, is 
too low for appreciable ordering to take place. Such a 
mechanism is compatible with the fact that Ga** order- 
ing appears to break up in the region 0.4<x<0.5 even 
though the ordering energy is presumably greatest at 
#z=0.5. 


O 


+5 


#. The System La(Mny_,Niz 


The cation Ni!!'(t2,%e,') should also be a Jahn-Teller 
ion. Therefore in an O-orthorhombic or a rhombohedral 
phase, all interactions (Mn**—O?-— Mn**, Mn*+—O 
—Ni!) and Nil!i!—O?-—Ni!!!) should be ferromag- 
netic, according to the quasistatic hypothesis. This ap- 
pears to be fulfilled in La(Mn,_-Niz)Os,3 for x<0.5 

see Fig. 3). (By contrast, the other alternatives are only 
compatible with either antiferromagnetic coupling or a 
weak ferrimagnetism.) For 0.5<x*<1.0, there is a two- 
phase region in which some LasNiO,y, with K.NiF’s 
structure, is present. However, rhombohedral LaNiO; 
has no spontaneous magnetization, and there is no evi- 
dence of magnetic order down to 4.2°K. This indicates 
that although the Mn**—O*?-—Nil!! 
ferromagnetic as anticipated, there is no superexchange 


interactions are 


coupling between Ni!!! cations. Actually it is not un- 
reasonable that this breakdown of superexchange cou- 
pling should occur for interactions between cations with 
total spin S=}, since the two principal superexchange 
mechanisms assume that in the excited states that are 
admixed to the 


( oupling, the excited-« 


ground state to give the magnetk 


lectron spins remain correlated 
with the net spins on the two cations. For the case S= 4, 
there is no net cation spin with which the “excited” 
electron can remain correlated, since the excited states 
are singlets with zero net spin at each cation. That the 
lack of ferromagnetism in LaNiO; is due to a breakdown 
of the superexchange mechanism between cations with 
S=} and not toa breakdown of the quasistatic hypothe- 
is supported by the observation that RuF; and 
PdF3, like LaNiO;, exhibit no magnetic order*® above 
$°K. The structure of these fluorides is like perovskite 
with the A cation missing, and Ru"! and Pd!!! are both 


spin-quenched by the ligand fields so that S=3. 


sis, 


5. Interactions between Jahn-Teller and Non-J ahn- 
Teller Tons 
If cation M is not a Jahn-Teller ion, there is no 
coupling of its outer-electron configuration with the 
*W.C. Koehler and I 
1957 
4M. K. Wilkinson, E. O. Wollan, H 
Phys Rev. 121, 74 (1961 
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vibrational modes. Therefore there can be no dynamic 
correlation of electron configurations at a Jahn-Teller 
ion like Mn** with those at a neighboring M atom. This 
means that if there are no static distortions at the Mn**, 
local or cooperative, the Mn** interacts isotropically as 
though its e, orbitals were haif-filled.”” 

That this prediction is in agreement with experiment 
is demonstrated by the Mur? —CF 
—Mn*, Mn*+—0?-—Cr'** interactions, the antiferro- 
magnetic Cre+—O?-—Cr*+, Mn*—O?-—Mn*, Mn* 
—O?-—Fe*+, and Fe*t—O?-—Fe** interactions that 
have been observed in the La(Mn,Cr)O3, La(Mn,Fe)Os, 
and (La,Co)MnQOs; systems.” ; The Ni!!’—O 

also appear to be 


ferromagnetic 


—Ni** interactions in Li,Ni; 
antiferromagnetic.™ 


of ). 


6. Conclusion 


With the aid of the quasistati hypothe sis, it is pos- 
sible to predict all the varied 180° superexchange inter- 
actions of a 3d‘ cation. In Table I t 


perovskite-type compounds. 


his is done for 


B. Implications for NiAs Systems 


It is an interesting fact that all of the ferromagneti 
NiAs-type materials contain, formally at least, 3d‘ 
cations: Cr,,,Te(2.4u,/Cr),°' MnAs, MrSb, MnBi: 
(3.4-3.5uz/Mn*+).* Well-annealed MnBiapproaches™ ** 
> is 
undoubtedly ferrimagnetic, the sublattice of interstitial 
iron ions coupling to the sublatt 
iron ions.) In each of these compounds there should be a 
relatively strong, antiferromagneti 

anion intermediary hexagonal ¢ 
axis since cation-occupied octahedra share a common 
face, thus permitting considerable overlap of their half- 
filled ts, orbitals.°° Hence it is not 
ferromagnetism is only found 


3.95un/Mn**. (The compound yFe1.;$n(2.3uz/ Fe) 


ice of octahedral-site 


cation-cation (no 


interaction along the 


) surprising that 
with large anions, the 
stability increasing with larger ratio of intercation dis- 
tance to cation diameter. Therefore ferromagnetism and 
the possibility of ‘*exchange-inversion” magnetization,®’ 
recently discussed by Kittel,°* 
provided a competitive, ferromagneti 


are only understandable 
exchange mech- 
anism is available. 


7 This corresponds to alternative 
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Since cooperative, static Jahn-Teller distortions are 
not found in the NiAs structure (with the exception of 
antiferromagnetic CrS), a possible mechanism for the 
competitive, ferromagnetic exchange is 3d‘-anion-3d‘ 
superexchange with quasistatic correlations. If this is 
the mechanism, the NiAs compounds are essentially 
ionic and their metallic conductivity is due to cation- 
sublattice d-band formation that is made possible by the 
presence of a large number of interstitial cations. 

Another alternative, it must be noted, is that the 
cation 3d levels, which for ionic compounds lie in the 
energy gap between the filled, bonding and the empty, 
antibonding s—p states, fall sufficiently near the top of 
the energy gap, which is reduced in less ionic materials, 
so that the less stable e, states mix with the antibonding 
s—p states. Antibonding electrons can be expected™ 
both to couple the localized f2, electrons ferromagneti- 
cally and to provide metallic conductivity. A study of 
electron mobilities should be able to differentiate be- 
tween these alternative mechanisms for ferromagnetic 
coupling between the 3d‘ cations of NiAs-type com- 
pounds. 
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APPENDIX 
1. Delocalization Superexchange 


The delocalization mechanism consists of a drift of 
one electron from one cation to the other, the transfer 
integral b,; for the process varying as the square of the 
overlap of cation and anion orbitals since partial 
covalency of the anion-cation bond forces the cation d 
orbitals to spread out over the anion. The analytic ex- 
pression, which comes from second-order perturbation 


for long-range antiferromagnetic order below the higher tempera 
ture transition. Below the temperature transition the 
material is ferromagnetic. It is suggested that the high-tempera 
ture transition represents short-range antiferromagnetic coupling 
between interstitial and cation-sublattice manganese ions. The 
interstitials would then account 


lower 


for 


the reduced ferromagnetic 
moment of 3.54%8/Mn, as against 4.0uz/Mn predicted from spin 
only theory and the high-temperature Curie constant 


F. Jellinek, Acta Cryst. 10, 620 (1957). 

NiAs compounds are difficult to define experimentally because 
of the availability of the interstitial sites. Because tetrahedral 
interstices of the close-packed anion sublattice share a common 
face, they combine to form a trigonal bipyramid. Occupancy of the 
hipyramid favors ¢ 1.21 whereas close packing favors c/a~1.63 
Observed axial ratios are frequently c/a~1.4. Interstitial sites 
share a common face with the octahedral sites, so that cation 
cation separations small enough for the formation of collective 
electron bands may be achieved via interstitial cations even if this 
is not possible without the presence of interstitial cations. The e 
electrons that would be responsible for quasistatic, ferromagnetic 
coupling do not participate in the collective-electron bands 
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theory, gives a magnetic-coupling energy proportional 
to b;,?/U, where U is the energy required for the electron 
transfer. All the important contributions to the super- 
exchange show this fourth-order dependence on the 
overlap of nonorthogonal cation and anion orbitals. 
The rules for the sign of the interaction follow from 
the fact that the transfer integrals carry an electron 
without change of spin. Case 1 of Fig. 9 represents 
orbitals. Since 
the Pauli exclusion principle limits a given orbital to one 


transfer between half-filled, cation o(e,) 


electron of each spin, this means that the interacting 
electrons must be antiparallel if transfer is to take place. 
If the cation w(t2,) orbitals are also half-filled, these also 
contribute some antiferromagnetic superexchange. In 
case 2 of Fig. 9, only the z-bond interaction is present, 
and weak antiferromagnetism results. Case 3 corre- 
sponds to superexchange between an empty and a half- 
filled a(e =) 


may, compatible with the Pauli principle, have either 


orbital. In this case the transferred electron 


spin. However if the transferred electron is parallel to 
the net spin of the recipient cation, it is stabilized, 
relative to an antiparallel electron, by intra-atomic 
exchange J intra. Therefore the o-bond superexchange is 
ferromagnetic; but it is weaker than Case 1 o-bond 
superexchange by the factor J intra/U. Although anti- 
ferromagnetic 7 bonding may be simultaneously present, 
it is found experimentally that the weakened o-bond 
coupling predominates. It may therefore be considered 
of moderate relative strength. 


2. Correlation Superexchange 


The correlation mechanism takes into account the 
simultaneous partial-bond formation on either side of the 
anion. The cation spins are so coupled that the two 
anion po electrons, one of each spin, can simultaneously 
form partial-covalent bonds on opposite sides of the 
anion. The rules for the sign of the interaction follow 
immediately from the schematic diagrams of Fig. 9. Spin 


Pas e I. Predicted (3d* anion Vf interactions. 
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correlations within ¢ bonds involving empty e, orbitals 
are reduced by the factor Jintra/U’ to give the relative 
strengths indicated. 


3. Polarization Superexchange 


‘he polarization mechanism consists of an induced 
spin polarization of a doubly occupied core orbital by 
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admixture of an unoccupied atomic valence orbital. 
Keffer and Oguchi!® used nonorthogonal orbitals and 
obtained a sizeable effect since some delocalization and 
correlation superexchange were thereby included. If 
orthogonal orbitals are used throughout, the various 
polarization mechanisms’: turn out to be inconsistent 
with the form of Eq. (2), but considerably smaller than 
the correlation and delocalization superexchange.” 
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The electronic structure of the 3d band in Cr is calculated in the tight-binding approximation; the effect 
of the nearest-neighbor interaction and of the second-nearest-neighbor interaction on the energy surfaces ir 
the Brillouin zone and on the density-of-states curve g(£) is investigated. 

By means of group theory, an analysis of the electron levels and of the eigenfunctions is performed in some 
particular points of the Brillouin zones; bonding and antibonding characters are found, together with 
different space distributions, for the eigenfunctions at the bottom and at the top of the band. 

A comparison with other theoretical results suggests that the details of the chosen potential do not 


influence the general trend of the g(E 
results (particul 


power 


INTRODUCTION 


HE central problems concerning transition metals 
are the determination of energy level distribution, 
the knowledge of the related wave functions, and the 
space density of charge. The properties observed along 
the three series of transition metals, particularly the 
electronic specific heat C, and the magnetic sus« epti- 
bility x, suggest a high density of states at the Fermi 
level for most of them and the presence of some peaks in 
the density-of-states curve g(£) as a function of energy. 
a self-consistent solution of the problem 
is prohibitively hard; a number of approximations must 
be made to make the problem manageable and one can- 
not always foresee exactly how much uncertainty each 
approximation introduces. 


Theoretic ally, 


Nevertheless some results obtained so far by different 
methods'~ are satisfactory at least qualitatively and a 
preliminary calculation also, even with drastic ap- 
proximations, permitted Slater and Koster‘ to expect a 
minimum at the middle of the density-of-states curve 
for the bcc, as the low values of C, and x for Cr, Mo, and 
W suggest. 

7 Fletcher and E. P. Wohlfarth, Phil. Mag. 42, 106 


Gc 1951 
2 E. F. Belding, Phil. Mag. 4, 1145 (1959 

J. H. Wood, Phys. Rev. 117, 714 (1960 

J. ¢ 


*. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954 


curve very much; also satisfactory is a comparison with experimental 
arly concerning electronic specific heat C,, 


magnetic susceptibility x, and thermoelectric 


In this paper a calculation on the structure of the 3d 
band in Cr is made using the tight-binding approxima- 
tion. The present calculation was performed to see the 
effect of the nearest- and second-nearest-neighbor inter- 
actions on the energy surfaces in the Brillouin zone and 
on the g(£) curve, to investigate further, by comparison 
to the results of others, the influence of potential choice, 
and other comparisons of interest to both previous 
calculations and experimental results. Also, an analysis 
is given of the information that can be deduced by group 
theory about the electron levels and the eigenfunctions. 


CALCULATION OF E(k) CURVES 


A series of Bloch functions ®,,(r,k) is built up starting 
from the five f,(r) normalized functions corresponding 
to the fivefold-degenerate 3d level of a single atom: 


1 
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where k is the wave vector and R, the distance between 
the origin of coordinates and the atom in a position 
characterized by index |. Some linear combinations 
¥i(k,r) of Bloch functions, built up as 


5 


vi(r,k)= > A, ®,(t,k), 


n=l 


ete 2.3,4,5 (3) 


are assumed as wave functions for the electrons in the 
crystal. 

Mixing with the 4s states is neglected; it is most 
probably weak, as the density of states for the 4s band 
is low in the 3d band range of energy and therefore the 
weak s character introduced by this overlapping is be- 
lieved not to modify appreciably the d-band structure. 

Making use of the Ritz® variational method and the 
tight-binding approximation,® the secular equation is 
derived : 

H im( k)— E(kK)b,.m, =0, nn, m=1, 2, 3, 4, 5 


where 


Him = EO6nmtCrminm to, exp(ik: Rj) 


ai) 


x fis. (r—R)[V(r)—Vo | fn(r)drz, 


ky is the tivefold-degenerate energy of the single atom, 
Cram=S fa) LV (r)— Vo lfm(r)dr, V(r) is the crystalline 
potential, and Vo is the potential of the atom in the 
origin. The f,(r) functions have been determined by 
deducing the radial portion 
V(r) 
Coulomb-like atomic 


(r) from Slater’s atomic 
constructed with a set of 
potentials; around 


functions.’ has been 


each lattice 


point R, we have set 


1 1 
V(r) 16( = ) 
r—R, d/2 


Vir)=0 


for 


toes R, < d 3 


tor r—R,| >d/2, 


where d is the distance between nearest neighbors and 
the figure 4.6 is the effective nuclear charge obtained by 
the Slater’s rules,’ an outer electronic structure d°s 
cr. have 


being assumed for atomic In addition 


assumed 


we 


V(r)—V_=0 for r <d 


V(r)—Vo=V(r) for (|r| >d/2. 

The above secular equation has been solved for /(k) 
at a series of points in the Brillouin zone by an electronic 
TET Olivetti Bull computer using two separate ap- 
proximations. 


5c \ Coulson, Valence 
1953), 2nd ed., p. 61 
®N. F. Mott and H. Jones, The Theory of the Properties of Metals 
University Press, Oxford, England, 1958), p. 65. 
J. C. Slater, Phys. Rey. 36, 57 (1930 


Clarendon Press, Oxford, England, 


ic. 1. Brillouin zone for bee lattice 


In the first approximation only the nearest-neighbor 
interactions were considered, and in the second ap- 
proximation the effect of the second-nearest neighbors 
was added to the first solution; in all cases the three- 
center integrals have been neglected. These two ap- 
proximations will be referred to as AI and AIT, re- 
spe tively. 

The values for £(k) have been obtained along a series 
of lines TQ and QH shown in Fig. 1, where Q can vary on 
the square marked VDPE. In the cases where only the 
interactions between nearest neighbors are considered 
and the dependence of C,,,, integrals upon the index is 
neglected, the secular equation exhibits some properties 
of symmetry in pairs of points that are symmetrical 
to the square VDPE (Fig. 1). This sym- 
metry makes one expect the values of E(k) to be equal 
and opposite at these points. Some calculations have 
already been made with these approximations.' On the 
other hand, the different symmetries which f,(r) ex- 
hibits for n=1, 2, 3 and for n=4,5 suggest a certain 
dependence of C,,, upon ”, depending of course on the 
potential V(r) chosen. In the present calculation we 
have obtained Cy,;=Co2=C33~3C44= 3C55, and thus it. 
seemed convenient to find solutions for the whole 
Brillouin zone, and in particular along the lines sym- 
metrical with respect to the square VDPE. 

Figures 2-5 show, respectively, the trend of E(k) 
along the lines of peculiar symmetry TH, P.V—VH, 
P—PH for both the AI and AIT approximations while 
Fig. 5 shows it along a general line TO—QM. 

The difference in the trend of the curves AI and AII, 
not large in general, will be examined later. It can be 
seen in AI that the integrals C,,,, have affected the sym- 
metry by a larger extent than the interaction between 
the second-nearest neighbors, as it is shown by a com- 
parison of AI with AIT. It is interesting to compare the 
curves AI in Figs. 2-4 with those by Slater and Koster 
ty ig. 2 (a, b. c) of reference 4]. The integrals C,,,, not 


with respect 
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order than one, and IR’s with a greater order than one 
can exist. 

To each m-fold degenerate IR can correspond one or 
more m-fold degenerate levels due to the contact of m 
bands. If the point in the Brillouin zone under con- 
sideration is moved from higher symmetry to lower 
symmetry, a degeneracy can be partially destroyed; 
such behavior can be investigated by the compatibility 
conditions between the IR’s at such points. 

Therefore, in the k’s that have some symmetry 
properties it is possible to get some information on the d 
levels due to the type of functions shown in Eq. (3); any 
series of such functions can form the basis of what is in 
general a reducible representation (RR) of G(k). The 
characters of this representation are easily obtained, and 
by means of the well-known tables of characters of the 
IR’s of G(k) the RR can be resolved into the IR com- 
ponents. In this way information about the degeneracy 
of levels, which would have been deduced from a proper 
series of Eq. (3) type functions, can be obtained. More- 
over when the IR’s which correspond to the levels con- 
sidered are known, it is possible, by means of the 
projection operators, to take out from the functions 
chosen as bases of the RR those parts which transform 
themselves as a certain IR and to build up a set of basic 
functions for the same IR. 


Such an analysis has been carried out along the lines 


long 'H/ line. The dashed and the 
the results obtained in the Al 


only have caused a destruction of the symmetry but 
have also given rise to lower values of E(k) in general 
the origin of the scale of energies is the same in both 
calculations) and have removed some degeneracy for 


example, the fivefold degeneracy in P is separated into a 





twofold and threefold degen racy 


GROUP-THEORETICAL ANALYSIS OF THE 
ELECTRON ENERGY LEVELS AND 
CRYSTAL WAVE FUNCTIONS 


There exist well-established methods for obtaining 
some information about the properties of electron 
energy levels and crystal wave functions from group 
theory.* For each k value, the energy levels can be 
related to the irreducible r pres¢ ntations (IR’s of the 
G(k group of the wave vector; the wave functions in 
the crystal are the bases of such IR. For a general h 
vector the only operation that transforms k in itself is 
the identity, which means that each crystal eigenstate 
is nondegenerate for that k (omitting the spin de- 
generacy and the possibility of an accidental one); if k 
has a particular symmetry, G(k) can have a greater -025 





See for instance: L. Bouckaert, R. Smoluchowski, and E Fic. 3. Energy bands alon 
Wigner, Phys Rev. 50, 58 (1936); G. F. Koster, Technical Report orresponds to k, =7/a. The dash 
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of the particular symmetries A, A, F, 2, G (Fig. 1) in the 
Brillouin zone of the bec lattice, assuming as bases of 
the RR the set of functions y,,=®,. 

Figure 6 gives the IR’s at the various points of the 
Brillouin zone, together wlth the relations derived ac- 
cording to the compatibility conditions at the points of 
different symmetry. (The symbols are the same as 
those used by Koster. Conversion of Bouckaert, Smolu- 
chowsky, and Wigner notation’ can be made by inter- 
changing the labels 23 and Y4, and the labels .V3 and .\.) 
The arrangement in this figure is merely formal and 
there is no connection with the actual order of the levels 
on the energy scale; in particular, the apparent crossings 
between the two A; IR’s and two 2; IR’s are made 
simply to avoid the crossings between the corresponding 
energy levels. Even if the complete solution of the secu- 
lar equation is not known, it is easy to verify that the 
order of the levels Py. and I's; is reversed at the points 
I’ and H- hence, for example, in order to avoid the 
crossing along the lines A and F of two levels A; of the 
same symmetry, it is necessary that in passing from I 
to H there is an interchange of the two A; IR’s. 

The behavior of the calculated 2, levels in Fig. 3 and 
A; in Fig. 4 agrees with the above observations. In 
general, a proper arrangement of the degeneracies of the 
levels at the points and lines considered can be noticed 
in the curves AIT in Figs. 2-4. 





Fic. 4. Energy bands along 'P and PH lines. The point / 
corresponds to k,=2/a. The dashed and the solid curves represent, 
respectively, the results obtained in the AI and in the AIT ap 
proximation 
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Fic. 5. Energy bands along 'Q and Q// lines. The point Q 
corresponds to k, =2/a. The dashed and the solid curves represent, 
respectively, the results obtained in the AI and in the AIT ap 
proximation 


The analysis of the eigenfunctions by means of the 
projection operators gives the results shown in Table I. 

Some difficulty was encountered for those k’s in which 
the same IR appeared more than once, for in this case 
more than one functions of the same symmetry are 
obtained, a proper combination of which cannot be 
treated solely by group theory. This happens along the 
lines © and G for the two representations 2), and along 
the lines A and F for the representations A;; in these 
cases the orthogonal combinations whose eigenvalues 
equal or very nearly equal to the E(k 
calculated above were chosen. 


are values 

The knowledge of the eigenfunctions of Table I, even 
if it does not give complete information for all the 
Brillouin zone, reveals some interesting properties of the 
wave functions. In particular it may be noted that the 
3d band does not split into two parts corresponding to 
functions of different symmetry, as suggested by Mott 
and Stevens”; this is mainly due to the inversion in the 
order of Tr; and ‘4 5 levels al the points r and H. It is 
also easy to see from the shape of the E(k) solutions in 
such points that this is not due to the particular po- 
tential chosen but would be obtained from any reason- 
able potential. 

Another feature of the wave functions that can be 
pointed out, taking into consideration the functions in 
Table I, is the different space distribution between the 
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functions at the top of the 


Independently of their symmetry, the 
widely expanded in the cell 
related to higher are 
y contracted near the atoms. In the former the 


bottom are 


+} 


10se energies charac- 


teristicall) 
contributi ms toy 


due to the functions centered on the 


nearest-neighbor atoms are additive, while in the latter 


they cancel one another. It can be said that, starting 


yttom towards the top of the band, there is a 


from the b 
gradual passage from bonding to antibonding states. 
those found 


These results are qualitatively similar to 


in iron with different 
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t is in agreement also with the conclusions of a more 
litative analysis made by G. Gousseland and G. Leman 
ium (to be published) ] about the snatial electron 
n the tight-binding approximation 


is deduced 1 
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could eventually help to explain recent measurements 
on Cr and Fe.* In comparing the curves AI and AII in 
Figs. 2-4, an analogous relation can be noted between 
energy and the nature of the wave functions, in the 
sense that the energy levels regularly become lower or 
higher according to whether the corresponding functions 
have a bonding and antibonding character with respect 
to the next-nearest neighbor. 


DENSITY-OF-STATES CURVE 


The behavior of the density of states as a function of 
energy was obtained by graphic integration on the 
surfaces of constant energy in the Brillouin zone. The 
results from the two approximations AI and AII are 
shown in Figs. 7(a) and (b). The two curves show es- 
sentially similar behavior; the shape is analogous to 
that of the curve of Slater and Koster (Fig. 3 of refer- 
ence +) with the two peaks separated by a minimum. In 
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Fic. 7. Density-of-states curves ; approximation, 
b) AIT approximation. Open circles: g(r) deduced from experi- 
mental values of C,; solid points Er) deduced from experi- 
mental values of x. 

13 W. Hume-Rothery, P. J. Brown, J. B. Forsyth, and W. H 
Taylor, Phil. Mag. 3, 1466 (1958); R. D. Deslattes, Phys. Rev 
119, 1471 (1958); B. W. Batterman, Phys. Rev. Letters 2, 47 

1959); B. W. Batterman, Phys. Rev. 115, 81 (1959); B. W 
Batterman, D. R. Chipman, and J. J. De Marco, Phys. Rev. 122, 
68 (1961 
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our case, however, the fact that the integrals C,,,, in the 
secular equation were taken into account has already 
resulted in a difference in the shape of the two peaks in 
curve AI as a direct consequence of the lack of sym- 
metry in £(k) curves mentioned earlier. 

Moreover, the consideration of the interaction be- 
tween the next-nearest neighbors leads to a narrower 
band, closer peaks, and a lower average energy, but no 
change in the general trend of the curve. 

Furthermore, the shape of the curves does not seem to 
depend much on the hypothesis about the assumed 
f(r) functions and potential; this is also suggested by 
a comparison with the results of a similar calculation on 
iron by Belding,? who also used the tight-binding 
method but started with the self-consistent atomic 
functions of Léwdin and Appel.“ The g(£) curve ob- 
tained by Belding shows a trend in agreement with the 
present results, particularly in regard to the width of the 
band which is of the same magnitude (about 4 ev) and 
in the existence of a higher peak at the top of the band. 
However, in passing from curves AI to AII, the long 
tail at low energies found by Belding does not appear. 
This indicates that this tail is an effect of the particular 
potential rather than of the interaction of the next- 
nearest neighbors as was suggested.” 

Some information on the band structure can be ob- 
tained from experimental measurements. The density of 
the Fermi level can be deduced from the 
specific heat and the electronic magnetic 
susceptibility, and the derivative of g(E) can be ob- 
tained from the thermoelectric power. Figure 7(b 
shows also the density of states deduced from the experi- 
mental values of!® y and'® y through the classical rela- 
tions of the band theory": 


States al 
electronic 


y=C,/T=}Kn’g(Ep), 

where C,= electronic specific heat for atom, K = Boltz- 
mann’s constant, and g(-r)= density of states for atom 
at the Fermi level, and 


x= 2p? g | Er - 


where x= atomic susceptibility and 1.= Bohr magneton. 

In Fig. 7(b) the values deduced from x are more or 
less proportional to those deduced from C,, although 
they are somewhat larger. This difference is very proba- 


bly due to the exchange interaction, as suggested by 
Mott,'* and later demonstrated by Pines’ in the 


4 P. Lowdin and K. Appel, Phys. Rev. 193, 1746 (1956 

‘6 R. Blaupain, Bull. Royale des Sciences de Litge, No. 4, 165 
and 182 (1957) 

6 Values selected by C. J. Kriessman and H. B. Callen, Phys 
Rev. 94, 837 (1954). 

'7 N. F. Mott and H. Jones, reference 6, p. 179 and p. 185 

18 N. F. Mott and H. Jones, reference 6, p. 189. 

DP. Pines, Solid-State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, pp 
368-450 
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Atomic number along the three series 

Fic. 8. Comparison between the experimental 

thermoelectric power solid poit ts) and those 


of Fig. 7(b) (open circles). 


values of the 
deduced from curve 


hypothesis of the free electrons and by Stoner” for the 
transition metals. 

A comparison with the experimental behavior along 
the whole range of the transition metals seems more 
reasonable than a comparison with one element only. 
For this reason, the values deduced for the other bec 
metals of the three 7(b) in 
addition to those deduced for Cr, with the assumption 
that the g(£) curves are substantially similar for metals 
of equal structure. This assumption does not seem un- 


series are shown in Fig. 


reasonable in view of the small dependence of g(Z) on 
the type of potential mentioned earlier, and of the works 
of Bassani ef al.?! which emphasized the large influence 
of the lattice structure on the £(k) curves. 

In the absence of more exact information, some 
hypothesis had to be made about the position of Er in 
the band for the various metals of the three series. The 
number of electrons occupying the band was assumed to 
vary linearly from 1 to 9.4 
from Sc, Y, La, 
therefore 


electrons/atom in passing 


respectively, to Ni, Pd, Pt. This gives 


4 electrons/atom for V, Nb, Ta; 
.6 electrons/atom for Cr, Mo, W;* 
5.8 electrons/atom for Mn; 
7 electrons/atom for Fe. 


The agreement between the theoretical curve and the 


} 


points deduced from experimental data is satisfactory. 
With the exception of Fe, which is ferromagnetic, a 
correct order of magnitude 
the values deduced from C, 


correct behavior along the three series both with respect 


was found with respect to 


for all other metals, and a 


2 FE. C. Stoner, Rept. Progr. Phys 11, 43 1948), see also J 
Friedel, Commissariat 4 l’Energie Atomique Report, CEA-766, 
1958 (unpublished). 

1 F, Bassani, Phys. Chem. Solids 8, 375 
V. Celli, Nuovo cimento 11, 805 (1959 

2 With this assumption the number of d electrons per atom in 
the case of Cr results a little smaller (4.6 instead of 5) than the one 
issumed to determine the effective nuclear charge 
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to the values deduced from C, and to those deduced 
from Xx. 

Recent experimental measurements” of electronic 
specific heat for V—Cr, Cr—Fe, and Fe—Co alloys have 
allowed to deduce the upper part of the density-of- 
states curve for the 3d band relative to bcc lattices 

Fig. 15 of reference 23). 

It is interesting to make a comparison between this 
curve and the one in Fig. 7b. Both curves show a peak 
comparable in height and width; in the experimental 
one, however, the peak is found at lower energy. For a 
discussion of the experimental results from which the 
curve in Fig. 15 of reference 23 has been deduced, we 
refer to the above-quoted paper. 

Figure 8 shows a comparison between the experi- 
mental values of the thermoelectric power™ and those 
deduced® from curve of Fig. 7(b). With the exception 
of the very high experimental value for Cr, a satisfactory 
agreement is obtained both with respect to sign as well 
as to the absolute value 


DISCUSSION OF APPROXIMATIONS USED 


The above calculations employ several hypotheses 
and approximations which allow 
readily some information about the electron energy 
levels, eigenfunctions, and density of states. 

Besides the usual hypotheses typical of the band 
theory and the tight-binding approximation, some other 
simplifications have been introduced. The more im- 


one to obtain more 


portant ones are summarized below: 

(1) The 
a spherically symmetrical potential in the neigh- 
borhood of each atom 


method of solution is not a self-consistent 
one; 
has been assumed a priori, and 
moreover the same potential has been assumed for all 


the states. 


2) Mixing with the 4s states has been neglected. 
3) The 3d eigenfunctions were not orthogonalized to 


the eigenfunctions of the core states. 
It has already been remarked that it is difficult to 


3 C._H. Cheng, C. T. Wei, and P 
1960 
*G. Borelius, Han 
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\ Beck, Phys Rev 120 $26 


ysik 1, 181 


1 | 1934 
Mott ar Jones, ref rn. 310 


AND jf I 


RIEDEI 


estimate how much these approximations influence the 
results. This influence can be estimated by comparison 
with other theoretical results, and with some experi- 
mental data, and by the analysis with group theory, the 
qualitative results of which, since they depend strictly 
upon the crystal structure and on the properties of 
symmetry, are less influenced by other peculiarities (the 
potential or the method of solution 

It seems apparent that C,,, integrals are not negligible 
because of their importance in determining the curves 
E(k) and g(£); 
depend upon the potential chosen, for example, upon 
whether or not it is spherically symmetrical in the 
neighborhood of the atom. This may have some influ- 


but the magnitude of this effect can 


ence on the relative trend of the E(k) curves corre- 
sponding to AI and 
eral in this calculation a similar 
trend; the greatest difference is, of the 
electron states whose eigenfunctions are built up mainly 


AIT approximations. In gen- 
PI 


these curves show 


course, for 


with ®, and ®; functions. The eigenfunctions shown in 
Table I could be used to evaluate the effect on /(k) of 
the interaction between next-nearest neighbors which 
would be obtained if a different potential were used. 

Some of the conclusions in this paper seem to be more 
valid in general and less dependent upon the funda- 
mental hypotheses and the approximations used in these 
calculations than those previously discussed 

The different spatial distribution of the eigenfunctions 
relative to the bottom and to the top of the band and 
their bonding and antibonding character, respectively, 
seem well established results 
obtained by Wood and Stern, previously mentioned. 
effect 
curve and can perhaps 


and supported by the 


The potential chosen seems to have ve ry little 
on the general trend of the g(E 
have a greater influence on the details of the shape and 


width of the curve. 
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rhe pressure dependence of the electrical conductivity of n-type germanium has been measured to pres 
sures of 30000 kg/cm? at temperatures between 273° and 350°K. A satisfactory explanation of the results 
requires the existence of two different types of minima in the conduction band, separated by between 0.15 
and 0.21 ev at 350°K with the lower range of values slightly preferred. The higher ene rgy minima lie in the 
[100] direction in reciprocal space, and are similar in properties to the lowest set of minima in silicon. The 
changes in position of the two minima with pressure are determined. For the minima that are lowest at 
atmospheric pressure, d( 1211; —E,)/dP = (4.9 +0).5) X10°* ev/kg-cm™, and for the [100] set, d(/,00—E,) 
dP = (0_»*!) X 10-6 ev/kg-cm ®. The change in average electron mobility with pressure is explained in terms 
of a sharing of electrons between states in the two sets of minima, and an additional relaxation process that 
scatters carriers from one type of minimum into the other. The effect of pressure on the effective masses, 


the elastic constants, and the deformation potential is briefly considered 


I. INTRODUCTION Since the 


N a semiconductor the transport properties are 

normally governed by a small number of current 
carriers at the top of the valence band or at the bottom 
of the conduction band. Each band edge is located at a 
set of symmetrically equivalent regions in reduced 
momentum or k space. The possibility exists that a 
different set of equivalent regions in k space from the 
same or a different energy band will have energy states 
or extrema close enough in energy to the band edges 
so that enough carriers occupy them to give a sig- 
nificant contribution to the transport properties. 

Furthermore, it is possible that the probability for 
scattering current between the two non- 
equivalent sets of extrema will be comparable with 
the probability of scattering in each extremum itself. 
We shall call this process interband scattering. Inter 


carriers 


band scattering becomes particularly interesting when, 
by varying some parameter of the semiconductor, it is 
possible to shift the band edge from one set of regions 
in k space to another. It is the purpose of this paper to 
examine the problem of interband scattering, and to 
show that the behavior under hydrostatic pressure of 
n-type germanium is explained by 
mechanism. 


well such a 

We begin our discussion by reviewing brietly the 
effects of high pressure on the properties of germanium, 
and then looking qualitatively at these effects with a 
two-band theory in mind. 

Bridgman! found a marked difference between the 
behavior of the electrical conductivity of p- and n-type 
germanium as a function of pressure. The conductivity 
of the former increases by about 6% in 30 000 kg ‘cm’, 
while that of the latter shows a gradual decrease until 
about 15 000 kg ‘cm’, when the rate of decrease becomes 
much greater. The conductivity at 30000 kg/cm? is 
about one-fourth of the value at atmospheric pressure. 
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germanium used in these experiments was 
in the extrinsic range, that is, the number of current 
carriers was independent of temperature, these changes 
in conductivity were presumed to be caused by a 
variation of the mobility of the current carriers. A 
typical plot of conductivity or mobility as a function 
of pressure for n-type germanium (4 ohm-cm) is shown 
in Fig. 1. 

Bridgman? extended the conductivity measurements 
to 100 000 kg cm?. These data show a sharp minimum 
at about 50 000 kg cm? in n-type material. The experi- 
ment was complicated by the fact that pressure could 
not be transmitted 


hydrostatically. Nevertheless, 





30 x 103 kg/cm? 


maductance, nor! 


ilized to its atmospheric value, vs 
anium at 295°K 


pressure for n-type gern 


Arts Sci. 81, 221 


1952). 
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measurements on a number of samples indicated that 
the minimum is, very probably, a genuine hydrostatic 
pressure effect. 

Measurement of the change of the forbidden energy 
gap with pressure shows it to be increasing with in- 
creasing pressure. The deduction is made from a number 
of measurements, namely, the change in resistance of a 
p-n junction,’ the shift of the optical absorption edge,* 
and the change in intrinsic conductivity at elevated 
temperatures.” 

Let us discuss this last method. The conductivity of 


a semiconduc 


tor is given® by 
o=Neunt peu,, (1) 


the electronic charge, m is the density of 
conduction band, p is the density of 
- valence band, and yw, and yu, are the mo- 
respectively. In an 

The intrinsic con- 


whe re é€ 18 

electrons in the 
ie 

holes i 

and electrons, 


onductor n= p=n,. 


io a 
holes 


in be shown to be’ 


{ exp(—E¢/2kT), (2) 


1 


effective masses of the 
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electrons and holes at the band extrema and the absolute 
temperature 7, Eg is the forbidden energy gap, and k 
is Boltzmann’s constant. It is seen from Eqs. (1) and 
(2) that, by applying the appropriate mobility cor- 
rections, the energy gap may be obtained as a function 
of pressure. Paul and Brooks* measured the conduc- 
tivity of intrinsic germanium to 30000 kg/cm® at 
349°K. They took into account the variation of the 
mobilities with pressure by using Bridgman’s® results 
on impure samples at room temperature. The validity 
of this procedure will be discussed later. The results 
which they obtained for Fg are shown in Fig. 2. At 
low pressures the rate of change of energy gap with 
pressure is 


(dE¢/dP)=5X10 


6 ev/kg-cm™~. 


Near 30000 kg/cm’, the apparent d/¢/dP is about 
one-half this value. This degree of nonlinearity in the 
pressure shift is difficult to understand with a simple 
“one-band” model. 

We assume that in addition to the set of minima 
(k,) in the conduction band which determines the 
energy gap at atmospheric pressure, there is a second 
set of minima (k.) which becomes important at high 
pressures. This will occur if the set (k;) is moving away 
from the valence band with increasing pressure, and 
the set (ke) is approximately stationary relative to the 
valence band edge. The initial linear increase in Fg is 
explained by the motion of the (k,) energy states away 
from the valence band. The bending over at high 
pressures is explained by the (k2) minima becoming 
important. The mobility variation is explained quali- 
tatively if it is assumed that electrons in the vicinity 
of the (ky) minima have a lower mobility than electrons 
in the vicinity of the (k,) minima, and if the two sets 
of minima have approximately the same energy for a 
pressure between 30000 kg/cm? and 40000 kg/cm’. 
Furthermore, to for maximum in the 
resistance observed by Bridgman, it is necessary to 
assume that the mobility is further reduced by scat- 
when this is 


account the 


tering between the two sets of minima 
compatible with energy conservation. Then it is seen 
that the initial change in mobility of #-type material 
is caused by the increasing importance of the states 
(k,). As the pressure is further increased the states 
(k;) move away from the valence band, and the mo- 
bility becomes characteristic of the states (k2). In the 
range of pressure where both sets of states are important 
the conductivity goes through its minimum, and there 
is a great deal of interband scattering. 

Thus, the effects of high pressure on n-type and 
intrinsic germanium are qualitatively explained by the 
assumption of a twofold conduction band. We can 
identify the two sets of regions in k space which we 
have been discussing. Figure 3 shows the band structure 
1128 (1954 
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Band structure of germanium near 300°K 


of germanium as suggested by Herman” and the cyclo- 
tron resonance experiments of the Lincoln! and 
Berkeley” groups. Energy is plotted as a function of 
k for two directions in the first Brillouin zone. The 
energy differences listed were the accepted values at 
the time of the Rochester Semiconductor Conference 
in 1958.5 The maximum of energy in the valence band 
is at the k= [000] position. The regions of minimum 
energy in the conduction band, which we have been 
calling (k,) are along the [111] directions in k space. 

Where are the (k.) states? The states centered 
around k=[(000] are excluded because measurement 
of the shift with pressure of the onset of optical ab- 
sorption due to transitions between the [000] position 
in the valence and conduction bands shows that these 
states move away from the valence band with increasing 
pressure at a rate two or three times that of the minima 
in the [111 ] direction." On the other hand, the minima 
in the [100] direction at ~0.18 ev above those in the 
[111] direction are a reasonable choice to explain the 
experimental data. 

The basis for placing these minima at this energy is 
as follows: The lowest energy states in the conduction 
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band in silicon are in the [100] direction. Johnson and 
Christian'® measured the intrinsic optical absorption 
edge as a function of composition for silicon-germanium 
alloys. The results of their determination are shown in 
Fig. 4. We note that the variation of the energy gap is 
not a linear function of the composition, but is com- 
posed of two linear portions with a break at about 15 
mol percent germanium. In interpreting 
these results, Herman” assumes that the linear portion 
of the curve between 0 and 15 mol percent silicon is 
caused by a linear change of the energy of the [111 ] 
minima with composition. The linear portion between 
15 and 100 mol percent silicon is caused by a linear 
variation of the energy of the [100] minima with 
composition. The break at about 15‘ 
two bands crossing. In subsequent work,!' 


silicon in 


is caused by the 
it was shown 
that the variation was inadequately represented by two 
straight lines, although the curve relating the (arbi- 
trarily determined) optical energy gap and composition 
could still be divided into two parts. The later relation 
makes it harder to extrapolate the position of minima 
to concentrations where they are not directly meas- 
urable, but has no effect on the validity of establishing 
the ‘ype of minimum appropriate for our experiments 
by this sort of extrapolation. 

The identification of the minima was later confirmed 
by magnetoresistance measurements on the alloys." 
The position of the [100 
estimated by extrapolating the upper portion of the 
curve of energy gap versus composition to zero percent 
silicon content. An estimate of 0.22 ev is obtained for 
the separation of the [111] and [100] minima, Aé."* 

It was suggested independently by Brooks and Paul!* 


minima in germanium is 
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Normalized conductance 
sample containing approximately 8° 


after Bridgman and Paul*® 


vs pressure at room tempera 
silicon in ger 


and by Herman" that it is the [100] minima which 
become important at high pressures in germanium. 
The energy gap in silicon decreases as a function of 
pressure at a rate of approximately 1.5X10~® ev/kg- 
cm~. This is deduced from measurement of the change 
of conductivity of intrinsi elevated tem- 
peratures’ and the pressure shift of the optical ab- 
sorption edge.*” Hence, it seems not unreasonable that 
the [100] minima remain approximately stationary 
relative to the valence band in germanium. 

two sets of minima are 


silicon at 


If this picture is correct, the 
closer in energy in a germanium-silicon alloy, between 
0 and 15% silicon concentration, in pure ger- 
manium. Thus, an alloy in this range should behave at 
pressure like pure germanium at 
If the conductivity of an n-type 


than 
atmospheric an 


elevated pressure. 


sample of say 8% silicon in germanium is measured, a 


minimum in 
lower pressure than Bridgman observed in his 100 000 


the conductivity should be found at much 


kg/cm? determination and should thus be accessible to 
measurement in a pressure range where purely hydro- 
static pressures are attainable. This supposition has 
been confirmed by Bridgman and Paul* whose un- 
published measurements is reproduced in Fig. 5 by 
kind permission of the authors. 

In view of these results, we shall assume that the 
two sets of minima which are important in germanium 
are along the [111] and the [100 ] directions in k space. 

In Sec. II, we present an approximate theory of the 
conductivity of a semiconductor with two conduction 
bands. The apparent energy gap obtained from meas- 
urement of intrinsic conductivity will also be predicted. 

*W. Paul and G. L. Pearson, Phys. Rev. 98, 1755 (1955 

20 W. Paul and D. M. Warschauer, J. Phys. Chem. Solids 5, 102 

1958 
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Section III contains experimental results on the con 
ductivity of n-type germanium as a function of pres- 
sure over a range of temperature. Section IV presents 
the fit of the theory in Sec. II with the data of Sec. ITI 
and other data. 


II. INTERBAND SCATTERING THEORY 


We designate all those quantities which refer to 
properties of the [111] minima by a subscript (g) and 
those which refer to properties of the [100] minima by 
a subscript (s). Our immediate purpose is to calculate 
the electrical conductivity which we may write as 


> 


T= CN py tN. Pp), (9) 


where ”,= the density of electrons in the x-conduction 
band, (the subscript x will be used as a general sub- 
script for quantities referring to more than one band), 
p=the density of holes in th band, and 
ur=the mobility of the carriers in the x band. We 
assume that Boltzmann statistics hold, i.e., (A.— Fy 

kT>1, where Fy is the Fermi energy and £, is the 


energy of the band edge. It follows that 


valence 


‘WC, exp(Er—FE,)/kT, 
exp(Er—E,—Al 

p=CC, exp(h,— Er) /kT, 
where /,= the energy of the g conduction band edge, 
I the of the AE= the 
energy separation between the two conduction band 
2(2rkT h)}, ( 


the density of states effective mass for 


energy valence band edge, 


edges, C 
Maz V2, 
the x band, v-=the number of extrema in the 
and /#= Planck’s constant. 
In writing the third part of Eq. (3 
existence of more than one kind of hole. 


a de nsity -of-states factor 
mi 


vr band, 


ignored the 
This, howe er. 


We 


makes no difference to any of the arguments that follow. 
For an n-type crystal (p<n the 
perature range it can easily be shown that 


in extrinsic tem- 


Vp—\ 


N+ 


where .Vp= the density of donor impurities and .V 4= the 
density of acceptor impurities. 

Thus, we see that measurement of the conductivity 
of an n-type sample of germanium as a function of 
pressure will yield the pressure variation of the effective 


electron mobility 
Leff ) l Y (6 


The quantities n, 
(4) and (5) 


and m, can be obtained from Eqs. 
(C,/C,) exp(—AE/k7 

) exp(—AE/RT) 
)exp(AE/k7 


y 


= no/[1+(C,/¢ 


we are actually measuring a change in the 
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average mobility has been verified by Smith.” He 
showed experimentally that the variation with pressure 
of the conductivity and drift mobility in germanium 
are the same. 

Using Eq. (4) we may write 


n?=np=CPFC,C, exp(— Ea@,/kT) 
[1+ (C./C,) exp(—AE/RT)], 
| es —2kT \n(n;)= —kT In(CPC,C,)+ Ee, 
—kT \nf1+(C,/C,) exp(—AE/kT 


where 


In an intrinsic crystal 


By dividing out the mobility as a function of pressure, 
we can from measurement of the conductivity of 
intrinsic material as a function of pressure obtain the 
variation of gr with pressure, assuming that th¢ 
effective independent of pressure. In 
practice it is necessary to correct the conductivity for 
the density of impurity derived electrons, 29, which 
can be determined by measuring the conductivity at 
low temperatures. The quantity m; is determined from 


Masses are 


\o/¢€)— p)s (9 


L 


which is obtained from Eq. (1), the charge balanc 
equation, n— p=, and n?2= inp. 

If we assume that the band edges all move linearly 
with pressure and that the low pressure increase of 
Fae is due entirely to the change of Fe,, 
(C,/C,) exp(—AE/kT) as a function of pressure. 

In order to calculate the mobilities of the electrons 
in the two bands we make the following assumptions: 


we obtain 


(1) The scattering time 7 is a function of energy, 
but not of direction in k space. The results of magneto- 
resistance measurements on #-type germanium” indi- 
cate that this is the case for intravalley acoustic mode 
scattering. For interband scattering, if the range of k 
values over an ellipsoid of constant energy, to or from 


\. C. Smith, Gordon McKay Laboratory, Harvard Uni 
versity, Technical Report HP-2, 1958 (unpublished 

Magnetoresistance measurements give A=K,,/A,, 
K,,, is the ratio of the two principal components of the effective 
mass tensor for electrons in a [111] minimum and K, is the ratio 
of the electron s« attering probabilities in the corresponding 
directions. C. Goldberg, Phys. Rev. 109, 331 (1958) finds A at 
room temperature close to the cyclotron resonance value for A 
at 4°K, as do R. M. Broudy and J. D. Venables, Phys. Rev. 105, 
1757 (1957). On the other hand, C. Herring, T. H. Geballe, and 
J. E. Kunzler, Bell System Tech. J. 38,657 (1959) find AK at room 
temperature some 15°, below A, at 4°K. Recent precise measure 
ments of magnetoconductivity by Howard (unpublished) at 
Harvard University, support the conclusion that, provided lattice 
scattering is dominant, the A for room temperature and below is 
very close to A, determined at 4°K, which implies that it is rather 
probable that A,, is relatively constant with temperature and 
A 1 for lattice scattering dominant 


where 
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which there is scattering, is small compared to the k 
vector of the phonon between the centers of the two 
minima, then the probability of scattering will be 
independent of the position of the final state in each 
valley. Under these conditions it can be shown that 7 
is independent of the direction of k.*‘ Herring has 
discussed this case in connection with intervalley 
scattering, where the conditions are quite well fulfilled. 
For interband scattering, the reasoning for intervalley 
scattering applies when A=A//k7T'<1, and therefore 
all points on the ellipsoids between which interband 
scattering can occur with the emission or absorption of 
phonons are well separated in k space. However, as A 
becomes large the ellipsoids which contribute to inter- 
band scattering become larger. The maximum range of 
the electronic k vectors in the (111) valleys in ger- 
manium at an energy AF above the band edge is given 
by the relation 
AE= h?(Ak)?/2m 
Ak= |k—k 


where h=h 2x, k,= the center position of the minima 
(assumed to be on the zone boundary) and my, is the 
longitudinal effective mass in the [111] minima. For 
AK=0.15 ev, Ak=2.4X10% cm™'. The value of k at 
the boundary=10° cm-!. We take the [100] minima 
0.8 of the distance to the zone boundary which is their 
The absolute magnitude of the k 
, between the 


position in silicon.’ 
vector, k 
minima is 


: w/a 
k Ta 


centers of the two types of 


1.1.0.6 


~8.5X 107 cm 
Therefore, the condition is approximately fulfilled, 


Ak k 


St} S- 


2) We assume that the effective mass is constant 
from the band edge up to an energy greater than AL. 
We may not be justified in making this assumption in 
view of the work of Bowers*® and Cardona e/ al.27 The 
former finds little dependence of the mass on energy, 
while the latter workers find quite a considerable 
increase of the mass with energy. We shall regard the 
question as open, but shall not include any variation 
explicitly in our theory. 

This assumption will actually affect our fit of theory 
The 
buried in_ the 


to experiment very little. effect on the electron 


statistics will be phenomenological 
The effect 


on the'mobility of carriers in the g band will be pressure 


constants used to describe state densities. 


independent, if we assume the mass to be independent 


of pressure, and further assume that the nonparabolic 


regions of the s band are inaccessible in our range of 
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pressure ; this assumption is probably very well justified. 
Mass variation with energy in the g band affects the 
interband scattering probability for electrons in the s 
band for high values of AF, but at pressures high enough 
that there is appreciable conductivity in the s band, the 
departure from parabolicity of the g band is negligible. 

(3) We neglect all forms of scattering except intra- 
valley acoustic mode scattering and interband scat- 
tering. This is tantamount to neglecting the deviation 
of the temperature dependence of the mobility from a 
T-'* law, or to assuming that it is caused by explicit 
variations of parameters in the intravalley scattering 
mobility. However, it is not finally established what 
causes the deviation. Involved may be a temperature 
dependence of the effective mass***’ or deformation 
potential? or a contribution from optical mode scat- 
tering.*® Since the deviation is small (closer® to 7"), 
we have not considered any other scattering mechanisms 
in the theory. 

(4) The energy of the interacting phonons is neg- 
lected. The lowest energy branch of the phonon 
spectrum is the transverse acoustic one*; from Brock- 
house and Iyengar’s data* for the [100] and [111] 
directions, the phonon energy appears to be=0.009 ev, 


so that at room temperature this mode is almost 


classically excited. If the energy of more energetic 
vibration modes is comparable with kT, the mode is 
appreciably excited, but it appears that the contri- 


butions of these modes may be lumped in with the 
classically excited ones, and the total contribution 
described by a phenomenological constant (the constant 
B defined below). Thi 
which occurs in free carrier absorption, where the very 
large contribution of optical modes does not affect the 
temperature and wavelength dependence of the ab- 
sorption even although the phonon energy is com- 
parable with k&7. In qualitative fashion, the low 
excitation of the most energetic modes compensates 


s situation is analogous to that 


the errors committed through neglect of their energy 
in the transition. We have not worked out so far a 
detailed theory which includes the phonon energies, 
but it is anticipated that neglect of these energies will 
involve only small uncertainties of the energy separation 
of the conduction bands and other parameters in the 
theory. 

(5) No other minima in k space besides those along 


[A,(2K,+1)(K,+4 


L 
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the [100] and [111 ] directions contain enough electrons 
to contribute appreciably to the conductivity. The only 
known possibility for appreciable conductivity is the 
[000] minimum. As we argued earlier, the contribution 
of this minimum at atmospheric pressure is negligible 
because of its energy separation from the [111] minima 
and its low mass, and this contribution becomes even 
less important with increasing pressure. 

Using these assumptions we can write 


1/7,(E)=A,Cy'F!+B,C,'(E-AE)'v,, E>Al 
A,C,'E}, E<Al 
1/7.(E)=A,C,/ (E-AE)}+B,C,'1 


(10) 


for AF>0. (If AE <0, interchange subscripts g and s 
throughout.) In Eq. (10), #, is taken as the zero of 
energy. Az=intravalley scattering element 
squared X (27)*/h, B,= interband 
element squared X (27)? Go 
factor=mz_,'m,,492!/h*®, m,,=long 


matrix 
scattering matrix 
a density of states 
itudinal mass in a 
valley, m;::= transverse mass in x valley, and y,=num- 
ber of equivalent x valleys. From the principle of de- 
tailed balance we find B,= B,=B. 

We can calculate the transport properties in terms 
of the scattering times.” The mobility in each band is 


ay =e(r,(E)){ (1/mig)+ (2/mz,) |/3, 


é (11) 
us=e(r.(E))I ( 11s) EY 
where 


Calculation™ of the Hall effect and magnetoresistance 


for n-type material, which involves n=2 and 3 in Eq. 
(12) is a straightforward extension of the treatment for 


one set of minima. The Hall constant is 


Ru=—e{{ (Ko+2)Kyn,(77)/ 3m 
+[(K,+2)K.n,(7 3m Y/co*, (13 


where K,=mz/m:z, ¢ is the velocity of light, and o is 
the conductivity given in Eq. (3) with p=0. The 
longitudinal and transverse magnetoresistance co 
efficients for the current in the [100] direction are 


E100 2K ,(K,—1)*n, T 27( Rive oMi,)”, (14 


3mig® |\+LA(Ke+AK,4+1)nd7 


9(Ryec)*o* 


where ¢ 

ductivity with the magnetic field applied to the sample. 
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PasBce I. The values for the analytic approximation to the scattering times. All values are A\>0. erf (x) = (2/m#) {U7 exp(—1)du. 


Ty"(A))/(T9"( 2} 
1—{(S(A+1)/(14+.S)]—[S4/2(1+5S)?]} exp 

~A)+{[1—erf(A})4 
+5) 


erf (A+)— (2/7)A} exp 


) 
2A 1 —erf(A})]/(1 


1—[1—1/(1+S)* Jexp(—A) 


superscript is used for the longitudinal coefficient. It is 
much easier to treat magnetoconductance* theoretically 
than magnetoresistance. Pressure measurements on 
magnetoconductance will be reported elsewhere.*° 

The integrals for the average scattering time in Eq. 
(13) cannot be evaluated analytically. However, we 
have made analytical approximations to the integrals. 
The results for m=1, 2 and 3 and A=AE/kT>0 are 
shown in Table I. The quantities S= BC,’v,/ AgC,’ and 
S’=BC,'v,/A.C,’ are parameters which give _ the 
strength of interband scattering relative to the strength 
of intravalley scattering. The values for A<O are 
given by 


ry"(—A, S))=(7,"(A,S") (16 


for all A. The method of obtaining the analytic approxi- 
mation and its validity are discussed in the Appendix. 


III. EXPERIMENTAL 


Measurements of conductivity as a function of pres- 
sure, to a maximum pressure of 30 000 kg/cm? at room 
temperature and 349°K, were made in apparatus of the 
type described by Bridgman.** The technique used has 
been discussed in detail elsewhere.* Another apparatus 
capable of a maximum pressure of 18 000 kg/cm?® was 
used to measure conductivity at several temperatures 
between 196° and 355°K. In this apparatus the sample 
is in a small bomb (3 in. diameter by 8 in. long), which 
is connected to the rest of the system by § in. stainless 
steel tubing, so that the temperature is easily controlled. 
Apparatus of this type has been discussed by Bridgman*’ 
and by Warschauer and Paul.** 

In order to obtain the pressure dependence of the 
electron mobility with lattice scattering predominant 
over a large range of temperature, several samples of 
extrinsic 2-type germanium were measured. The samples 
for each temperature range were chosen so as to have 
negligible impurity scattering and constant electron 
density with pressure. They were cut into the shape of 
rectangular parallelepipeds, and the resistance meas- 
ured by a dc potentiometric technique with four tin 
contacts soldered to the sample. The total change in 
conductance with pressure in different samples was the 

4 C. Goldberg, Phys. Rev. 109, 331 (1958). 

5 W. E. Howard and W. Paul (to be published). 

6 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 72, 157 

’P. W. Bridgman, The Physics of High Pressures (G 
London, 1949 
$1. M. Warschauer and W. Paul, Rev. Sei 
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2/m})Ad exp 


same to within 3%. Results at 311°K for those samples 
having room temperature resistivities of 3, 1,0.5 ohm-cm 
are shown in Fig. 6, where conductance normalized to 
atmospheric pressure is plotted. In order to convert con- 
ductance changes to conductivity or mobility changes 
with pressure it is necessary to make a small correction 
for dimension changes. The change in length is approxi- 
mately 1% in 30 000 kg ‘cm?.** 


IV. FIT OF THEORY TO EXPERIMENT 
Energy Gap Variation 


The pressure dependenc e of Eger; [ defined in Eq. (8) ] 
determined by Paul and Brooks from measurements of 
intrinsic resistivity at 349°K, is shown in Fig. 3. They 
used the room temperature pressure variation of the 
resistivity of n-type germanium obtained by Bridgman! 
to correct for the electron mobility change. It is obvious 
that, if the two-band picture is correct, the electron 
mobility change will be temperature dependent. Figure 7 
shows the normalized conductance of an n-type ger- 
manium sample of 0.5 ohm-cm room temperature re- 
sistivity vs pressure at 349° and 302°K. The density of 
electrons is constant for both of these temperatures,“ so 


Fic. 6. Normalized conductance vs 
manium at 311°K for three samples 
taken on increasing the pressure, those with ears on decreasing 


the pressure 


pressure lor 


n-type ger 
Points without ears were 


»P. W. Bridgman, Proc. Am. Acad. Arts Sci. 77, 187 (1949). 

This is a simple extrapolation from the equality of the drift 
mobility and conductivity variation at room temperature. This 
conclusion can also be inferred from the fact that the group five 
donor electrons in silicon and germanium are describable by the 
effective mass approximation, and the pressure coefficient of the 


lonors in silicon has been shown experi 


lonization energ, of suc h ( 
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( vs pressure lor n-type ger 
nts without ears were taken on 


vith ears on decreasing the pressure 


that the curves represent the variation of electron mo- 


correction for dimensional 


bility provided that a small 
Neglectit 


hole mobility, and using Eqs 


changes is made g the small variation in the 
9) and (2 
late the correct pressure dependence of Eger. This is 
Fig. 8. The in 30.000 
kg cm? is the However, 
Fig. 8 deviates from t ial linear dependence at a 
lower pressure the Paul and Brooks* determination 
which ans that the band is more important at 
lower pressures, but dAF dP is smaller. 

If the change in £, below 10000 kg cm 
preted as a linear change in F, 7, we obtain 


, we can calcu- 


shown in total change of Ecer: 


same as obtained in Fig. 3. 
he init 
ates 
Lil«clil 


me 


is inter- 


lEg, dP)=4.9X10~ ev/ (kg-cm 17 
masses do not change 
is valid to 30000 kg/cm’, 
we can compute the quantity In(C,/C,)+(AE/RT) as a 
function of pressure, from Eq. (8) and Fig. 8. The results 
of this calculation are shown by the »’s in Fig. 9. Points 
below 15000 kg/cm? cannot be computed with any 
accuracy because (C,/¢ exp| — (AE RT 
to produce an accurately measurable deviation in LG; 


from the initial straight line. 


If we assume that the effective 
with pressure 


und Eq. (17 


| is too small 


M. G. Holland, Gordon McKay 

rsity, Technical Report HP-4, 1958 

) be argued that the ionization 

fractional changes in effective 

r can be estimated from 

measured 
Phys. Cher 


tter has been 


Br J 
srooks 
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We see that the points in Fig. 9 lie on a straight line. 
Assuming the C’s do not change with pressure we 
obtain from Fig. 9 


(dAE/dP)=—5X10-* ev 
(C,/C,) exp(AEo/kT) 


(kg-cm™~’), 
(18 
69. 


The subscript (0) refers to atmospheric pressure. Since 
(C,/C,) exp(AFo/kT) is so large, we introduce a negligi- 
ble error by ascribing all the initial linear change in 
Get to Egg. 

We must remark at this point that the values obtained 
in Eq. (18) are extremely sensitive to the exact curve in 
Fig. 6. Estimates of the errors in the measurement of x 
lead to an uncertainty in dAF,/dP of +1X10 

kg-cm™), and in Aky+T In(C,/C,) of +0.03 
Hence, a decreasing energy gap as obtained by Slyk 
house and Drickamer" at pressures above 50 000 kg cm 


ev 
eV 


is not inconsistent with our experiment although the 
value they obtain appears to be outside our experi- 
mental error. In spite of the uncertainty in (dA//dP) 
and AFo+kT In(C,/C,) we shall take the values given 
in Eq. (18) for fitting theory to experiment 

Since the value of A/y has not been well determined 
directly by any experiment, we shall take A/y as 
adjustable parameter in the theory, remembering, how 
ever, that the value 0.18 ev obtained by Johnson and 
Christian is probably of the right order of magnitude. 


an 


More recent optical data on silicon-germanium alloys" 
indicate, with a large uncertainty, that A/y=0.22 ev. 
We shall now use our data to show that AF 
probably > 0.15 ev. 

We notice in 
normalized conductivities or effective electron mobilities 


is very 


Fig. 7 that above 20000 kg/cm® the 


Fog 


J 


Fic. 8. The chang 


ol etiective el rg \ v 

pressure at 349°K 
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at the two temperatures approach one another as the 
pressure is increased. At 30 000 kg/cm? they are within 
2% of each other and it appears likely that the curves 
will eventually coincide. This is consistent with the 
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simple assumption that the normalized mobility is in- 
dependent of temperature when AE=0. 

Consider the conductivity at the crossover point 
(AF=0) using Eq. (3) and Table I. 


G [ uy (1-+-C, C,) (1+) ]+[u.* (1+C,/C,)(1+’) 


nat (Ugo yi 
where u,* = mobility without interband scattering. This 
expression can be simplified since the following condi- 
tions hold: 


Neo) Ngo 


(C,/C,) expL— (AF o/ RT) JK, nyc nv. 
u.cM.y Can be neglected in comparison with yo? go. 
iyo S=Myo for all 7 of interest. 

The experimentally determined value of (C,/C,) 

X exp — (AF, kT) | shows that condition (1) is fulfilled. 

Since pw.» is probably small compared to uyo because of 

interband scattering, condition (2) is fulfilled. Condition 

1) also helps to ensure condition (2). Condition (3) 
demands only that AF be large enough so that: wyo is 
not much different from y,o*. This is true for Ak y)=0.18 
ev to within 1°. These three conditions are well fulfilled 
if, as the conduction in the 
upper band is negligible at atmospheric pressure and 
AFo/kT>1. 
Equation (19) then becomes 


Is undoubtedly the case, 


| Mo /Moo (i 7-C,/C,)( +5) 
+[ e*/pgo* (A+C,/C,)(1+S’) ]. (20) 


L. 


Unless there is an accidental canceling effect, which is 
unlikely, all the quantities in Eq. (20) must be nearly 
independent of temperature for ¢ oo to remain nearly 
with temperature. We shall this 
hypothesis. 

We have little physical basis for the assumption that 
us* yo* is independent of temperature, especially since 
we might expect u.*~ 7°, the temperature dependence 
for the silicon mobility.” However, from the standpoint 
of developing the interband scattering theory the 
simplest procedure is to neglect this indication and to 
and u,* have the same temperature 


* 


dependence. There is the possibility that rng Mgo IS 


constant examine 


assume that p,* 


small, so that o/o is not very sensitive to changes in it. 
In fact, this is what happens. S and S’ are expected to be 
approximately independent of temperature since the 
phonons for interband scattering are almost classically 
excited. (See Sec. IT.) 

If the normalized mobility is independent of tem 
perature, the curves will coincide exactly at the cross- 
over point (AE=0). Since the curves have not yet 
coalesced at 30000 kg/cm’, this pressure is probably 
below the crossover point. 

Hence, using the value of dA-/dP obtained, we have 
Aky)> 0.15 ev. The error in dA/./dP previously quoted, 
however, weakens this statement to A/fy>0.12 ev. 


2 \f. B. Prince, Phys. Rev. 93, 1204 (1954 


+ 0% 50) / No 


Effective Mobility Variation 


The conductivity of extrinsic 1-type germanium as a 
function of pressure may be written 
(21) 


(Meff / Meftu) (Moby TP Nshs)/ Ngopyo, 


where o = neers defines wor. We have assumed in writing 
Eq. (21) that the contribution of the (s) band to the 
conductivity can be neglected at atmospheric pressure. 
If we confine our considerations now to 349°K, n, and 
n,, given by Eq. (7), are known as a function of pressure. 
This is true even though we have not assumed or found 
a value for AZo, because at 349°K we have the pressure 
dependence of the quantity (C,/C,) exp(AE/kT). 

The conductivity is an experimentally determined 
function of pressure. At each pressure we have two un- 
knowns yu, and wy, but only one equation, Eq. (21). To 
overcome this difficulty we attempt a first-fit to the data 
on the basis that there exists a range of pressure at low 
pressures where the conduction in the (s) band may be 
neglected. We shall assume that we can neglect it for 
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30 x 103 kg/cem2 


Energy separation between the [111] and the [100] 


minima vs pressure 
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P <3000 kg/cm*. After we have performed our calcu- 
lations it will be seen that this is fairly well fulfilled for 
the values of the parameters in the theory. We may write 

\Meft/ Meff )= (Ng Ngo) (iy Myo): (22 


From the experimentally determined values of o/ao 
and the deduced ,,/ mg at 349°K we can find y,/u 90 as a 


PAWL. 
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function of pressure. This is shown in Fig. 10. The 
abscissa for the curve is A= Ay—A (A=AE/kT), where 
we have used the pressure dependence of ues determined 
from Fig. 7. A value of 5A=0.5 corresponds to a pressure 
of approximately 3000 kg/cm® at 349°K, since 
kT =0.0301 ev. The approximate theoretical expression 
for ug/ugo calculated in Sec. IT is 


Mu uy *{1—[.S(1+A)/(1+S)] exp(—A)+[LSA/2(1+5S)*] exp(—A)} 


woo*{1—[S(1+A0)/(1+5)] exp(— Ao) +[SA0/2(1+5)?] exp(—Ao)} 


We next consider whether there is any change in the 
mobility not due to interband effects. In Fig. 11 the 
experimentally determined perp (2500 kg/cm?)/ perso is 
plotted as a function of temperature. We notice that 
Mett/Metto iS almost temperature independent for 
T <200°K and is not equal to unity. As the temperature 
approaches zero, interband effects become negligible. 
For 2500 kg cm? pressure this undoubtedly occurs above 
['=77°K. Therefore, u,* must be changing with pres- 
sure. This must be due to a pressure effect on the effec- 
tive mass, the deformation potential or the elastic 
constants. The effect of pressure on these quantities is 
probably temperature independent. 

Therefore, we assume from Fig. 11 that there is an 
explicit dependence of u,* on pressure, which is inde- 
pendent of temperature and can be extrapolated through 
the whole pressure range to give: 


(1/m,*)= (1/myo*) (1+0.004P), (24) 
where P is in units of 10° kg, cm*. 

We defer discussion of the explicit dependence of the 
mobility on the pressure given by Eq. (24) and proceed 
with the fit of the experimental data. 

We choose 6A= Ay—A 0.5, corresponding to P= 3000 
kg/cm? when &(349°) = 0.0301 ev. From Eq. (23) we can 
calculate the change in uw, due to interband effects, 


(Mo/M as a function of A» for several values of S. 


(23) 


The results of this calculation are shown in Fig. 12. 
Using Eqs. (22) and (24) and the experimental pert/ erro 
we find (u,/u,0)=0.9927 for P=3000 kg/cm*. From 
Fig. 12 we obtain S as a function Ap as shown in Fig. 13. 
For Ap>5 (AEy>0.15 ev), we have approximately S>1, 
and for Ap=6.3 (AF,=0.19 ev), S tends to infinity. If 
S=5, B/A,=0.22. This is not an unreasonable value 
for the ratio of these matrix elements. 

Now that we have a reasonable fit to the very low- 
pressure data, we turn to the conductivity in the higher 
pressure region. At 349°K the normalized effective 
mobility may be written, for any pressure, 


(Mett/ Metta) = (Ng/ Ngo) (Mg/ Myo 


. 


+ (1/90) (Me/ Me) (Ms / go) (go / Mgo)- 

If we choose a value for S, Ag is fixed from Fig. 13 and 
thus C,/C, from Fig. 9. is given by 
Eq. (24), the contribution of the first term to the effec- 
tive mobility is determined. We can use the value of 
Mett/ Metto at the highest pressure (30 000 kg /cm*) to find 
the contribution of the second term. We choose the 
maximum pressure since the contribution of the second 
term is the largest there, and our analytic approximation 
to ws/us* (which is valid for small A) is the best. 


Since p,*/uo0" 


The normalized number of carriers in the (s) band, 
n,/Ngo, is known, so that there are only two unknowns 
left: S’ and w,*. We shall assume that u,* is independent 
of pressure. This is not unreasonable, since u,* has only 
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Fic. 11. Normalized effective mobility in n-type germanium 
at 2500 kg/cm? ys temperature. The point at 77°K is from Paul 
and Brooks,’ 
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Fic. 12. Calculated (uy/pgo) vs Ao for 5A=0.5 
with S as a parameter. 


a small pressure coefficient and the electron mobility in 
silicon is almost pressure independent.” 
We find a relationship between p,*/ugo* and S’S. 


Igo" 1jC,(2K.+1)m,,1 
A.C (2K +A) mivy, 


(S/S’)=C 24 9,/C 2Agr 


Combining these two equations to eliminate A, 
we find 


K vy)! 
x (2K,4+1)/(2K,4+1). 
We shall next estimate the quantity 
V = (Kgv./Kav,)*(2K,4+1)/ (2K,+1). (29 


Cyclotron resonance experiments in germanium" at 
+.2°K, and atmospheric pressure, have given A,= 19.8. 
It is impossible to estimate A, by this means in 
manium, but similar experiments in silicon® give K = 
and we shall assume this value for K, as a close approxi- 
mation. Some justification for this comes from magneto- 
resistance measurements made by Glicksman* on sili- 
con-germanium alloys: he found A&5 in the silicon- 
germanium alloys for all compositions where the [100 ] 
minima are appreciably below the [111] minima in 


er- 
¥ 


oO 
La) 
re) 


‘SR. W. Dexter, B. Lax, A. F. Kip, and G. Dresselhaus, Phys 
Rev. 96, 222 (1954). 

44M. Glicksman and S. M. Christian, Phys. Rev. 104, 1278 
1956) 
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energy (> 20% silicon in germanium). It seems reason- 
able to extrapolate this to pure germanium. 

Hf we take v,=6, v,=—4, K,=5, K,=D,. we find 
V=0.9. However, we have neglected any dependence 
on pressure of the A’s. Benedek e/ al. found that AK, 
decreases about 10% in 10 000 kg/cm* from magneto- 
resistance measurements. Although they neglected in- 
terband scattering, this does not affect the size of the 
change much. If we extrapolate this decrease of K, to 
30 000 kg/cm? (a 30% decrease), we obtain K,=14; 
then V = 1. However, more recent estimates of A, from 
magneto-conductance measurements which are less sub- 
ject to errors of interpretation show that Ky, is almost 
independent of pressure.*® There is no experimental 
evidence concerning the pressure variation of A,. It 
appears, however, that V=1 to within 10° for any set 
of reasonable assumptions. It can be shown that the 
deduced values of the parameters are not very sensitive 
to V for S<3. Moreover, the conductiv ity, for pressures 
less than 30 000 kg/cm’, is not sensitive to it for any S. 
In view of these considerations we shall take V=1. 
and Table I, we can 
calculate S’ and y,*/go* for each S. S’ and p,*/poo* are 
shown as a function of S in Fig. 14. We see that S’ and 
bs*/ugo’ ~ © as S ~ 6. Bridgman’s measurement of 
the conductivity of n-type germanium to 100 000 kg/cm? 
indicates that the conductivity in the vicinity of 
100 000 kg/cm? is probably smaller than the conduc- 
tivity at atmospheric 


Thus, using Eqs. (24) and (28), 


pressure, and __ therefore 
Me*/ugo* <1. If this requirement is made we must cer- 
tainly have S<6. 

With the foregoing discussion we have reduced the 
many parameter theory to a point where we have only 
one independent parameter; say S. We have also put 





Fic. 13. S vs Ao for Mo/ Mg » = 0.9927 
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upper and lower limits on the value of this parameter: 


1<S<6. 


We might hope, by choosing values for the parameter 
S and calculating ¢ o» between 1 and 30 000 kg cm’, to 
determine the value for S more closely. The calculation 
has been performed for S=1 The calculated 
curves for the normalized effective mobility vs P at 


and 5. 
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15. Normalized effective mobility vs pressure for 


349°K 


n-type germaniur at 
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349°K are shown in Fig. 15 along with the experi- 
mentally observed curve. There is little to choose be- 
tween the calculated points for S=1 and S=5 as com- 
pared with experiment, so that we can extract no further 
information concerning the parametric solution we per- 
formed from the conductivity data at 349°K. Thus far, 
we have restricted the parameters of the theory as 
follows: 

(30) 


1<S<6,. §<45<6.1 


We can now examine some of the assumptions made 
in order to fit the data. First, we neglected the contribu- 
tion of the (s) band for A=0.5. Actually we have: 


+92 bs 


are small, we 


of 


Since quantities with subscript (s 
expand the denominator and neglect products 


and paso. 


(pett/ Mette) = (Myity/ Nyom Noyfty Nyope 
XL (nm opts Ngopt » a2 

The term in brackets which 
for small S. For S=1, it equals 0.0007 
correct (ug/“y0)i» by this amount from Fig. 12 we would 
decrease Ay by only 0.11 or AF» by only 0.003 ev. As S 
Che cor 

re asonabk 


is 
we neglected is largest 


If we were to 


is increased, this correction decreases rapidly 
rection therefore, 
values of S. 

We also assumed that |’ =1. If we take J 
suggested by atmospheric pressure values for the param 
eters (A,,A,,v5,¥,) the lues of S’ and 
Us*/ yo Will be different. S’ 
for a given S. This effect is not significant until S=5 
when it increases considerably, making S’ and p,*/ wyo" 
Essentially, 


insignificant for 


is, 
0.9, as 
calculated 


Va 


and u,* /uyo* will be higher 


almost twice as large as they are for V=1 
that S’ diverge for a 


smaller value of S (closer to 5 


and p.*/ pu 


than before. The only 


what happens is 
modification which is required by this 
the upper limit to S <4. For this change of S, the maxi 
all. 


Summarizing what we have done in this 


is that we lower 


mum value of A» is hardly affected « 
section thus 


sistivity and 


far, first, we use the measured intrinsic re 
the mobilities deduced from resistivity experiments on 
impure Foers as a funct 
pressure. Second, the pressure dependence of (C,/ ¢ 

Xexpl— (AE, k7 Phen we 
obtain an experimental value for (oo 
sure data at 349°K. With the 
band does not contribute very much to the conductivity 
the carrier 


xplicit effect” the 


samples, to compute ion of 
is determined from /; 
from the pres 
assumption that the (s 
oul 


in the low-pressure region, we divide 


density change effect and an *¢ on 
an experimental My My 


mobility and determine 
Phen, using 


From this we deduce S as a function of A 
the value of ¢/a, at 30 000 kg/cm’, 
determined for each S. 
determine 


S’ and (u.*/pgo*) are 
used to 


T he sf 


Certain criteria are 


limiting values of the parameters 
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extreme values are then used to predict the normalized 
effective mobility as a function of pressure. Good agree- 
ment is found between theory and experiment over the 
whole range of the parameters provided the deduced 
relationship among them is maintained. 

A weakness of this procedure lies in the determination 
of the experimental value of (u,/u,0)i». First, we must 
determine (o/ 0») from experiment. Due to a spread in 
values for the different samples there is at least a 0.15% 
error in this. In addition there is also an uncertainty in 
the correct value of (o oo) due to impurity scattering 
effects and intrinsic carrier effects. The latter effect 
might lead to overestimation of (¢/ 0) by as much as 
0.1%. There is also an uncertainty of 0.1% introduced 
because of the explicit pressure effect on the mobility. 
The value of (u,/u g0)i, used is within the limits of 
experimental error but these limits should undoubtedly 
be as large as 0.3%. We might very well ask what will 
happen to the values of our parameters and our fit to 
experiment if we change the value of (u,/uyo)in. Can 
we find another set of parameters for a different value 
of initial slope which will fit the experiment just as well, 
and is there a much 
parameters? 


greater uncertainty in our 

We can vary the value of the experimental initial 
slope put into the theory and see if it affects the over-all 
fit to experiment. This has been done for two other 
values of initial slope. We both increased and decreased 
(uy ‘uyo) for 6A=0.5 by 0.30%. For each S the deduced 
values of Ay changed considerably. The curves deter- 
mined from Fig. 12 are shown in Fig. 16. The remaining 
parameters can be calculated as before. The normalized 
mobility can be computed between 1 and 30.000 kg/cm? 


for a typical set of parameters corresponding to either 
initial slope. 


The following sets of parameters wer 
chosen. 
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Normalized effective mobility vs pressure for 
n-type germanium at 349°K 


For (u My 0.9895. 


S=3. 0.896, A 


For (py/ Myo) it 0.996, 


S=S. 0.23, Ao=6 o*)=0.105. (34) 


These are reasonable values of the parameters in the 
light of previous considerations. Since the conductivity 
does not change much as long as we confine ourselves to 
one S vs Ay curve, these were the only two sets of 
parameters used. 

The results for these calculations along with the 
experimental curve are shown in Fig. 17. A comparison 
with Fig. 15 shows that the fit to experiment is much 
poorer for the new values of initial slope. The deviations 
from experiment are about four to five times larger than 
for the first fit. 

What we have done is to transfer the basis of the fit 
of theory to experiment from the rather inaccurately 
to the better defined behavior 
of the conductivity over the whole pressure range to 
30 000 kg/cm’. 

We can estimate the sensit ivity of the theory with the 
aid of Figs. 15 and 17. Since the deviations in Fig. 17 
are approximately four times those in Fig. 15 we can say 
that the sensitivity to the change in the set of parameters 
is about one-fourth of that used in computing Fig. 17. 
This means that the theory will be insensitive to changes 
in (uo/Myo)in Of 0.08%. The effect this has on Ap as a 


determined initial slope, 
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» mobility vs pressure for 
at 295°K 


function of S can be found easily from Fig. 12. For a 
fixed S, AF will be uncertain by approximately 0.004 ev. 

Without any further assumptions or hypotheses we 
can compute per Mere At Other temperatures. The only 
temperature dependence is due to change in the quantity 

AFE/kT). All the parameters have been assumed inde- 

pendent of 7. 

Figure 18 shows the theoretical and experimental con- 
ductivity at 295°K as a junction of pressure for S=1 
and S=5. The agreement with experiment for both 
values of S is good for P<20000 kg/cm?. However, 
above this pressure both calculated curves deviate from 
the experimental curve. The S=1 curve agrees some- 
what above 20000 kg/cm*. This is consistent 
with the fact that the experimental pert / erro Shows only 
a slight temperature dependence in this pressure region ; 
for in this case we must be close to the crossover point, 
and since dA/dP is determined by experiment, this is 
more likely if A is small, and thus S is small. However, 
it would be hazardous to assert that S=1 is correct on 
this basis alone, since the difference in the quality of the 
agreement with the whole experimental curve is small. 
A comparison of the experimental and theoretical pres- 


better 


sure dependence of the normalized mobility at 311° and 

273°K is shown in Figs. 19 and 20. The experimental 
241° 3. f ; 

curve for 311°K is for the purest sample measured at 

that temperature. Again it is seen that the agreement 

for S=1 is somewhat better than for S=5, although 

the agreement is insensitive to the change. 
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More evidence concerning the values of the parame- 
ters comes from Bridgman’s measurements’ to 100 000 
kg/cm?, which indicate that (u,*/u,0) is approximately 
equal to 0.5. This would tend to favor the higher values 
for S. However, since this is a nonhydrostatic pressure 
measurement, we should not be too surprised if we do 
not predict quantitative agreement with it. 

We have mentioned previously that the magneto- 
resistance measurements of Glicksman* on. silicon- 
germanium alloys indicate that the mass ratio in the 
(100) minima, A,, has the same value in germanium as 
in silicon. The masses m,, and m,, derive their magni- 
tudes from different energy differences.’® Glicksman 
points out that if these masses change in going from sili- 
con to germanium through the alloys it is unlikely that 
their ratio will remain constant. Therefore, it is probable 
that neither of them changes very much, and we should 
expect C, to have the value characteristic of pure silicon. 
Using the electron mass values for silicon and ger- 
manium, with 4 and v,=6, we have” C,/C,=2.8. 
This leads us to choose a value S&1. However, this 


} 


indirect argument is not certain enough to allow us to 


restrict the range of our parameters. 


Discussion of the Explicit Effect on the Mobility 


We have seen that the pressure dependence of the 
effective mobility in 2-type germanium can be explained 
in terms of a two-band theory. We have found, however, 
that it is necessary to postulate an explicit decrease of 
the mobility, u,*, with applied pressure [see Eq. (24) 
This effect is independent of temperature 

For lattice scattering we have 

ay* = 2(2r) hic, K 


2K ,+1)/9(RT)? 
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where c, is a linear combination of the elastic constants 
and £, is the deformation potential. The quantities 
Ky, Cp, Erg, and mi, in Eq. (35) can be a function of 
pressure. 

The elastic constants have been measured as a func- 
tion of pressure.*® It is found that 


(C11) = 1.04, 
(C2) = 1.09. 


(Caa)N= 1.02, 
where (X)vy=X(10000 kg/cm?)/X(1 kg/cm?). If we 
take the average for (c,)n, we have 


(cp)n= 1.05. (36) 


The deformation potential /, is the rate of change of 
the energy of the conduction band edge with strain 
(both dilatation and shear strain). The fact that the 
change of Eg,= E,—F, with pressure is linear to 10 000 
kg/cm? (see Fig. 8) suggests that the change of the de- 
formation potential with dilatation is small—probably 
less than 5% in 10000 kg/cm*—since, unless there is 
accidental canceling by the valence band, nonlinearity 
would show up in £¢, if the dilatation contribution to 
ki, were not constant. We have no information about 
the pressure coefficient of the shear contribution to £4). 

Assuming that the change of the deformation po- 
tential is less than 5% and using Eqs. (35) and (36) 
we find 

0.94< (m*) v<0.98, 


where m*=m,/[K,(2K,+1)/3 P'. 


V. SUMMARY AND CONCLUSIONS 


In this concluding section we shall recapitulate the 
results and comment on their validity. 

The evidence for the existence of three sets of minima 
in the conduction band of germanium is regarded as con- 
clusive. Cyclotron resonance measurements":” establish 
that a (111) set is lowest in energy at atmospheric 
pressure; the present data confirm previous electrical 
and optical measurements of the pressure dependence of 
the energy gap between the maximum energy of the 
valence band at k=[000] and these [111] minima.*~® 
Measurements of the optical absorption spectrum,*” 
inter alia, establish a second minimum at the center of 
the Brillouin zone; pressure measurements show that 
this minimum moves away from the valence band at a 
rate more than twice as great as the [111] set.'* The 
third set of minima required by the data in this paper 
is almost certainly a [100] set; firstly, because theoreti- 
cal and experimental results on the group IV and group 
III-V semiconductors suggest that any third set prob 
in this direction in k space; and secondly, 
measurements on Si-Ge 
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Fic. 20. Normalized effective mobility vs pressure for 
n-type germanium at 273°K 


alloys'®-'* suggests minima of this symmetry at about 
the energy value the data in this paper require. 
Positive identification of the third set as a [100] set 
could be accomplished by measurement of the magneto- 
resistance symmetry relations at pressures higher than 
20 000 kg/cm?, where there is appreciable population of 
these minima. This has not been accomplished because 
of experimental difficulties, but it is regarded as ad- 
visable for experimental completeness, rather than be- 
cause there is any reasonable doubt about the result. 
The rate of separation of the [111] minima from the 
valence band, 4.9 10~° ev/(kg-cm?), is in satisfactory 
agreement with a number of previous determinations.*~* 
The present data show the [100] minima remaining 
static with respect to the valence band. On the other 
hand, optical absorption spectra found by Slykhouse 
and Drickamer“' at pressures greater than 40 000 kg/cm? 
show that the third set of minima approaches the valence 
band at a rate of about 1.2 10~® ev/(kg-cm *). Identi- 
fication of the properties of this third set with those of 
silicon reminds us that the silicon energy gap decreases 
at a rate of 1.5X10~® ev/(kg-cm~”).'® Again, scattered 
data on the [100] minima in the analogous family of 
III-V compounds, which will not be reported in detail 
here, indicate that these minima may approach the 
valence band. Indeed, if we confine ourselves to ger- 
manium, unpublished analysis by Howard of the mag- 
n-type material to pressures of 


=~ 1.5 10-° 


netoconductance of 
20 000 kg cm? requires a coefficient of 
ev/(kg-cm~) for the third set of minima. 

This variety of evidence strongly indicates that the 
[100] minima approach the valence band with increas- 
ing pressure rather than remain stationary; however, 
let us be reminded that the variety above noted is 
individually of no greater precision than the data of 
this paper. Thus, Howard’s measurements are confined 
to pressures less than 20 000 kg/cm’, while Drickamer’s 
are uncorrected for changes in compressibility. (We 
note, in passing, that the compressibility of germanium 
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will change sufficiently” in the range of pressures above 
30 000 kg cm* that pressure coefficients measured at 
high pressures cannot be simply extrapolated to low 
pressures. Compressibility corrections would, however, 
worsen the agreement of Drickamer’s results with ours.) 
The errors in analysis of the present data do not allow 
a pressure coefficient for the [100] set as large as 
1.5X10~* ev, (kg-cm™*). We can, however, guess at two 
possible explanations, the first less likely than the 
second: (1) Most of the analysis of this paper is for a 
temperature of 350°K ,whereas the other measurements 
are for 300°K. However, a significant temperature de- 
pendence of the pressure coefficient is regarded by us as 
highly unlikely. (2) The pressure gauge calibrations at 
the high pressure and high temperature are less reliable 
than those at room temperature and high pressure. 

We have tried to bypass (2) by measuring nearly 
intrinsic germanium at room temperature and high 
pressure, but at the time of writing have been unable 
to secure material sufficiently pure to give a reliable 
value for dAE/dP at this temperature. 

Therefore, we presently assess the pressure coefficient 
of the [100 ] set of minima as (0_.*') K 10-® ev / (kg-cm~). 
We have the assurance that it is indeed close to the 
coefficient for the [100] set in other material, and that 
the methods outlined in this paper will be adequate to 
determine the coefficient exactly when superior material 
is available and more precise determination is desirable. 

Just as the existence of a second set of minima is 
established, while its pressure coefficient is in doubt, so 
the necessity for interband scattering is established, 
without an exact evaluation of the parameters. The 
most convincing single piece of evidence for the presence 
of interband scattering here is afforded by the maximum 
in the Bridgman resistance versus pressure curve for 
germanium’: if the carriers changed from one set of 
minima to the other without interband scattering, only a 
monatonic change from the conductivity characteristic 
of one set to that for the other would be observed. The 
best fit to the data suggests that the matrix element for 
interband scattering is between 10 and 30% of that for 
intravalley scattering in the [111] minima. However, 
the interband scattering frequency, where energetically 
possible, is greater than or equal to the [111 ] intravalley 
scattering frequency because of the higher density of 
states in the [100] minima. 

The similar, but better defined, curve found by 
Bridgman and Paul*! foran 8% Si in Ge alloy verifies the 
over-all picture of the two sets of minima shifting with 
alloying and with pressure, and of interband scattering 
which reaches a maximum near the pressure where the 
two sets of minima are equal in energy. Optical investi- 
gations of Si-Ge alloys under pressure help confirm this 
picture.” 
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The fit to the resistivity pressure data for germanium 
at the several temperatures is good enough to enable us 
to assert that only small quantitative errors can remain, 
and that the phenomenological theory is 
established. 

We find from the theory that the zero-pressure separa- 
tion of the [100] and [111] minima is between 0.15 ev 
and 0.18 ev. If in addition we allow for the uncertainty 
in dAE/dp previously mentioned in this section we find 
(using Figs. 7, 11, and 12) that the upper limit must 
be raised to 0.21 ev. 

The low-pressure variation of the electron mobility is 
temperature independent for temperatures less than 
200°K in samples where lattice scattering dominates. 
The variation is possibly compounded of changes in 
effective masses, elastic constants and deformation po- 


general 


tentials. The various contributions cannot be separated 
here, but the over-all size and sign of the change are of 
the right order of magnitude. Changes in mass are ex- 
pected, but have not been measured in isolation ; changes 
in elastic constants have been determined,** and an 
average change may be inserted with small error; from 
the constancy of the gap change with pressure,changes 
in deformation potential are expected to be small, but 
not negligible compared to the small observed mobility 
variation. 
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APPENDIX 
‘ 


We evaluate (7r,"(4)) for A>0. From Eqs. (10) and 
(12) we have 


r,"(A))=(4 snt)Dyr f y 


expt 


exp(—y)dy 


(1+S(1—A/y)! 


where 


S=BC,/v,/A,C,'= interband scattering parameter. 
1,, can be evaluated easily in terms of tabulated func- 
tions for n<4. For n>4, /;, diverges. This does not 
mean that the transport integrals diverge.” 

We cannot evaluate /2, analytically for any value of 


n unless A=0 or ~. However, we can approximate it by 


130 
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expanding the integrand in a Taylor series about A=0 
and then integrating term by term between the limits 
of Aand ~. 


(AJA. (A-2 


ln=T Io, 


This is not a convergent process; that is, /2,;(0) — ~ 
for all »>2 and j>1; and for n=1 or 2, 7 >2. The first 
term in the expansion gives a lower bound on the con- 
tribution of /», to (7,”"). The term is finite regardless of 
n. In spite of the divergence involved we proceed to use 
this approximation, stopping the series expansion before 
the divergent terms. Table I shows values of (7,"(A,S) 

computed in this manner for n=1, 2, 3. 

In spite of the fact that this approximation looks 
rather poor at first glance, it turns out to be fairly good. 
In the first place (7,”) tends to the correct values for 
A— «, namely, 

It (5/2)—(n/2) 1D. 


u 


where ['(x) is the gamma function. Secondly, the correct 
value for A=0 is obtained, i.e., 


rE (5/2)—(n/2) JD", (A+). 


Finally, Fig. 21 shows plots of (7,(A,S)) as a function of 
A for a typical value of S. The lower curve was computed 
using our approximation. The upper one was calculated 
directly from the integrals using Simpson’s rule. It seems 
that the maximum difference occurs at approximately 
A= 2, when it is about 6%. Thus we see that we are 
fairly well justified in using the approximations to the 
integral. 

We can also calculate (7,’ 


A,S’)) when A> 0. 


+) D,’ 


# yB2)—-(ni) exn(— y)dy 
xf , (A- 
o [1+5'(1+A/y)*]" 


r,"(A,S’) (4 
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Fic. 21. Normal 
ized scattering time 
vs A for S=2.8. The 
upper curve is the 
numerical calcula 
tion. The lower 
curve is the ana 
lytical approxima 
tion 
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where y= (E—AE)/kT. D, and S’ are defined as D, and 
S with an interchange of all subscripts. If we use the 
same method to evaluate this integral as before, we 
obtain the values for (7,"(4,S’)) shown in Table I. This 
time the approximation is not as good. The wrong value 
is obtained for 

"(A,S’))=>> Inj? 


x. Moreover, / 
l and n 


as A 

unless ) 
poor approximation to (7,"(A,S") 
fits to experimental data are little affected. The range 
of our experimental data extends to 30000 kg/cm? so 
that A>O. Since (u.* u,*) <1, the fit of the mobility is 


not very sensitive to (7 


approaches infinity for all A, 
1 or 2. Despite the rather 
it turns out that our 
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Dielectric Resonance in Ferroelectric Titanates in the Microwave Region 


A. L. STANFORD, JR. 
Sperry Microwave Electronics Company, Clearwater, Florida 
(Received June 9, 1961) 


The dielectric spectra of BaTiO; and (Ba-Sr)TiO; have been measured in the microwave region from 
250 Mc/sec to 7000 Mc/sec in the ferroelectric and paraelectric regions. The dispension near 2000 Mc/sec 
is shown to exhibit a resonance character near the Curie temperature. 


ECENT methods! '* have made it possible to observe 

the permittivity spectrum of ferroelectric mate- 
rials as a function of temperature in an essentially 
continuous manner and as a function of frequency over 
a large portion of the microwave region. The work of 
Powles and Jackson,? von Hippel and Westphal,’ and 
Fousek* has indicated that a relaxation occurs in the 
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permittivity of barium titanate near 2000 Mc/sec. Here 
is reported the results of measurements of the permit- 
tivity of BaTiO; and (Ba-Sr)'TiO; from 250 Mc/sec 
to 7000 Mc/sec over a temperature range from 30 
to 260°C. 

It will be seen that not only a relaxation is observed, 
but a more general dispersion is apparent near the Curie 
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Fic. 1. (a) Transmission fre 
quencies of a polycrystalline 
BaTiO; sample plotted as a 
function of temperature in the 
ferroelectric region. (b) Di 
electric constant of BaTiO; as 
a function of temperature at 
about 1000 Mc/sec. This curve 
is a composite of data calcu 
lated from curves similar to 
Fig. 1(a). 
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temperature. The method of measurement, due to 


Rupprecht,' consists of observing the transmission of 
microwave energy through a ferroelectric sample in a 
coaxial line. In general, most of the microwave energy is 


reflected at the sample face and little or no transmission 
occurs. However, when the optical path length of the 
sample (e’)'d, where d is the sample length and ¢’ is the 
real part of the dielectric constant, is an integral number 
of free-space half-wavelengths, or 

(e’)'d=vdo/ 2, (1) 


+1 
Li 


1e sample acts like a transmission cavity and a sizeable 


4000 - 
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Fic. 2. The dielectric spec- 
trum of (80°, Ba-20%Sr)TiO; 
at temperatures near the Curie 
point (55°C) 
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transmitted signal is observed. The sample is heated 
and allowed to cool slowly. A thermocouple near the 
sample provides the X input to a recorder and the 
detected transmitted signal is the Y input. The process 
is repeated at different frequencies, and a plot of the 
frequency vs temperature at which transmission occurs 
is then a field of points, any one of which may be used 
to calculate the dielectric constant according to (1). 
Figure 1(a) shows the field of points obtained in the 
ferroelectric region for polycrystalline BaTiO;. Figure 
1(b) the dielectric function of 
temperature that results from these data and similar 


shows constant as a 
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data obtained in the region above the Curie point 
(122°C). Similar data were obtained for (80%Ba- 
20%Sr)TiO3. 

The dispersion is best displayed by showing the 
permittivity as a function of frequency. Figure 2 shows 
the dispersion observed using polycrystalline (Ba-Sr) 
TiO; samples (Curie temperature 55°C). Note that the 
dispersion is not a simple relaxation process, but 
exhibits resonance characteristics as the Curie point is 
approached from the ferroelectric side. No dispersion 
is apparent above the Curie point; one curve in this 
region is also shown in Fig. 2. The data displayed in 
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Fig. 2 were obtained using two samples of incommen- 
surate lengths of the same material. The appearance of 
resonance character in the permittivity spectrum recalls 
Kittel’s theory of domain boundary inertia.° It appears 
that the domain walls respond in a manner similar to a 
forced damped harmonic oscillator. 

Further measurements are in progress to determine 
the effect of biasing electric fields on the dispersion of 
(Ba-Sr)TiO; ferroelectrics. The effect of grain size on 
the spectrum is also of interest to examine the possibility 
of acoustical resonance. 

3 C. Kittel, Phys. Rev. 83, 458(1951 
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Che magnetic moment transformation developed by Fisher enables the antiferromagnetic susceptibili 

f the plane triangular Ising lattice to be expanded as a power series that converges over the whole tempera 
x. The dominant asymptotic behavior of the coefficients conjectured from extrapolations 

by Domb and Sykes, and independently by Park, has been established theoretically by Fisher 
theorem based on the method of Oguchi enables the first twelve terms of the expansion to be derived 
found possible to evaluate the susceptibility numerically over the whole temperature range with a maximun 
error of 0.1%; at T=0. It is concluded that the specific susceptibility per spin 


ture range O< T< 


T= 


yf the counting th 


rom unity at 


x toa value at T=0 which does not differ by more than 0.1°% from 5/36, and the 


ity 


A counting 
tis 
oothh 


falls sn 


kT xo/m? 


tort 


g theorem leads it to be surmised that it is exactly 5/36 


1. INTRODUCTION 


closed analytic al expression has Vel been 


N' ) exact 


given for the zero-field susceptibility of any two- 
dimensional Ising model. It is the purpose of the present 


paper to evaluate the antiferromagnetic susceptibility 

of the plane triangular lattice numerically from exact 

series developments. 
\t high temperatures the reduced sus- 

ceptibility x defined as kT xo m* may be expanded 

in powers of the high-temperature counting variable 
tanh(J,/ kT), by the method of Oguchi!? as 


zero-field 


x (7 z. G,V', a : 1 


The first 12 coefficients have been obtained by Sykes. 
The a 


only for 


are positive integers and the series converges* 
<v,, where vy=tanh(J/kT ;) =0.267949 and 

T, is the ferromagnetic Curie temperature. The series 

1) can only be used to estimate x(v) in the range 
Ly, 1.e., T/L TK @. 
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At T=0 whi h corresponds to 7 1 
of the antiferromagneti 


the ground state 
triangular lattice is highly 
degenerate* and no series or asymptotic developments 
about this origin have so far been given 

Recently Fisher® has developed a magnetic moment 
transformation that relates the reduced susceptibility 
of the triangular lattice to that of the honeycomb 
lattice. If XT denotes the reduced susceptibility of the 
triangular lattice and xy that of the honeycomb lattice, 
then 


X7 
for 


Equation (2) relates the susceptibility of the triangular 


lattice at temperature v to the mean of the ferromagnet 
and antiferromagnetic susceptibilities of the honeycomb 
lattice at a temperature w determined by (3). As 7 
varies from 0 to —1, w® varies from 0 to 
temperature 


+ and the high- 


honeycomb susceptibility series corre- 
*G. H. Wannier, Phys. Rev. 79, 357 (1950 
M. E. Fisher, Phys. Rev. 113, 969 (1959 





ANTIFERROMAGNE 


sponding to (1), 


xu(w) =>.» b,w", 


—43<w°<0 since for the honeycomb 
1/v3. Thus the series development of the 
right-hand side of (2), which we shall denote by xr(w), 
will converge over the whole antiferromagnetic tempera- 
ture range 0272 —1. The expansion of xr(w) has been 
derived up to the term in w™ by Sykes? using a special 
counting theorem. The asymptotic behavior of the 
coefficients is accurately known® and it is therefore 
possible to evaluate the function x(w) numerically with 
high accuracy over the whole range; this is undertaken 
in the next section. 


6,=1, (4) 


converges for 


lattice v, 


Similar transformations can be applied to the anti- 
ferromagnetic Kagomé lattice’? and we shall evaluate 
the corresponding reduced susceptibility x« (7). 

We shall compare the results obtained with the be- 
havior of some standard approximations and other 
numerical extrapolation techniques. 


2. SUMMATION OF THE SERIES x7\w) 
The series to be summed is? 
1+ 6w?+ 240'+ 90w'+ 318" 
+12 270w!4 


+40 22420" 4-130 650w!*+421 176%" 
+1 348 998w+44 299 O18w2+ --- 


n Oye 
— 


+ 1098w! + 3696w!? 


The asymptotic behavior of the coefficients in high- 
temperature susceptibility expansions of two-dimen- 
sional lattices has been studied by Domb and Sykes** 
and by Park® who concluded that for large m the a, 
of (1) behaved as n*v,-" and this corresponds to a 
singularity at vy of the form (vs—v)~7/4. This conclusion 
has recently received rigorous support from the work 
of Fisher® on the simple quadratic lattice and we shall 
suppose that these conclusions are exact for the tri- 
angular and honeycomb lattices—that is, we shall sup- 
pose that in (5) 


Crw~n®'43 (6) 
The extent to which the coefficients conform to this 
limiting behavior for the values of m at our disposal 
may be judged from an examination of the quantity 
9,,=€n/€n-1(1+3/4n) as proposed by Domb and Sykes® 
which, if (6) is correct, will approach 3.as increases. 
Phe last six values of 8, are given in Table I and it will 
be seen that even for small values of n the asymptotic 
behavior is remarkably well observed. In fact, the series 
(5) is the most smoothly convergent high-temperature 
Ising series we have yet encountered. 

To evaluate xr(w) shall 
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S. Naya, Progr. Theoret 

§C. Domb and M. F. 
214 (1957 

’D. Park, Physica 22, 932 
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TABLE I. Values of @, for the series xp (u 





n 6, 
2.9985 
2.9973 
2.9982 
2.9988 
2.9985 
2.9988 


Park,’ which enables the 
series (5) to be summed accurately. We suppose that 
near w, the function yr(w) behaves like (i—3u*)-7/4 
and investigate the assumption that we may write 


suggested by a paper by 


x7 (w)=(w) (9) 


To do this we divide out the second factor in (9) and 


this is conveniently done logarithmically. We set 


Ing (w) =Inxr(w)+ (7/4)In(1— 3w?), (10) 


and find 

> nd, nu?" =0.75w*— 1.875u*+2.25w® 

— 5.4375w'+ 12.15w" — 26.625w!* 

+ 54.1071428w!4— 109.21875w!®+ 210.75w!8 
- 396.37 5w™"+ 666.06818 182" 


Ind(w) 


923.8125w"*, 


(11) 


In Table II the successive values of the ratios 
r,=d,/d,—; in (11) are given. It would appear that the 
quantity 7, is approaching a limit well below 3 and that 
the assumption that the singularity occurs as a factor 
is correct. 

We now write 

- 
Inxr(w) = — (7/4)In(1—3w*) + Y dw? 


+R(w), (12) 


where R(w) denotes the remainder after summation 
of the first 12 terms of (11). We shall denote the value 
of xr(w) obtained by neglecting this remainder by 
x7(w)y2, and we have 
xr(w)=xr(w)i2 expR(w). (13) 

Since we may suppose that the ratios in Table II are 
monotonic decreasing, we observe that on taking the 
last ratio and assuming a geometric progression we have 
12 expR(x >0.9985 for 1<7<0, (14) 

and therefore the approximation x7(w)12 will be correct 
to within 15 parts in 10 000. The behavior of the ratios 
in Table II is not sufficiently regular to suggest any 
Pasce II =d,/d 


Values of r for the expansion of In@(z 
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Fic. 1. The reduced antiferromagnetic susceptibility of the plane 
triangular lattice; (x) Exact, (EZ) Energetic approximation. (&) 
Kikuchi approximation, (B) Bethe approximation, and (G) 
Residual correlation function 





more refined extrapolation. The remainder R(w) will 
have a maximum value at T=0 or w*=—4}. At this 
point, from (13) and (14), we calculate 


0.13884 < xr(w?= — 4) < 0.139093. (15) 


To complete the extrapolation we observe that a 
study of the configurational data required to derive the 
high-temperature series for xr(v) leads to the con- 
clusion?” that we may write 


x(v)= (1—or) “1 — (o—1)o +? —20U (v)+G(v)], (16) 


where ¢+1 is the coordination number, U(v) is the 
reduced energy U(0)=0, U(1)=q/2, and G(v) is an 
unknown function defined in terms of certain lattice 
configurations but not known in closed form. It is found 
that the approximation obtained by neglecting G(v), 
which we shall call the energetic susceptibility (xr¥), is 
correct to within 3% in the region —v,<2<0. [In this 
region the approximation xr(w)12 will be correct to 
within 0.02%. ] We must therefore suppose that at high 
temperatures the energy, which is determined by the 
first-order correlations between spins, plays a dominant 
role. At low temperatures, however, the function G(v), 
which we shall call the residual correlation function, 
becomes important. By substitution of (15) in (16) we 
find that at r= —1 


0.9998 < G(—1) < 1.0074, (17) 


and from this we shall conclude G(—1) is very probably 
unity. We have therefore employed as remainder the 
expression 

Riu 1260w"" 


1+-1.364w*), (18) 


which corresponds to taking a geometric progression 
after the last term in (11) with a common ratio chosen 
to make G(—1)=1. The relatively small value of the 
remainder leads us to suppose that the value of x7(w) 
calculated from (13) and 
5 parts in 10 000. 


18) should prove correct to 


3. ANTIFERROMAGNETIC SUSCEPTIBILITY OF 
THE PLANE TRIANGULAR LATTICE 


By the method of the previous section the suscepti- 
bility of the plane triangular lattice has been calculated 
and we plot the result against the variable v7 in Fig. 1. 


»M. F. Sykes and M. E. Fisher, Phys. Rev. Letters 1, 321 
1958 
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On the same figure we also plot xr“(v) and the residual 
correlation function G(v). The function G(v) is negative 
in the region —0.51372<v<0, and the difference 
xr®—xr has a maximum value in this range of about 
1 


2 
” 
v 


% of xr near v=—0.37 (or 0.77;) and is zero at 
= —0.51372 (0.487,;) where G(v) changes sign. Thus 
effectively the approximation xr*(v) is accurate to 
within 4% in the temperature region }7;<T<™; at 
tT; the error is 9% and at 0.17; it rises to near its 
maximum value of 20%. 


4. ANTIFERROMAGNETIC SUSCEPTIBILITY OF 
THE KAGOME LATTICE 


The relationship between the partition functions of 
the Kagomé and honeycomb lattices has been studied 
by Naya’ and Fisher.® The reduced energy Ux(v) and 
reduced susceptibility xx(v) of the Kagomé lattice can 
be related to those of the honeycomb lattice. In our nota- 
tion the results may be written 


xx (v)=1+2(1—27+2*) [6x4 (w* 


—2U n(w*)/3—2 


Ux(v)=2(14+2) w*)/3(1+2*) 


for 


For the antiferromagnetic region —1<v<0 the vari- 
able w* varies from 0 to —} and is therefore always 
entirely inside the circle of convergence of the high-tem- 
perature expansion of x#(w*) which is —1/3}<w* <0. 
Since 24 terms? of the expansion of xq (w*) are available, 
the quantity x«(v) can be evaluated accurately over 
the whole antiferromagnetic temperature range. By a 
straightforward numerical extrapolation we estimate 


xu (— 1/3) =0.397193+0.000002, (22) 


and for the Kagomé lattice 


XK\ —_— 1 = 0.18943 +0.00001, 
and 


G(—1)=0.3643. (24) 


The quantities xx(v), xx" (v), and G(v) for the Kagomé 
lattice are plotted in Fig. 2. The function G(v) 
positive for this lattice. 


is always 


41.0 
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Fic. 2. The reduced antiferromagnetic 
Kagomé lattice; (y) Exact, (EF 
G) Residual correlation function 


susceptibility of the 
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5. APPROXIMATIONS AND EXTRAPOLATIONS 


Before examining some of the approximations that 
have been proposed for the antiferromagnetic suscepti- 
bility of the Ising model, we make the following general 
observation. 

The reduced energy of the triangular lattice may be 
expanded at high temperatures in powers of 2 as 


U (v) = 30+ 6r?+ 127° + 240'+ 5475+ - -- (25) 

This series has a generating function (Houtappel!!) 
— (1+0*)f1—30—3e°+2° 2 
—-~K(k)—1 


Tv 


(26) 
dy v)3 
where K(k) is the complete elliptic integral of the first 
kind and k?= 16v3(1—v-+2")/(1—v)*®(1+2)?. Although the 
series (25) converges only for |v) <vy, expression (26) 
is valid for all |v} <1. Because of this, the energetic 
susceptibility can be continued analytically down to 
v= —1 and it seems likely that if the generating function 
of the series for xr(v) could be recognized it would prove 
to be the complete solution. 
In the standard Bethe approximation the high- 
temperature expansion for the susceptibility has as 
generating function the Firgau formula,” 


xp= (1+12)/(1—07), v| <1/e. (27) 


The restriction on the range in (27) results from the as- 
sumption in the derivation of xg that there is no long- 
range order. Since no long-range order is possible on the 
triangular lattice for J<0, we take as the Bethe ap- 
proximation in the low-temperature antiferromagnetic 
region the analytic continuation of (27) which we plot 
in Fig. 1. Since this approximation depends only on the 
coordination number and neglects the detailed structure 
of the lattice, it is not surprising that it gives only a 
crude representation at low temperatures. 

An approximation which makes some allowance for 
the structure of the lattice is that proposed by Kikuchi," 
and the corresponding high-temperature susceptibility 
has been evaluated by Burley," who finds for the tri- 
angular lattice 

xi(v) = (1—2)/(1—3r)(1—4r), |v! <9}. (28) 
Here again the restricted range of 2 results from the 
assumption of no long-range order. We plot the function 
(28) in Fig. 1, and it will be seen that the approximation 
is almost as good as xr”. At T=0, (28) gives 
x.(—1)=0.100 while xr*(—1)=0.111. We remark in 
parentheses that the ground state of the triangular 
lattice is highly degenerate and has a finite entropy‘ 
of S/R=0.32306, while the Kikuchi approximation’ 


R. M. F. Houtappel, Physica 16, 425 (1950). 
2 U, Firgau, Ann. Physik 40, 295 (1941). 
'S R. Kikuchi, Phys. Rev. 81, 988 (1951). 
‘4 [). M. Burley, Phil. Mag. 5, 909 (1960). 
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yields S/R=0.2877 which may be regarded as reason- 
able for so simple an approximation. 

At the temperature T=Ty,, i.e., 
find 


when v=—vys, we 


xr(—v;)=0.339277, 
Xs (— vsp)= 0.339271, 


xr®(—vs) = 0.340157. 


The excellent agreement (0.002%) between the first 
two estimates in (29) is to some extent misleading, since 
it is fortuitous in much the same way as the agreement 
between xr“ and yr at v= —0.51372 which results from 
the change of sign of G(v) at this point. 

The deficiencies of the Kikuchi approximation are 
more evident in the ferromagnetic region where (28) 
predicts a singularity of type (v;—v) in place of 
(vy;—v)—*/4, Instead of the analytic continuation of an 
approximate high-temperature formula, we could at- 
tempt to continue a representation of the high-tempera- 
ture series x(v). A method of deriving such a representa- 
tion has been discussed by Park® and for details reference 
should be made to his paper. Essentially it consists in 
finding a function which generates all the known coeffi- 
cients correctly. If the true generating function is a 
simple one, it will be detected and the complete solution 
obtained in closed form. Park was able to identify the 
magnetization of the simple quadratic lattice in this 
way from its series expansion. The method is fraught 
with danger since an approximation that gives the first 


n terms of a series correctly is not necessarily a good 


one. It will be better if it also gives the correct radius 
and better still if it has the correct 
asymptotic behavior. In this respect the function 


of convergence 


do+22)-7/4(14+322) (1—2)4 (127)! 


X (1+ 22?) (1+2)-3, 


Xu(v) (1 
(30) 


which reproduces the first 8 terms of the expansion of 
xr(v) correctly,!® may be regarded as an excellent ap- 
proximation to xr for |v <v,;. At v=—v,, (30) gives 
0.33917 compared with the exact value of 0.33928; 
it has the correct radius of convergence (namely the 
least positive root of the quadratic factor), and this 
occurs to the correct power. The representation will be 
satisfactory both for the ferromagnetic and for the 
antiferromagnetic susceptibility. We shall call such an 
approximation an “‘algebraic mimic,” and such a mimic 
provides a convenient method of summation of the series 
but is quite unsuitable for analytic continuation unless 
it happens to be the true generating function. In fact 
Eq. (30) yields the inadmissible value x(—1)=. 
Algebraic mimics can be constructed which generate 
any required number of terms correctly, but we have 
so far been unable to find any mimic that could be 
proposed as the exact solution, which as we have already 
urged could be continued analytically, and it seems un- 


15 Ninth term 732 694 in place of 732 678 
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likely in view of the form of (26) that x(v) would prove 
to be algebraic. 

Another method of mimicking the high-temperature 
expansion is that employed by Domb and Sykes° for 
the corresponding ferromagnetic problem. They write 


x(r)=A(1—2) TA4 W(t), 1/t=z7, (31) 


the polynomial x(/) being chosen to reproduce the 
known terms correctly. The values they quote for the 
triangular lattice give x(—v,;)=0.3385 which is correct 
to 0.23%, but the number of significant figures quoted 
is inadequate for the antiferromagnetic problem and 
only 8 terms were at their disposal. With the 12 terms 
now available, the representation (31) could be im- 
proved and the method is again adequate for summation 
in the high-temperature region. As T—0, t—— x 
and the form of ¥(¢) makes an estimation of x(—1) by 
this method impracticable. 


6. CONCLUSIONS 


A formula has been given that enables the anti- 
ferromagnetic susceptibility of the plane triangular 
lattice to be evaluated over the entire temperature 
range with a maximum error of 5 parts in 10000 at 
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T=0. That this has proved possible results from three 
facts. First, the magnetic moment transformation yields 
an expansion that converges up to T=0. Second, the 
asymptotic behavior of the coefficients is well established 
and this makes a reliable summation possible. Third, ¢ 
counting theorem enables an adequate number of terms 
of the series to be derived. 

We have found that, while adequate for estimating 
x(v) in the range 0>v>—vy, none of the approximate 
methods previously proposed for extrapolating the high- 
temperature susceptibility series enables the suscepti- 
bility to be evaluated at low temperatures. In the range 
3T;<T<~«, the energetic approximation is the most 
satisfactory. Unfortunately, although this is probably 
still true for three-dimensional lattices, the energy is not 
known exactly in these cases. 
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Influence of Silver Impurities on the Annealing Kinetics of 
Quenched Gold Specimens 
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The recovery of quenched-in extra resistivity has been studied in thin gold wires, to which atomic concen 


trations of silver equal to 1.2X10™3 or 1.4X10~ have been added. Recovery occurs at higher temp¢ 
than for pure specimens, the effective activation energy being larger than 1 ev. The interpret: 
vacancy-impurity complexes are formed, whose binding energy is about 0.3 ev 


eS 
perature 
ion is that 


Evidence o 


defects at low temperature is also obtained in the case of impure specimens 


I. INTRODUCTION 


GREAT deal of attention has been devoted in 
the last years to the kinetics of lattice 
vacancies in face-centered cubic metals. After the first 
results by Koehler e/ al.' for gold, the quenching method 
has been widely used to inject vacancies into the 
specimens; the features of recovery of quenched-in 
extra resistivity during annealing at suitable tempera- 
tures have been assumed to be directly related to the 
behavior of lattice vacancies. 
Experimental evidence has been accumulated, how- 
ever, to show that recovery is very seldom a simple 
process. Actually, if the equilibrium concentration of 


few 


* Laboratori Centro Informazioni Studi Esperienze and Istituto 
di Fisica del Politecnico, Milano, Italy 
| J. W. Kauffman and J. S. Koehler, Phys. Rev. 97, 555 (1955 


vacancies at the quench temperature is large, di- 
vacancies are very likely to be formed during quench, 
which influence the annealing kinetics. Moreover, 
electron mi roscope observations by Silcox and Hirsch‘ 
and investigation of changes in mechanical properties 
during annealing by Mori, Meshii, and Kauffman? 
provided clear experimental evidence that the formation 
of vacancy clusters is also important in quenched gold. 

Annealing kinetics seem to be simple and reflect 
essentially the behavior of pure vacancies only if the 


fF S. Koehler, E. Seitz, and J kk. Bauerle, Phys. Rev. 107, 
1499 (1957) 

3G. J. Dienes and A. ( 
published) 

J. Silcox and P. B. Hirsch, Phil 

®°T. Mori, M. Meshii, and J. W 
1961 


Damask, Trans. Faraday Soc to be 
Mag. 4, 7 
Kauffmar 
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initial concentration of vacancies is very low, corre- 
sponding to a quench temperature lower than 700°C in 
the case of gold. 

Recent calculations by Damask and Dienes® have 
taken into account the possible influence of impurity 
atoms on the kinetics of vacancy annealing. Even if 
formation of extended clusters of defects around im- 
purity atoms is neglected, which effect has been con- 
sidered in principle by Kimura e/ al.,’ vacancy-impurity 
complexes may be responsible for a noticeable deviation 
of the value of the activation energy for recovery from 
the value of the migration energy of pure vacancies. 
Nevertheless, simple exponential annealing kinetics is 
predicted theoretically,® and therefore it is advisable 
to repeat the annealing experiments with the use of 
specimens which contain impurity atoms of a well- 
defined type and in controlled concentrations. 

In the case of gold the basic parameters describing 
the behavior of lattice vacancies and of their simplest 
aggregates have been fairly well established. The 
activation energy for formation of lattice vacancies /:y 
is 0.98 ev,** the migration energy of vacancies Ey, is 
found equal to 0.83 ev,*"° within very narrow limits. 

The self-diffusion energy Ep is 1.81 ev," which value 
is consistent with the sum Er+Ey. The activation 
energy for migration of divacancies has been estimated 
as equal to about 0.6 ev.” 

Gold is commercially available with an impurity 
content of about 5X10~° in the most favorable cases. 
Further purification by the zone-refining method 
appears very difficult although some increase of purity 
in zone-refined gold has been reported in literature.” 
The present writers have succeeded so far in reducing 
the content of silver and of some other impurities by 
about 50°7,, but it was felt convenient to defer to a 
subsequent research the investigation of the behavior 
of gold of such or possibly greater purity. 

The results to be described concern mainly gold 
specimens whose initial purity is somewhat better than 
10-> and to which silver has been added in known 
amounts. Data on the behavior of lattice vacancies 
when impurities are present can be derived from our 
results, though they have to be considered as prelimi- 
nary to some extent. 


2. EXPERIMENTAL METHOD AND 
PRELIMINARY RESULTS 


The specimens were thin wires, 0.07 and 0.04 mm in 
diameter and about 20 cm long. Quenches were per- 


6 A. C. Damask and G. J. Dienes, Phys. Rev. 120, 99 (1960 
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Isothermal annealing curves obtained with 0.04 mm pure 
gold wires. Quenching temperature 700°C 


formed at temperatures which in most cases were lower 
than 700°C, so that 
cancies were smaller than 10 


frozen-in va- 
In order to vary the 
quenching rates within a wide range, water and helium 


concentrations of 


at 10 atm were used as cooling agents, and moreover, 
many quenches were performed in air, letting the wires 
cool down naturally. At low quenching temperatures 
the changes in resistivity were practically independent 
of the cooling rate. 

Isothermal annealing measurements which were 
performed with wires of the above indicated purity 
showed that the kinetics of recovery is exponential 
with all the quenching procedures, and that the induced 
resistivity changes recover completely within a few 
percent. The activation energy for vacancy migration 
turned out to be 0.84+0.03 ev according to these 
measurements, in close agreement with the results of 
the above quoted authors. The orders of magnitude of 
times which are required for recovery at various 
temperatures are shown in Fig. 1. 

Silver was introduced in atomic concentrations equal 
to 1.410 and 1.2X10~ by means of electroplating 
followed by a diffusion annealing for several hours at 
850°C. The concentration of silver was checked both 
by weighing and by adding a small amount of Ag"® of 
known specific activity to the electrolytic bath. 

Most of the results described in the following sections 
were obtained with Au+10-* Ag wires. The changes 
in resistivity were measured according to an already 
described method," in which the resistance of the 
actual wire is compared with that of a dummy, pure 
gold specimen. 


Germagnoli, and 
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Fic. 2. Isothermal annealing curves obtained with 0.04-mm 
\u+1.2X10™ Ag wires. Quenching temperature 660°C, annealing 
temperature 126°C. a. After quench subsequent to a 10-min 
800°C annealing. b. After quench subsequent to one quench and 
350°C annealing. c. After quench subsequent to four quenches 
and 350°C annealings. d. After quench subsequent to seven 
quenches and 350°C annealings 





3. EXPERIMENTAL RESULTS: Au+1.2 10-3 Ag 


(a) The values of the quenched-in resistivity for 
impure specimens are identical to the ones found in the 
case of pure gold. A preliminary investigation of the 
annealing behavior of impure specimens showed that 
their characteristic recovery times are longer than the 
typical ones for pure specimens, but the results were 
very poorly reproducible. In this respect the outstand- 


ing feature was that, if a specimen underwent several 


isothermal annealing curves at the same temperature 
after quenches at a fixed temperature, the recovery 
rate increased gradually. This behavior is shown in 
Fig. 2. The interpretation of curve a in this figure will 
be discussed later. 

It is apparent that this behavior has to be attributed 
to disorder being accumulated within the specimen due 
to repetitive quenches. Additional sinks for lattice 
defects are presumably supplied by clusters, which are 
also responsible for some additional extra resistivity 
that does not recover even at 350°C. The influence of 
impurities is the enhancement of this effect which was 
noticed already for pure specimens by Bauerle and 
Koehler® for quenching temperatures of about 900°C 
or higher. 

Figure 3 shows that the percentage of Ap, left after a 
155°C annealing, decreases if the quenching tempera- 
ture is decreased, but is still not negligible if the 
quenching temperature is as low as 650°C. The effect 
is peculiar to impure specimens. 

(b) Much more reproducible results are achievable 
whenever the specimens have been annealed for 10-30 
min at 800°C before each quench. It is likely that 
with this procedure the situation existing before quench 
and annealing has been recovered, a substantial portion 
of clusters formed during the previous quench having 
been annihilated. 
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Figure 4 shows a few isothermal annealing curves 
obtained immediately after quenches with the procedure 
discussed in the above paragraph. They are different 
from those obtained with pure specimens in two main 
respects: A resistivity maximum is apparent for anneal- 
ing temperatures between 20° and 150°C or thereabout, 
and no subsequent recovery can be noticed even at 
temperatures at which lattice vacancies appear to be 
mobile in pure specimens. These facts suggest that the 
defects responsible for the observed changes in resis- 
tivity are no longer single vacancies, but defects which 
are mobile even at room temperature, namely di- 
vacancies. Moreover, more complicated defects, which 
are practically immobile and stable even around 150°C, 
must be present. : 

(c) Some isothermal annealing curves are shown in 
Fig. 5. In this case specimens containing silver (1.2 
<10- atomic concentration) were quenched at 660°C 
and subsequently annealed at 120°C for one hour. With 
this preliminary treatment the existence of a second 
stage of recovery was demonstrated. Apart from a fast 
initial transient, first-order kinetics are obeyed, the 
characteristic activation energy being equal to 1.05 
+0.10 ev. The residual Ap, after such rec overy, corre- 
sponds to about 10°% of the Ap which is left after the 
preliminary treatment, and disappears only after a 
very high temperature annealing. 

Figure 6 gives the characteristic this 
annealing stage and also, for comparison, the character- 
istic times which were observed with pure specimens 
quenched at the same temperature. It is apparent that 
a different activation obtained and that 
recovery is much slower in impure specimens. The 


times for 


energy. is 


Fic. 3. The influence of quenching temperature on the residual 
extra-resistivity which does not recover at 155°C. Curves a: pure 
Au wire. Curves b: Au+1.2X 107% Ag wires 
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pre-exponential factor 7» in the Arrhenius equation, 
T=) exp(Q/RT), 
is, however, about 10-* sec in both cases. 


4. EXPERIMENTAL RESULTS: Au+1.4X10~‘ Ag 


Similar, though less extended, measurements were 
carried out with gold wires to which silver had been 
added with an atomic concentration of 1.410-*. Such 
specimens behaved in some way intermediately between 
pure wires and 10-* Ag wires. This statement is illus- 
trated in Fig. 7, where three isothermal annealing 
curves at 126°C are compared: They refer to three 
specimens whose impurity content is different. It is 
apparent that if the silver content is about 10~, 
recovery obeys a first-order equation over a wide 
interval, the characteristic time being, however, notice- 
ably longer than for a pure specimen. A resistivity 
maximum is also noticed, similar to the case of 10~% 
Ag wires. The maximum occurs at an earlier time and 
is not as high as for the more impure wire, though it is 
still fairly evident at lower annealing temperature. 


5. DISCUSSION 


The two reactions in the annealing of vacancies to 
sinks in the presence of impurities which have been 
taken into account by Damask and Dienes‘ are 

Ky 

VitiIiec, 
K» 
K; 
V,;— sinks, 

where V,, 7, and C are the concentrations of vacancies, 
unbound impurities, and vacancy-impurity complexes, 
and Ky, Ke, Ky are appropriate rate constants. The 
integration of the corresponding differential equations 


showed that after a fast transient C and V decay 
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Fic. 4. Isothermal annealing curves obtained with 0.04-mm 
\u+1.2 107 Ag wires. Quenching temperature 660°C. 
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Fic. 5. Isothermal annealing curves obtained with 0.04-mm 


Au+1.2X10-% Ag wires. Quenching temperature 660°C. One 
hour preliminary annealing at 120°C. 


steadily, the effective rate constant being 
Ky 
K .=K / (1+ -Iy }, (1) 
/ Ke 


the total impurity concentration. If the 
the above quoted authors are introduced 


one gets 


where Jo is 
K’s used by 
into (1), 


K;/K,=1+6]) exp(B/kT), 


and the binding energy B of the silver atom plus 
vacancy complex can be deduced from the measured 
K;/K, ratio, as long as K, and K; are obtained at the 
same annealing temperature 7. 

Unfortunately it is very hard to obtain accurate 
values of B with the help of this procedure, the main 
reason being that the characteristic times for recovery 
at one fixed temperature are different for different 
wires as the density of sinks for defects are seriously 
affected by the previous history of each wire, in par- 
ticular by the diffusion annealing which is necessary to 
introduce impurities. When this method was used on 
data like those from Fig. 5 and Fig. 7, the resulting 
values of B were 


0.26+0.06 ev, 
0.41+0.08 ev, 


wires), 


Aut+10-4 . 
Au+ 107 , 


\g 
\g wires). 


It is not understood at present if this difference between 
specimens containing different concentrations of silver 
can be explained simply by the rather poor reproduci- 
bility of the measurements of characteristic times for 
recovery. 

A lower limit for B can be obtained by comparing 
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; tic times tor recovery of quen hed-in extra 
resistivity. Curve a: Au+1.2X10~ Ag wires. Curve b: pure Au 
vires. @ 0.04-mm wires, air quenching 0.07-mm wires, air 
1enchir 0.07-mm wires, water quenching 


the effective activation energies for recovery which are 
found from Fig. 6 in the cases of 


specimens: 


pure and impure 
1.05+0.10 ev, (Au+10~ Ag), 
0.83+0.02 ev, (Au, average value according 

to several authors). 

In this way the binding energy B proves to be 20.2 ev. 
valid provided that gold 
specimens with an impurity concentration near 10~° 


The equality would be 


can be considered as infinitely pure and if specimens 
containing a 10~* Ag concentration are such as will fit 
the extreme conditions considered by Damask and 


] + 
last Cast 


KK, 


n this 


Dienes. 
6/ exp B/kT), 


and the effective migration energy of defects is actually 
E ut B. 

This seem warranted on the 
basis of the above results with the Au+10~ Ag speci- 
In fact, an inspection of Fig. 5 of the quoted 
paper by Damask and Dienes shows that a simply 
exponential relationship between K, 1/T is not 
necessarily valid in our experimental conditions: This 
fact could suggest that the above reported effective 
activation energy for recovery could be somewhat 
larger than 1.05 ev in the case of Au+10-* Ag wires. 

Not enough data were obtained with the Au+10~ 
Ag specimens to derive a reliable value of the effective 
activation energy for recovery, 


con lusion does not 
mens. 
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It is felt that the binding energy of the silver atom- 
vacancy complex is about 0.3 ev, and it can be safely 
concluded that the annealing stage at 150-250°C and 
the results which are summarized in Fig. 5 and Fig. 6 
suggest that the ideas put forward by Damask and 
Dienes are correct. 

An attempt should be made to explain the maximum 
followed by a plateau observed during short time 
isothermal annealings of impure specimens. The pro- 
posal of Sosin'® of a change in resistivity as single 
vacancies become bound to impurities was considered. 
If Sosin had allowed Q’s greater than one (see Fig. 8 
of the quoted paper), it is evident that a rise to a 
saturation, or a maximum followed by a decrease to 
zero, could result, but not the observed maximum 
followed by a plateau reported here. Therefore the 
following scheme is proposed. Since impure specimens 
anneal at temperatures as low as 20°C, it is likely that 
the most mobile observed defects are divacancies. The 
hypothesis which is put forward here is that clusters of 
defects are formed during the quench of impure speci- 
mens. Clusters, the extra- 
resistivity is presumably small, are essentially stable 


whose contribution to 
and immobile at low temperature, as shown by the 
general features of the recovery curves, apart from the 
fact that they evaporate divacancies at low tempera- 
ture, thereby increasing the resistivity; divacancies in 
turn either disappear to sinks or get bound in impurity- 
divacancy complexes. 

If notations similar to the ones used by Damask and 
Dienes are used, the reacti 
defects which have to be considered in the 
ture situation are the following: 


additional tions between 


low-temper- 


Clusters — | 


Here V2 means divacancy, / means impurity atom, 
and C” indicates a V 
considered by Damask and Dienes: C=V\+/ 
Aa, A; are appropriate rate constants 

An attempt at 
differential equations has been made, 


.+J complex, similar to the one 
A, Ad, 


solving the 


corre sponding set ol 


having 
been assumed for the sake of simpli ity to act like an 
inexhaustible source of divacancies, / held constant, and 


clusters 


the concentration of divacancies immediately after 
quench having been assumed to be very small. A Vo(¢ 
curve was obtained which shows a trend which is in 
qualitative agreement with the experimental ones, but 
no serious attempt was made to determine the charac- 
teristic parameters such as the rate constants. 


'5 A. Sosin, Phys. Rev. 122, 1112 (1961 





ANNEALING KINETICS OF 

From an experimental point of view, the facts that 
the higher the annealing temperature, the faster the 
maximum in resistivity is reached, and the higher the 
annealing temperature the less marked is the maximum, 
seem to confirm that the initial increase in resistivity is 
related to the boiling off of the divacancies. 

The fast initial annealing stage of recovery which is 
noticed in curves like those given in Fig. 5 is likely to 
be attributed to the disappearance of divacancies which 
are left in transient equilibrium conditions at 120°C, 
ither free or bound in C’ complexes. 


6. CONCLUSIONS 


The results reported in the previous sections are 
believed to give a picture, though far from complete, 
of the behavior of quenched-in lattice defects in gold 
specimens containing silver as impurity. Generally 
speaking, the theory developed by Damask and Dienes 
appears to be confirmed, though the pattern seems more 
complicated than expected, due to the non-negligible 
probability that large complexes are formed in quenched 
impure specimens. 

The general ideas which are suggested by these 
results have been confirmed from further measurements 
carried out with gold specimens to which a 5X10™ 
atomic percent of nickel been added. Detailed 
investigations are in progress and show similar kinetics, 


has 


though less prominent maxima were obtained during 
annealing at low temperature and the characteristic 
recovery times between 90° and 150°C are much more 
similar to the ones obtained for pure gold than in the 
case of the silver-doped specimens. 

Much purer specimens and more accurate and 
reproducible measurements are needed in order to 
obtain precise values of the binding energies of vacancy- 


QUENCHED Au SPECIMENS 








Au+10 “Ag 








50 100 200 


| 
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7. Influence of the impurity content on isothermal 
annealing curves at 126°C 


impurity complexes and to confirm the fact that a 
silver content of 10~° or slightly less does not affect 
appreciably the kinetics of lattice vacancies in gold 
when the initial concentrations of vacancies are suffi- 
ciently low. This fact seems to have been reasonably well 
established here, but investigations with extremely 
pure specimens, to which impurity atoms have been 
added in controlled amounts, are highly desirable. 
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rhe growth-rate equations have been derived for diffusion-controlled precipitation while the diffusing 
species is continually being created and destroyed throughout the material. Three mechanisms were treated 
1) Bulk diffusion from a large spherical region to a small, concentric spherical particle; (2) diffusion in a 
spherical region to the wall of the sphere and subsequent instantaneous diffusion toa precipitate particle on 


the sphere’s surface; and 


3) two-dimensional diffusion in a circular region to a spherical particle located 


at the center of the circle. Ham’s method, in which the concentration is expanded in eigenfunctions of an 
appropriate eigenvalue problem, was extended to take into account the presence of sinks and sources. The 
resulting equations were solved with the aid of a digital computer. The results show that, in the short-time 
approximation, the radius is proportional to the time for case (1), the radius is proportional to the cube 
root of the time for case (2), and the radius shows a rapid rise at very short times and then a slower, almost 


linear increase with time for case (3). For long times, the shape of the radius-time curves is more complex 


INTRODUCTION 


HE most comprehensive treatment of the theory 

of diffusion-controlled precipitation in the ab- 
sence of sinks and sources has been developed by Ham 
using an eigenfunction expansion technique.' As far as 
the authors are aware, no comparable treatment of 
precipitation processes in which the diffusing species is 
continually being created and destroyed has been given. 
In view of the growing interest in such problems as 
void growth during plastic deformation,?>~* bubble 
formation in fissionable materials, and the enhanced 
growth of bubbles in irradiated metals containing 
helium,® an analysis of the theory including the effects 
of sinks and sources is highly desirable at this time. 
It is the purpose of this paper to present this theory for 
a number of special cases of physical interest and to 
show how the theory may be used to distinguish 
among alternative mechanisms of precipitation. 

The problems to be solved are essentially boundary 
value problems for a nonhomogeneous diffusion equa- 
tion. The eigenfunction expansion method used by 
Ham can be extended to take into account the sink 
and source terms, and this procedure is used throughout 
the present assumed that the rate of 
production of the diffusing species is a constant inde- 
pendent of position and time and that the rate of 
destruction is proportional to the concentration. Three 


paper. It is 


spec ial cases, corresponding to three different mecha- 


nisms of precipitation, will be treated in this paper. 


These are: 


'F. S. Ham, J. Phys. Chem. Solids 6, 335 (1958 

2 J. Neill Greenwood, D. R. Miller, and J. W. Suiter, Acta Met 
2, 250 (1954) 

+E. S. Machlin, Trans. Am. Inst 
206, 106 (1956 

*C. W. Chen and E. S. Machlin, Trans. Am 
Met. Petrol. Engrs. 209, 829 (1957 

5G. W. Greenwood, A. J. E. Foreman, and D. E 
J. Nuclear Materials 1, 305 (1959 

§ A. Goland, Phil. Mag. 6, 189 


Mining, Met. Petrol. Engrs 


Inst. Mining, 
Rimmer, 


1961 


(1) Diffusion in a spherical region of radius L to a 
spherical precipitate particle of radius R<JL located 
at the center of the large sphere, 

(2) diffusion in a spherical region of radius L to the 
surface of the sphere and subsequent instantaneous 
diffusion to a precipitate particle located on the surface 
of the sphere, and 

(3) diffusion in a two-dimensional circular region of 
radius L to a precipitate particle of radius R located at 
the center of the large circle. 


Throughout this paper it is assumed that the particle 
grows slowly enough so that its size variation with time 
need not be considered in setting up the boundary 
conditions to the diffusion equation. 


EIGENFUNCTION EXPANSIONS AND THE 
DIFFUSION EQUATION 


The general diffusion equation to be solved is 


On/ dt= DV-n +k — Kon, 

where n is the concentration of diffusing species, ¢ is 
the time, D the diffusion coefficient, x; the 
production of the diffusing species, 
lation constant such that xen is the 


rate of 
and xe an annihi- 
rate at which the 
species is destroyed. x; and x, are taken to be constants 
independent of » and ¢ 

In the problems being considered in this paper, the 
boundary conditions always have the form 


nN R,/) Q), 
Vn) .=9, 


n(r.0 Q), 


That is, the concentration is always zero on some 
surface or curve R, the gradient is always zero on some 
surface or curve L, and the concentration at zero time 
is everywhere zero. 

The concentration can always be expanded in a set 


420) 
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of orthonormal eigenfunctions y,(r), 


n=); a;(Oy;(n), (5) 


where aj(¢) are the expansion coefficients and y,(r) 
are the solutions of the following eigenvalue problem: 


VY ji tr7pj;=9, 
y;( R)=0; (Vv; L=0. 


(6a) 
(6b) 


The A,? are the eigenvalues of the problem. 
Substituting Eq. (5) into Eq. (1) and using Eq. (6a) 
gives 
> 5 0; (da;/dt+ Dd 7a ;+K2a;) =k. (7) 
Now multiply by ¥; and integrate. Since we require 
that the y; form an orthogonal set, it follows that 


da; dt+ (Dd ?+k2)a;= ite (8) 


am f vi(rdr, 


Integrating Eq. (8) and using the condition (4) gives 


where 


(9) 


¢;=8;7;(1—e-"'*4), (10) 
where 


7 j=1/(DA?+k2) (11) 


is an effective relaxation time. 
Combining Eqs. (10) and (5) gives the general form 


n=)° ; Bjr;(1—e-"™)y,(r). 


y;(r) is obtained by solving the eigenvalue problem (6). 
Once n is given explicitly as a function of r and ¢, the 
derivation of the rate of growth of the precipitate 
particle is straightforward. 

The procedure leading to Eq. (12) is entirely analo- 
gous to that of Ham! except that it has been extended 
to account for the presence of «x; and «gn in the diffusion 
equation. 


(12) 


CASE 1. DIFFUSION TO A SPHERICAL PARTICLE 


For spherical symmetry, the eigenvalue problem of 
Eq. (6) becomes 


d?(np;)/dr’+A7(np;)=9, 
y ;(R)=0, 
(dy ;/dr),--.=9. 


Equations (13) to (15) describe a physical situation 
in which a spherical particle of radius R is collecting 
the diffusing species from a surrounding spherical region 
of radius L. If the specimen contains many precipitate 
particles, then these equations imply that the particles 
are small enough so that they may be treated inde- 
pendently and 22 then becomes the mean distance 
between the particles. 
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The solution of Eq. (13) is 
sin(A;r+6,;) 
. (16) 


r 


where C; and 6; are to be evaluated from the normal- 
ization condition and the boundary condition (14), 
respectively. Equation (14) requires that 6;=—Aj;R, 
and the normalization condition requires that 


L l 
ce=[4n f sn? (r— Rr] : 
R 


C;2=2a[ (L—R)—L/ (1+ 1A2)]. 


(17) 


(18) 


Differentiating Eq. (16) and applying the condition 
(15) shows that the A; are the roots of the equation 


tand ;(L— R)=L\,. (19) 


The lowest root of Eq. (19) is! 


AP=3R/L[1+ (9/5)R/L]. (20) 


The higher \,’s increase so rapidly with increasing 
j’s, that terms with j>1 contribute a_ negligible 
amount to the series in Eq. (12) and may be neglected. 

If the approximation is made that R<L, and Eqs. 
(18) and (20) are combined, the result is 


Co=1/[2 (eR)! (21) 


The only quantity that remains to be determined in 
order to make use of Eq. (12) is 8;. This can be evalu- 
ated by substituting Eq. (16) into Eq. (9): 


I 
3 dirniC, f 
/R 


sind ;(r—R)rdr. 


Performing the integration and making 


gives 


use of Eq 


B;=4mxiC;R/o. 


Retaining only the first term in the series, substitution 
of Eqs. (16), (20), (21), and (23) into Eq. (12) gives 


K1To SiINAg(r— R) 
(1—<¢ (24) 


Xo 


The rate of growth of the precipitate particle can be 
calculated from the flux of atoms across the particle 
surface. This is 

dV /dt=4rR*vJ pr, (25) 
where V is the particle volume, v is the volume per 
atom of diffusing species, and Jr is the flux entering 
the particle. Jz is related to the concentration gradient 
by 


Jr=D(dn/dr) pr. (26) 
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TABLE I. Solutions of Eq. (38): 


a =0.01 a =0.5 


p Ip/ dt t p dp/ dt ‘ r dp/ dt’ 
0.01993 
0.07895 
0.1368 
0.1935 
0.2492 


0.9934 0.02 0 
0.9738 0.08 O 
0.9549 0.14 O 
0.9364 0 
0.9185 0.2 


01993 
07894 
1368 
1935 
2490 


0.9934 
0.9736 
0.9543 
0.9352 
0.9166 


01993 
7892 
1366 

1931 
.2482 


0.9933 
0.9727 
0.9516 
0.9300 
0.9082 


3038 0.9011 0.: 
3573 0.8842 0 
4099 «0.8677 0 
46015 O.8518 0O.: 
$121 8362 0.5 


3035 O 
3568 0.8804 
4091 0.8629 
4604 0.8457 
5106 0.8290 


8983 3021 
3546 


4058 


0.8861 
0.8640 
0.8420 
0.8201 
0.7984 


AND 


D. BEHRENDT 


a’p 


(a’p+1)pdp/dt’=[1 Fie’). 


t Ip /dt t Ip/dt’ 


0.01993 
0.07889 
0.1365 
0.1927 
0.2473 


0.9932 
0.9716 
0.9483 
0.9236 
0.8979 


0.02 
0.08 
0.14 
0.2 

0.26 


0.01993 O 
O7882 0 


9931 0.01993 
9693 0.09777 
1362 0.9417 0 0.8919 
1918 0.9111 0.2 0.8241 
2455 0.8781 3 3033 0 


0.9926 
0.9503 


7533 


0.3004 
0.3519 
0.4017 
0.4500 
0.4966 


0.8714 
0.8445 
0.8174 
0.7904 
0.7637 


0.32 
0.38 
0.44 
0.50 
0.56 


2971 0.8436 
3467 0.8084 
3941 0.7729 
$394 0.7378 
$827 0.7035 


0.6840 
0.6196 
0.5614 
0.5101 
0.4655 


S618 
6106 
6586 


01993 
1163 
2045 
2826 
3506 


4095 
4605 
5052 
5448 
5803 


6201 
6757 
7241 
7672 


8063 


8421 
S754 
9064 
9412 
9684 
9994 


8211 0.62 
8065 0.68 
7922 0.74 
7784 O.8 

7649 0.86 


7518 0.92 0 
7391 0.98 O 
7177 1.085 0 
7021 1.205 O 


5599 
608 1 
6555 
7019 
7474 
7920 
8357 
9103 
9926 


r=! 
0199 
0972 
1686 
2471 


Sg 


5604 


6293 
ORSS5 
7342 
7774 
8166 


0.8126 
0.7966 
0.7810 
0.7658 
0.7510 


0.7365 
0.7224 
0.6986 
0.6728 


0.9919 
0.9337 
0.8468 
0.7246 
0.5897 


0.4827 
0.4033 
0.3452 
0.3023 
0.2698 


0.2179 
0.1857 
0.1633 
0.1466 
0.1336 


0.1232 
0.1145 
0.1063 
0.1003 
0.09499 


045 0.9959 


0.09162 


7691 
8092 
8766 
9497 
9963 


a =20 


0.01991 
0.09009 


5029 


5551 
0.6044 
0.6514 
0.7003 
0.7501 


3 0.8001 
4 0.8526 
5 0.9011 
6 0.9503 
7 0.9983 


0.7770 
0.7559 
0.7353 
0.7151 
0.6955 


0.6763 
0.6577 
0.6266 
0.5932 


0.5722 


0.9904 
0.9025 
0.7704 
0.6377 
0.5263 


0.4403 
0.3501 
0.2762 
0.2220 
0.1798 


0.1488 
0.1264 
0.1094 
0.09517 
0.08332 


0.07351 
0.06498 
0.05826 
0.05258 
0.04776 


0.5416 
0.5851 
0.6270 
0.6674 
0.7064 


0.7440 
0.7803 
0.8408 
0.9055 
0.9463 
0.9853 


a =50 


0.01988 
0.1089 
0.1502 
0.2015 
0.2508 


0.3039 
0.3528 
0.4015 
0.4518 
0.5024 
0.5522 
0.6010 
0.6505 
0.7015 
0.7516 


0.8008 
0.8522 
0.9011 
0.9521 
0.9982 


805 
725 
965 
7.205 


0.7372 
0.7114 
0.6862 
0.6619 
0.6384 


0.6158 
0.5941 
0.5584 
0.5212 
0.4984 
0.4772 


0.9860 
0.7672 
0.6132 

0.4280 
0.2935 


0.2031 
0.1521 
0.1182 
0.09383 
0.07622 


0.06329 
0.05358 
0.04586 
0.03952 
0.03449 


0.03043 
0.02691 
0.02410 
0.02161 
0.01967 


0.62 
0.68 
0.74 
0.80 
0.86 


0.92 

1.000 
1.165 
1.325 
1.485 
1.605 


0.01 
0.05 
0.1 
0.3 
0.5 


0.7 
0.9 
12 
1.6 


15 
0 


0.5239 

5631 
0.6005 
0.6361 
0.6701 


0.7025 
0.7434 
0.8205 
0.8872 
0.9476 
0.9893 


a=70 


0.009975 
0.04856 
0.09120 
0.1953 
0.2492 


0.2869 
0.3168 
0.3540 
0.3933 
0.4262 


4613 
4919 
5437 
5663 
5872 
6591 
OS9OR 
0.7181 
0.8540 
0.9412 


0.6703 
0.6385 
0 
0 
0 


0.5272 

0.4960 
0.4402 
0.3960 
0.3596 


0.3365 


0.9941 

0.9242 
0.7754 
0.3448 
0.2175 


0.1653 
0.1362 
0. 1006 
0.08910 
0.07609 


0.06511 
0.05739 
0.04709 
0.04345 
0.04044 


0.03219 
0.02941 
0.02716 
0.0192 

0.01589 


4119 
4629 
5048 
5570 


6143 


6625 
7599 


10 
15 
0 
> 0.9025 
30 0.9596 


0.8373 


0.4270 
0.3938 
0.3653 
0.3133 
0.2798 


0.2481 
0.2239 
0.2049 
0.1894 
0.1766 
0.1677 


0.9930 
0.9011 
0.7167 
0.4282 
0.2928 


0.2265 
0.1441 
0.1193 
0.09636 
0.07854 


0.05755 
0.04568 
0.03849 
0.03167 
0.02608 


0.02244 
0.01709 
0.01410 
0.01214 
0.01075 


Evaluating the derivative from Eq. 


R 


gives 


(On/ Or) r= (KT l—e 


ti ro \ 
bec omes 


dt=4rRDox,79(1—e~"/ 


25 


dV (28) 


RdR/ di = Dexyro(1—e~"!* 


(29) 


The relaxation time r+ 
radius R through Eqs. (11 


is related to the particle 


and (20). Thus, for R<1, 
3DRL 


+ Ke. (30) 


uation (29 


cannot be solved analytically, but 
useful numerical solutions can be obtained by defining 


the quantities a, R’, and ¢’ by 


C; ra"Dvk, L?. 


R’ = R/L. 


In these equations 74 and rp are defined by 


Taz=i/k tT p= L?/3D. 


rts and rp have the dimensions of time and may be 
thought of as the relaxation times of the annihilation 
and diffusion processes, respectively. 

By using the definitions embodied in Eqs. 


(35), Eq. (29) becomes 


(aR’+ 1 R'dR’ dt’ 


Now transform R’ according to the definition 


p R'C, 
Then Eq. (36) becomes 


(a'p T 1 pdp dt’ 
where 


was solved for p and dp dl’ 


Equation (38 by a 
Runge-Kutta integration program on a digital computer 
for the initial conditions p=0 and dp/di’=1 at ¢ 
[Note that for ’«<1/(a'p+1), Eq. 38) gives p° 
+constant, so that if the radius is zero at (=O it 
proportional to the time for small ¢..] The results are 
shown in Table I and are displayed graphically in 
Fig. 1, where p, the reduced radius, is plotted against /’, 


is 


the reduced time, for a range of values of a. 
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A special case of Eq. (36), of great interest because 
of its application to the formation of voids in metals,’ 
is given by the condition (aR’<1). This means that 
the annihilation constant x. is much greater than 
3DR/L’*. In this case, Eq. (36) reduces to 


R'dR'/dt'=C\(1—e~"). 


(39) 
Integration of Eq. (37) gives 
4R°=C,('+e-" —1). (40) 
In the short-time approximation, when (<1, Eq. (40) 
simplifies to 
R’=Ci'l, (41) 


so that in this special case the radius is proportional to 
the time. 


CASE 2. DIFFUSION TO THE WALL OF A SPHERE 
In this section, the physical situation being considered 
is one in which the diffusing species is being created 
and destroyed throughout a spherical region of radius 
L. This species diffuses to the surface of the spherical 
region and then migrates instantaneously to a spherical 
precipitate particle located on this surface. The eigen- 
value equation is the same as for case 1, 
a? ry; 


but the boundary conditions in this case are 


y (L)=0, 


dr); Q). 


dr°>+ 7 (rp ;)=0; (42) 


(43) 


(dy (44) 


The eigenfunctions of Eq. (42) are again given by 


sin(A ;r+6) 


¥i=C; 


(45) 


but C; and 6 have values that are different from those 
for case 1, because the boundary conditions are different. 
From (43), it is found that 6=—Aj;L so that Eq. (45) 
becomes 

sind ;(r— L) 


Vj C; -¢€) 


sind ;(L—r) 
- (46) 
r 


The normalization condition is 


L l 


CF ir f sin’A(r—L)dr] , 
dr JX; L sin2a ;L 

Cy?*= ( ). 
Aj; \ 2 4 


The A; are determined by the boundary condition 


which gives 


(48) 


7P. R. Oliver and L. A. Girifalco to be published) 
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TIME, t’ 


Fic. 1. Reduced radius versus reduced time for spherical 
mechanism calculated from Eq. (38). 


(44). Differentiating (45) gives 


dy A; cosa ;(r—L) 
Af 


sind ;(r—L) 
_ ). (49) 
dr 2 
This derivative is not defined at r=0. In order to make 
use of the boundary condition, it is necessary to take 
the limit of (47) as r goes to zero. The result is that 


sind ,L=0, (50) 


so that the A; are given by 


A;= ju/L. (51) 


Equation (50) simplifies the expression for Cj, since 
it requires that the second term in (48) be zero. There- 
fore, 

Cj*=2nL. (52) 


Combining Eqs. (52), (42), 


result for y;: 


and (46) gives the final 


sin[ (jr/L)(r—L) ] 


V; (2rL) (53) 


The constants 8; are evaluated from Eq. (9) just as 


in case 1: 
L 


4 jr 
8;=42(27L) laf rsin( (1) ar (54) 
ev ( se 


Performing the integration gives 


B= —2v2x,L? JN T. (55) 
The relaxation times 7; are given by substituting Eq. 
(44) into Eq. (11): 

D Pr? / Ll? + ko. 


l/r; (56) 


The concentration as a function of position and time 
is obtained by substituting Eq. (53), (55), and (56) 
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1 1 
—and S;(a)= pie 

il 1+aj? 


TABLE II. Values of S;(a)= sy 
1 (1+aj?)? 


) S; (a) S3(a) 
0.04465 
0.03677 
0.03081 
0.02254 
0.01721 


7.3539 
3.0124 
1.9836 
1.2562 0 


0.93431 


15.2063 
6.5241 
4.4068 
3.0121 
2.3676 


0.01 
0.05 
0.10 
0.20 
0.30 


0.3212 
0.2924 
0.2481 
0.2155 


0.40 
0.50 


1.9837 
7219 
5289 


0.74314 
0.61376 
0.60 0.51949 
0.70 3793 0.44749 
0.80 2592 0.39066 


0.1904 
0.1706 
0.1546 
0.1051 
0.07964 


0.01357 
0.01097 
9.054 10 
4.262 10- 
2.469 X 10- 


0.90 1.1600 
1.0765 
0.9431 
0.8406 
0.7591 


0.34470 
0.30684 
0.24834 
0.20555 
0.17317 


0.06411 
0.05365 
0.04045 
0.03247 
0.02711 


1.609X 10™ 
1.131 1075 
6.458 X 10 
4.17110 
2.91510 


0.6926 
0.6371 
0.5315 
0.4563 
0.4001 


0.14800 
0.12801 
0.09286 
0.07050 100 
0.05537 


0.02328 2.15110 

0.02039 1.652 10- 
0.01814 = 1.309x*K10-* 
0.01634. 1.062K10- 


into Eq. (12): 


2lk, 1s DPr "" 
n=— —) ( +) 
r ij\ 


| Dyfr jr 
x 1—exn] ~( +s) ¢]| sin( (r-1)). (57) 
L L 


The total number of atoms entering the surface of 
the sphere is given by the flux at r=L, and all of these 
atoms reach the precipitate particle so that the rate of 
growth of the volume of the particle is 


dV /dt=49rL*0J p= —4rL*2D(0n/ Or) 1, (58) 


J, being the flux at r= L. From Eq. (57), the derivative 
is 


(2) a(S) 
of} 


The value of the sum in Eq. (59) depends on the 
relative magnitudes of the rate of diffusion and the rate 
of annihilation. In the general case, a graphical pro- 
cedure is most convenient for investigating the form 
of the dependence of the particle growth rate on time. 
For this purpose define two relaxation times, one for 
the diffusion process and one for the annihilation 
process, just as in case 1: 


Tp= 2 Dr, 


(59) 


(60) 


TA=1/ko. (61) 


AND D. 


BEHRENDT 


Then Eq. (59) becomes 


on TDTA 
= —&«:> - i 

Or] 1 e NE sj’ +Tp 
| TA r TTD ] 
oi belie ~ thy. 
TATD 
Since the eigenvalues given by Eq. (44) can be 
either positive or negative, the index 7; runs from — « 


to + ©. However, the terms in the sum involve only ;*. 
Therefore, Eq. (62) can be written as 


on x TDTA 
- = —2«iTa(1—e 4) — 4655 ) 
Or? 1 m=iNrap+rp 


| TAT +Tpd | 
x 1—exp -( ) >, (63) 
| TATD 
or 


x 1 
(—) = —2«;ra4(1—e 14) —Axirs>, 
or L mi1+ (rs Tp) 


TA 
xX | 1—exn| ~( - +1) 
TD 


Combining Eqs. (58) and (64 


dV /dt=8HL*2Dxyra{ (1—e- 4) 


(62) 


where 


TA l vn 1 
s( am ) 7 ~ 
TDTA mt 1+ )?(r4/Tp) 


(00) 


TA l 
*b-al-Cor)s] 
TD TA 


Integrating Eq. (65), with the condition V=0 at /=0, 


gives 
’=Cora{t’(1+25S1(a) +e" [14+2S2(a,t’) ] 
—[1+25;3(a) }}, 
where C2, t’, Si(a), S2(a,t’), and S;(a) are defined by 


Co=8rL*eDx ir ae 


(67) 


(68) 


Qa=TA/TD, (609) 


Pe 


t=t/ra, (70) 


a 1 
Si(a)=>5 


j=l | +aj* 


(71) 


® exp(—aj*l’) 
S2(a,t’)=> - ; 


m1 (1+a;?)? 
a 1 
i=1 (1+a7")? 


S3(a)=} 





MATHEMATICS OF DIFFUSION 


TABLE III. Values of S2(a,t)= 2 
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In order to use Eq. (67) it is necessary to evaluate 
the sums S;, Se, and S;. This has been done for a range 
of values of a and /’ with the aid of a digital computer. 
The number of terms included in the sums ranged from 
64 000 to 2600, depending on the rapidity of conver- 
gence of the sums for given values of a and ¢’. The 
results are listed in Table II and III. 

Figure 2 shows plots of R’ against ?¢’ for different 
values of a calculated from Eq. (67), where R’ is 
defined by 

R’ = R(4m/3Cor4)!. (74) 

For (1, expansion of the exponentials in Eq. (67) 
shows that V is proportional to /’. Therefore, in the 
short-time approximation, the radius is proportional to 
the cube root of the time. 


CASE 3. DIFFUSION IN A TWO-DIMENSIONAL REGION 


In this case, the diffusing species moves in a two- 
dimensional circular region of radius L and precipitates 
onto a particle of radius R located at the center of the 
region. For this case, the eigenvalue problem of Eq. (6) 
becomes 


dy, 1 dy; 
‘ 


9 


+r 7*y ;=0, 


dr r dr 


y;(R)=0, 


(dy dr) (Q), 
Equation (75) is the zero-order Bessel equation with 
the solutions 


Vj=AjJo(Asr)+BjVo(A;r), (78) 
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Fic. 2. Reduced radius versus reduced time for wall 


mechanism calculated from Eq. (67 


A; and B 
zero-order Bessel 
kind, respectively. 

Differentiating Eq. (79 


are constants and J») and Yo are 
functions of the first and 


where 


second 
gives 


dy d¥y (A,r) 
: +B 


lr dr dr 
From the properties of Bessel functions, 


dJ (X57) /dr=—A,Ji(A;7), (80) 


dYV o(Ar)/dr=—A;¥ i (A5r), (81) 


where J; and Y, are the first-order Bessel functions of 
the first and second kind, respectively. Using Eqs. (78) 
and (81), the boundary conditions, Eqs. (76) and (77) 
give 


A J o(Aj;R)+ BY o(Aj;R)=9, 
AJ (A;L)+B;¥ 1(A;L)=0. 


Solving Eqs. (82) and (83) for A; B,, we have 


B ;= A;R)/Jo(AjR)= —ViQAjL)/Ji(;L). (84) 


Combining Eqs. (78) and (84) gives ¥; in terms of only 


one constant, A 

Vj=A i Jo(Awr)—LI0 AiR)/VoA sR) Vo sr)}. (85) 
The constant A ; can be evaluated from the requirement 
that w; be normalized. The result is 


Jo(XjR) 


rL2| Jo(d;L)— y 
¥)(A,R) 


A; (A;L) 


Jo(A;R) 
—rR° Ji(A;R)— 


V,(A;R)]. (86) 


¥o(A,R) 


The concentration m for this two-dimensional problem 


AND DBD. 


BEHREND1 


is obtained by substituting Eq. (85) into Eq. (12): 


J (A;R) 
Vo(A,r) |. (87) 


n=>_AjBjr;(1—e-"'")] Jo(Ar) — 
; ¥o(A;R) 


The only quantity that remains to be evaluated is 8). 
This can be done by substituting Eq. (85) into Eq. (9) 
and evaluating the integral by making use of the 
properties of Bessel functions. The result is 

Jo(A;R) 


V1(A;R) 
if (\.R) 


2k 
RA, Ji(\ R)- 
vj J 


B;= — 


in the 
presence of a concentration profile given by Eq. (87) 
will depend on whether the particle is considered to be 
two or three dimensional. In this work, it will be 
assumed that the particle is a sphere which is bisected 


The rate of growth of a precipitate particle 


by the circular two-dimensional region. The diffusing 
species enters the sphere only through the perimeter 
of the great circle lying in the plane. Once the diffusing 
atom moves across this perimeter, however, internal 
surface diffusion takes place instantaneously so that 
the particle maintains its spherical shape. For this 
model, the rate of particle growth is given by 


dor R? = Dv 2x R( On) Or 


dR 
Dv, 2R(dn- Or 


Differentiating Eq. (87 
the derivative at r=R, 


evaluating 
the 


with respect to 7, 


and substituting result 


igenvalues for two-dimension: 
q. (92). AoR against L/R 


TABLE IV. Ei 
I 


oR oR 


0.03 
0.035 
0.04 
0.047 
0.048 


0.075 
0.076 
0.077 

0.078 
0.079 


0.049 
0.05 

0.051 
0.052 
0.053 


0.08 

0.081 2 
0.082 2 ; 5 5 5 3 i ) 250 
0.083 2.5 ? 5 4 7 216 
0.084 2 5 5 5¢ 3 190 


0.054 
0.055 
0.056 
0.057 923 
0.058 684 


0.085 ; 7 ) ms f ‘ 169 
0.086 5 7 5 5 152 
0.087 2 ) * 5¢ 11 139 
0.088 3 ‘ 3 ) 128 
0.089 2 7¢ 118 


0.059 454 
0.060 230 
0.061 013 
0.062 5.803 
0.063 5.600 


0.090 7 4 ; 110 
0.091 58 ; r 103 
0.092 d $3 ‘ 096 
0.093 5 : » « 7 091 
0.094 329 } ) O86 


0.064 102 
0.065 10 
0.066 023 
0.067 841 
0.068 665 


0.095 11.235 ; ) 2 O81 
0.096 11.143 37 , 077 
0.097 11.053 
0.098 10.964 
0.099 10.877 


0.069 
0.070 
0.071 
0.072 
0.073 
0.074 


14.493 0.1 
14.326 O11 
14.164 0.12 
14.005 0.13 8.809 
13.851 0.14 8.236 
13.701 O15 7.903 0O 


10.792 
10.019 
9.367 





MATHEMATICS OF DIFFUSION 


along with Eq. (88) into Eq. (90) gives 


dR 
= Doxyr>.7 A 7 (1—e-"/7*) 


J o(A;R) 
XI J (AR) — Vi(A;R) 
Vy(A;R) 


dt 


(91) 


The only problem that remains to be solved in order 
to make Eq. (91) useful is the determination of the 
eigenvalues \;. This was done with the aid of a digital 
computer by numerically integrating Eq. (75) for given 
values of \,;R and computing the corresponding values 
of the ratio L/R that satisfied the boundary conditions 
(76) and (77). In this way the first six eigenvalues 
Xo, «++, As were obtained as functions of L/R. Inserting 
these eigenvalues into Eq. (91) and making some 
approximate calculations showed that the first term in 
the series is the dominant one, the higher terms con- 
tributing only 10° to 10-* of the first term. It is, 
therefore, a good approximation to write Eq. (91) as 


dR 
dt 


= Doxyrr Ae (l—e—"' 


Jo (XoR) 
KI] Ji (AoR)— Vi(\oR) 
4 Vo(XoR) 


(92) 


and only the first eigenvalues Ao are needed in order to 
use this equation. Table IV lists AoR as a function of 
L/R. 


It is convenient to define a function F(R) by 


F(R)=rAb{Ii(AoR) 
~[Jo(WoR)/Vo(AoR) JV i00R)}2, (93 


so that Eq. (92) becomes 


dR/dt= Dvxyr)(1—e iro) F(R), (94) 


This equation is difficult to handle even numerically, 
since ro is a function of R through its dependence on Xo. 
However, a solution is easily obtained in the short-time 
approximation ¢/7¢<1. In this case, the exponential 


can be expanded, and integration of Eq. (94) gives 


. ss Rk dR 
Dok, [ Ti ( a= f ° 
vo TO 0 0 F(R) 


If we retain only the first term in the expansion, then 


R dR 
} Dox, f ° 
F(R) 


(96) 


The function F(R) can be computed as a function of 
R from the eigenvalues in Table IV and tables of Bessel 
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Fic. 3. Radius versus time for two-dimensional 
mechanism calculated from Eq. (96 


functions. The time can then be obtained as a function 
of R by numerical or graphical integration of Eq. (96). 
To illustrate the form of the R against ¢ curve, the 
calculation was performed for the special case of 
L=10-* cm. The results are plotted in Fig. 3. 


DISCUSSION AND CONCLUSION 


Because of the complexity of the problem, analytic 
solutions of the diffusion-controlled precipitation ki- 
netics in the presence of sources and sinks are not 
available. However, these solutions can be obtained by 
numerical methods and can be put in a convenient 
form. 

The most striking differences among the three cases 
considered in this paper arise in the form of the radius- 
time curves in the short-time approximation. For case 1 
(spherical mechanism), the radius is proportional to 
time for short times. For case 2 (wall mechanism), the 
radius is proportional to the cube root of the time. For 
case 3 (two-dimensional mechanism), the radius shows 
a very rapid rise at extemely short times and then a 
slower, almost linear increase with time. 

The growth rate of the precipitate particle depends 
on the diffusion coefficient, the rate of production, and 
the rate of annihilation of the diffusing species. By the 
proper analysis of radius against time data according 
to the methods outlined in this paper, it should be 
possible to acquire the pertinent information concerning 
the mechanism of precipitation in systems containing 
sources and sinks. 
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The hypothesis that electric field gradients due to elastic strains (size effect) about the solute atom in 
dilute alloys of a cubic metal form an important part of the total field gradient at the solvent nuclei is 
developed quantitatively. Results have been applied to a consideration of recent nuclear magnetic resonance 
experiments by Rowland on dilute copper alloys which were interpreted by him and by Kohn and Vosko 


in 


terms of the spatially oscillating charge due to conduction electron redistribution (valence effect.) The 


good agreement with theory they obtained is further improved to a significant degree by the simultaneous 
consideration of both size effect and valence effect. It is found that the field gradients due to size effect are 
in fact comparable in magnitude to those due to the valence effect. The magnitude of the size effect is 
described by a single parameter characteristic of the solvent. It is found that the value of this parameter 
obtained for copper metal is larger than that indicated by recent experiments by Faulkner and by Averbuch, 
de Bergevin, and Miiller-Warmuth, and possible causes of this disagreement are discussed 


I. INTRODUCTION 


ARLY work of Bloembergen and Rowland! showed 

that small amounts of substitutional diamagnetic 
impurities in copper and aluminum cause a considerable 
decrease in the intensity of the nuclear magnetic reso- 
nance (NMR) absorption line of the solvent metal. 
Recent data of Rowland? have shown that the intensity 
decrease in copper requires an interaction extending as 
far as the seventh-nearest-neighbor shell to a_ high- 
valence impurity such as antimony. It was already 
realized at the time of the earlier experiments! that the 
decrease of intensity was due to second order electric- 
quadrupole interactions, but the origin of the necessarily 
large electric-field gradients was not even qualitatively 
understood until quite recently. One possible source of 
electric field gradients in the alloy is the lattice strain 
caused by the impurity (size effect). These gradients 
can be estimated from tabulated atomic radii for the 
impurities or by use of experimental lattice-parameter 
data, but the NMR data obtained by Rowland on a 
wide variety of impurities in copper enabled him* to rule 
decisively against a theory’ based on size effects alone. 
A second possible source of electric-field gradients is the 
excess charge of the diamagnetic impurity reduced by 
the screening due to the conduction electrons (valence 
or charge effect). However, the early calculation! of the 
electric field gradient produced this way was based on 
the Thomas-Fermi model and predicted an interaction 
which is too small to explain the experimental results. 
On the other hand, Rowland? obtained a marked corre- 
lation in his results with the valence group to which 
the solute belongs and found in fact an indication that 
the field gradients vary approximately with the inverse 
cube of the distance to the impurity. Confirmation of 
his hypothesis that the field gradients were due to 


1 N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953 

2 T. J. Rowland, Phys. Rev. 119, 900 (1960). We wish to thank 
Dr. Rowland for a prepublication copy of his paper 

?N. Bloembergen, Report of Conference on Defects in Crystalline 
Solids, Bristol, 1954 (The Physical Society, London, 1955) p. 1. 


? which indicated 
that there are long-range oscillations of the charge 
density of the screening conduction electrons around an 
impurity atom which are not predicted by the Thomas- 
Fermi model. The electric-field gradients produced by 
these charge oscillations have been used*’ successfully 
to explain the main features of data. 
Rowland’s conclusion was that the origin of electric 
gradients around multivalent solutes in copper is almost 
purely an effect of conduction electron distribution and 
that the inhomogeneous strains introduced by solutes 
had a relatively slight influence on the gradients in most 
of the alloys investigated. He recognized however that 
deviations from the behavior predicted by the charge 
distributions of KV appeared to be in the right direction 
to be ascribed to lattice strains. The assumption that 
the valence effect is overwhelming and the strain effect 
is slight also enters into the work of Blandin and 
Friedel* who mention that the stimulus to their treat- 
ment of quadrupole effects in alloys in terms of long- 


valence effect came from calculations‘ 


Rowland’s 


range oscillating-charge effect arose from the experi- 
mental result of Averbuch ef al.® indicating that the 
strain-induced field gradients were small. 

In the present paper, the effect of strain-induced 
electric-field gradients in the 
charge effect has been considered in detail and it has 
been found that this use of both size and valence effect 
can quantitatively explain many of the discrepancies 
between the experimental results in copper and the 
charge-only theory. Furthermore, it appears from the 


addition to valence or 


‘J. Friedel, Phil. Mag. 43, 153 (1952 
287 (1958). 

5 A. Blandin, E. Daniel, and J. Friedel, Phil. Mag. 4, 180 (1959 
J. Phys. Chem. Solids 10, 126 (1959) ; FE. Daniel, J. phys. radium 
20, 51 (1959) ; 20, 849 (1959 

6 J. S. Langer and S. H. Vosko, J 
(1959). 

7W. Kohn and S. H. Vosko, Phys 
ferred to in the text as KV 

*A. Blandin and J. Friedel, J. Phys 
(1960), J. phys. radium 21, 689 (1960 

*P. Averbuch, F Bergevin, 
Compt. rend. 249, 2315 (1959 
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Rev. 119, 912 (1960) (re 
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de and W. Miiller-Warmuth, 
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SERAIN TO 


present results that the field gradients associated with 
size effects are in general nol negligible but are in fact of 
the same order of magnitude as those associated with 
valence effects. 

In Sec. II of this paper we describe how, given the 
field gradients at the different lattice sites, one can 
compute “wipeout numbers” for direct comparison 
with Rowland’s data for copper. In Sec. HI the origin 
of the field gradients is discussed. For the charge con- 
tribution we take the KV theory, but regard the en- 
hancement factor a@ as an adjustable empirical param- 
eter within their estimated theoretical limits of error. 
The size effect is similarly described with the aid of a 
single adjustable dimensionless parameter A. We then 
show how size and valence effects are combined and the 
parameters a and X adjusted for optimum fit with 
experimental data. The numerical results are presented 
in Sec. IV and the apparent discrepancy between our 
determination of the stress-induced field gradients and 
the work of Averbuch ef al.2 and Faulkner’:" is dis- 
cussed. Our conclusions are summarized in Sec. V. 


II. CALCULATION OF WIPEOUT NUMBERS 


Our discussion will be confined to the dilute alloys of 
copper where the extensive data of Rowland? make 
significant calculations possible. Both of the copper 
isotopes, 63 and 65, have nuclear spin J = $ and approxi- 
mately the same magnetic dipole moment and nuclear 
electric quadrupole moment. Rowland’s experiments 
made use of the signal from the more abundant Cu®. 

Cohen and Reif have given an extensive survey of 
the theory of quadrupole interactions in solids. We will 
summarize those results which are pertinent to the 
present investigation. 

In an external magnetic field, a spin $ system splits 
up into 4 equally-spaced energy levels, with three transi- 
tions of the same frequency satisfying the selection rule 
Am=+1. In a pure metal of perfect cubic symmetry, 
there is zero nuclear quadrupole interaction. If an im- 
purity is introduced into the metal, the cubic symmetry 
at the nearby lattice sites is destroyed, a nonzero 
electric field gradient will appear at these sites, and the 
nuclear resonance absorption will be perturbed by the 
resulting quadrupole interaction. If the shift in the 
frequency of the ‘satellite’ lines (m=$— 3 and 
m=—%}-—»-—3) due to quadrupole interactions is 


calculated by perturbation theory, a shift is found in 
first order. Thus the satellite lines are affected by 
relatively small perturbations and it has been found 
experimentally, in fact, that the satellites in copper are 
sensitive even to imperfections such as dislocations.* 
The “central” line (m= 4 — —}) is not shifted in first 
order but is shifted in second order. Experimentally the 


0 E. A. Faulkner, Nature 184, 442 (1959). 

1 f. A. Faulkner, Phil. Mag. 5, 843 (1960) 

2M. N. Cohen and F. Reif, Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 5, p. 321. 
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central line appears to be unaffected by dislocations. 
For this reason, the central line provides a more con- 
venient tool for the study of impurities since it is not 
take great care in annealing. All of 
Rowland’s data on copper alloys refer to the central 
line, since the concentration of impurities he used 
(0.5% up) was sufficient to annihilate any contribution 
by the satellite lines to the intensity of the observed 
resonance absorption. 


necessary to 


The calculation of quadrupole interactions is greatly 
simplified by assuming axial symmetry for the electric 
field gradient seen by the copper nucleus being reso- 
nated. For the valence effect, this assumption is con- 
sistent with the approximation made in computation? 
of the screened charge around an impurity which results 
in spherically-symmetric screening. For the size effect, 
the degree of validity of the axial symmetry approxi- 
mation is less certain and will be discussed below. 

On the assumption of axial symmetry, the shift in the 
frequency of the central transition of a spin 3 system in 
second-order perturbation theory, measured from the 
unperturbed resonant frequency, is given by 


v—v’= — A(1—cos*6) (9 cos?@—1), (1) 


where v is the }— —}4 transition frequency in the 
presence of the perturbation, v’ is the resonant fre- 
quency of the unperturbed nucleus in the external field, 
A = (a—?)v@*/ 16, va= 3e7gQ/21 (27 —1)h= —0.273 
X10-"g cps for * Cu®, a=/(J+1), 6 is the angle 
between the external magnetic field and the radius 
vector from the impurity to the copper atom in ques- 
tion, and g=(1/e)(@V/d2—V°V'/3), where V is the 
electrostatic potential, and z is the axis of symmetry. 
Equation (1) gives the quadrupole interaction fre- 
quency shift for a given g and given @. In the actual 
alloy, the frequency shift will vary from lattice point to 
lattice point for two reasons: (1) g, and hence A, varies 
with distance from the impurity atom, and (2) @ is in 
general different for different lattice points, even in a 
single crystal. Since powdered samples are used in reso- 
nance experiments in metals, there will be a random dis- 
tribution of @ in Eq. (1). This leads, for a given value of 
A, to an easily derivable frequency spectrum, which we 
shall denote by p(v—v’,k), where k= A/Av and Ap is a 
constant to be defined below. [The expression for this 
frequency spectrum is given in Eq. (9.7) in Cohen and 
Reif."2] Thus in a powder, a nucleus resonating at v’ in 
the absence of second-order quadrupole perturbation 
will a frequency spectrum p(v—v’,k) in the 
presence of the perturbation. In pure copper where 
there is no quadrupole interaction, k= A=0, and the 
linewidth is due primarily to dipole-dipole interaction. 
We shall denote the absorption line shape of pure copper 


have 


'8 For numerical work we have used Q(Cu®) = —0.157X 10-4 
cm?, following Rowland.2 This value, stated to be uncorrected for 
Sternheimer polarization, was obtained by B. Bleaney, K. D. 
Bowers, and M. H. L. Pryce, Proc. Roy. Soc. (London) A228, 
166 (1955) 





SAGALYN, 


EXPERIMENTAL 


GAUSSIAN 


ntal NMR absorption curve for high-purity, 


compared with a Gaussian curve of the 


; We then make the assumption that in the 
presence of the quadrupole interaction the resultant line 
shape, g(v,k), for a given value of &, can be obtained by 
“folding” the quadrupole line shape, p(v—v’,k) into the 
unperturbed line shape, g(v,0 


An experimental absorption line for a well-annealed 


sample of high-purity copper" is shown in Fig. 1, along 


1 Gaussian curve for comparison. Both curves 
have unit linewidth (defined as the full 
width the 
Gaussian has been set equal to that of the experimental 
curve (7.2 kc sec). The area contained in the tails of the 
Gaussian, beyond the region where the experimenial 
It is tempting to use 


area, and the 


between points of maximum slope) of 


curve be omes zero, is negligible 
the Gaussian for g(v,0) since the use of an analytic 
computing problem. 


considerably 


function greatly simplifies the 
However, the 
sharper. The ratio of the linewidth to the square root of 


experimental curve is 


the second moment for the experimental curve is 2.4, 
which differs appreciably from the value 2 for the 
Gaussian. A preliminary calculation indicated that in 
some cases our calculated results might be quite sensi- 
tive to the shape of the unperturbed line near the center. 
For these reasons we used the experimental curve for 
g(v,0). It turned that our final 


would have been almost unchanged had the Gaussian 


out however results 


been used. Because Rowland’s copper alloy experi- 
mental data was presented in terms of the variation 
with impurity concentration of the peak-to-peak height 
of the derivative of the absorption curve, we actually 
compute dg(v,k)/dv rather than g(v,k), and do this 
dire tly by replac ing g v’O) in Eq. (2) by dg(v’,0) dy’. 
The results of this folding operation are shown in Fig. 2, 
dv is plotted vs frequency for several 
Av is taken to be 


where dg(v,k 
values of &. Av in the definition k= A 
Hofmann 


» wish to thank Dr. J. A of our laboratory for 
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the frequency width between the peaks of the experi- 
mental derivative curve for pure copper (labeled k=0 
in Fig. 2). 

The resultant calculated derivative line shape for the 
entire alloy sample, dG(v)/dv, is found by summing over 
all lattice sites in the sample 


dG(v)/dv 


where &; is the value of the quadrupole interaction con- 
stant at the ith lattice site, determined by the value of 
the electric field gradient g at this site. The origin and 
calculation of g will be discussed below. 

A convenient method of comparing theoretical calcu- 
lations of intensity vs impurity concentration with the 
experimental results is to compare so-called ‘‘wipeout 
numbers.” The wipeout number, IH’, per impurity atom 
for an alloy sample with a given impurity concentration 
is defined as the difference between the number of 
copper atoms in the alloy sample and that number of 
atoms in a pure copper sample required to give the same 
number of 


impurity atoms. The electric-field gradient around an 


intensity in the central line, divided by the 


isolated impurity must decrease with distance from the 
impurity, eventually becoming small enough so that for 
atoms outside a sphere of large enough radius the inter- 
action is too small to affect the intensity of the signal. 
If the ‘all or nothing” or model held, 
then a copper atom inside the sphere of influence would 


“critical sphe re”’ 


have its resonant frequency shifted by so large an 
amount as to be unobservable. In that case the wipeout 
number would be just equal to 7, the number of copper 
atoms inside the sphere of influence. However, in 
general, each atom inside will contribute some fraction 


W will be 
total number of atoms in a 


of its intensity to the resultant line, so that 
less than m. Let .V be the 


sample, and let ¢ be the fractional atomic concentration 








2(V-W/y 


Fic. 2. Theoretic al absorption derivative curve 
various values of the quadrupole interaction p 
k=O corresponds to the unperturt 


| irbed exp 
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of impurity. The total number of impurity atoms is 
then Ne and the total number of copper atoms is 
\V(1—c). For very dilute concentrations where the over- 
lap of the impurity spheres of influence can be neglected, 
the total number of copper atoms affected by the im- 
purities is mc. If Zo is the absorption intensity per 
copper atom for pure copper and /; is the absorption 
intensity of the ith copper atom inside a sphere of 
influence in the alloy, then the absorption intensity F 
for the whole alloy sample is 


F [VA—o—nNe Wooten > Ii. (4) 


i=l 


By definition, the equivalent number of pure solvent 
atoms for this alloy sample is F//9 and the wipeout 
number per impurity atom is therefore [.V(1—c) 
—F/I))\/ Nc, or 


W=n- > 1/1 


where w,, a wipeout fraction for the 7th copper atom, 
is defined by 


w=1—T,/Lo (6) 


Since we wish to compare our calculated wipeout 
numbers with wipeeut numbers computed from Row- 
land’s data, we should take for /; the contribution of 
the 7th atom to the peak-to-peak height of the resultant 
derivative curve of the alloy sample, that is, 


dg(v,k;) (=) 
a i, ore | 


x mit 


and vmin are the frequencies at which the 


two peaks of the dG(v)/ dv occur. This naturally requires 
knowing pv, 


where Vinax 


x and », 
determined only by actually calculating a portion of the 


in, Dut these frequencies can be 


resultant derivative curve by Eq. (3). A considerable 
saving in computation may be had by noting that since 
the slope of the derivative curve is zero at the peaks and 
since the frequency shift between the peaks of the 
resulting curve in the alloy and the corresponding peaks 
in pure copper will be small for low impurity concentra- 
tion, only a small error will be introduced by taking 


dg(v,k;) dg(v,k;) 
( . (8) 
dp v=y] dv , > 


where v; and vy are the frequencies at which the deriva- 
tive peaks occur in pure copper and are related to the 
previously defined Av by A By definition 


of Jo, we take 
dg(v,0) dg(v,0) 
= ) P (9) 
dv v=v] dv y=r9 


The two terms in /) in Eq. (9) are just the heights of 
the peaks of the k 


Vi" Vo 


( curve in Fig. 2 and for the values 
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Fic. 3. Theoretical wipeout fraction w(k), as function of the 
} 


quadrupole interaction parameter k=A/Av. The solid curve was 
calculated from the theoretical absorption curves plotted in Fig. 2, 
which were derived from the experimental absorption curve of the 
pure metal. The dashed curve was obtained using the Gaussian 
approximation for the absorption curve of the pure metal. 


of k used in Fig. 2, the two factors in /; in Eq. (8) are 
the heights of the broken curves at the two frequencies 
at which the peaks occur for k=0. In Fig. 3, w;=w,(k;) 
is plotted as a function of k;, using Eqs. (6), (8), and (9). 

The calculation of a wipeout number, W’, consists of 
the following steps: For the impurity in question, the 
value of g for the 7th lattice point is chosen as discussed 
in the next section. This determines 4 
mines k;=A,;/Av. From Fig. 3, we read off w;(k;), and 
then compute W= 30; u 

If, as will be assumed in the next section, the electric- 


, and so deter- 


field gradient g is a function only of the distance to the 
nearest impurity, we may sum over shells of atoms at a 
given distance from the impurity and we may then 
calculate W from W= >-, n,w,, where n, is the number 
of atoms in the sth nearest shell and 
w,=1—1,/Io. 


neighbor 


III. ORIGIN OF THE FIELD GRADIENTS 


We will make the assumption that the resultant elec- 
tric field gradient at the solvent atom sites of a dilute 
alloy of cubic structure has its origin in two independent 
effects. The impurity will scatter the conduction elec- 
trons because of its excess charge or differing electronic 
structure. The resultant redistribution of conduction 
electron « harge will lead to electric field gradients which 
we have called the valence or charge effect. In addition, 
the size difference between impurity and solvent atoms 
will cause a distortion which will destroy the cubic 
symmetry of the lattice when viewed from the solvent 
atom sites. The resulting electric field gradient is the 


Valence Effect 


As previously mentioned, recent theoretical work‘? 
has indicated the presence of long-range oscillations in 
the screening charge density around a diamagnetic im- 
purity in a metal. Langer and Vosko,° Takimoto,'* and 


»N. Takimoto, J 
R. J. Harrison and A 


Phys. Soc. Japan 14, 1142 (1959); see also 
Paskin, tbid. 15, 1042 (1960). 
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Silverman and Weiss,'* independently applied various 
types of many-body theory to the spin-independent 
impurity screening problem. These calculations provide 
an analytical expression for the Fourier components of 
the self-consistent potential, but the potential itself and 
the associated self-consistent, total charge density can 
be obtained analytically only in the approximation 
equivalent to the Thomas-Fermi method. Of these 
authors, only Langer and Vosko pointed out that the 
asymptotic expression for the potential has an oscil- 
lating component, similar to that given by Friedel,‘ in 
contrast to the monotonic exponential decrease of the 
Thomas-Fermi solution. They also numerically inte- 
grated the general expression for the charge density and 
pointed out the consequent long-range oscillation in the 
electric field gradient. 

The many-body calculations cited assume a free elec- 
tron gas and are not strictly applicable to real metals. 
Most serious, as pointed out by Kohn and Vosko,’ is the 
use of plane waves instead of Bloch waves for the un- 
perturbed wave functions, since the magnitude of the 
quadrupole effect is strongly dependent upon the value 
of the wave function near the nucleus. For this reason 
KV used ordinary one-particle scattering theory for 
Bloch waves to determine the asymptotic form of the 
charge density and determined the first two phase shifts 
by fitting the residual resistivity and the Friedel sum 
rule.'’ Higher order phase shifts were neglected. Blandin 
and Friedel* have independently made a less extensive 
calculation along the same lines as KV. March’* has also 
recently considered the screening problem by numeric- 
ally summing the one-particle wave functions for a 
finite number of particles in a spherical box, assuming 
an exponentially screened Coulomb potential for the 
defect. No mention of the quadrupole interaction 
problem is made but his charge density is in qualitative 
agreement with the many-body theories. 

Rowland? used the KV results for comparison with 
his experimental data. For the charge effect we will also 
use the electric-field gradients calculated by KV except 
that we will consider the enhancement factor a as one to 
be determined empirically instead of using the KV 
theoretical value of 25.6. 

Thus, using the notation gq. 
contribution to g, we have 


of KV | 


to denote the charge 
for ga {from Eq. (2.29) 
Ya= ta8aA’ cos(2k°r+¢ ee (10) 
where the values of A’ and ¢ are deduced by KV from 
phase shift analysis of residual resistivity data for 
copper alloys, &° is the momentum at the Fermi surface, 
assumed spherical, and r is the distance to the impurity. 
The assumption has been made in the derivation of this 
expression that the shielding of the impurity charge is 

6B. Silverman and P. Weiss, Phys. Rev. 114, 989 (1959 

7 J. Friedel, Advances in Phys. 3, 446 (1954); see also J. S 


Langer and V. Ambegaokar, Phys. Rev. 121, 1090 (1961) 
'* N. March, Proc. Roy. Soc. (London) A256, 400 (1960) 
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spherically symmetric. Therefore the corresponding 
field gradient is axially symmetric with respect to the 
radius vector to the impurity. 


Size Effect 


To calculate the size effect one must know the strain 
field and in addition the relationship between strain and 
the electric-field gradient at the positions of the nuclei 
contributing to the NMR. The latter relationship for a 
real metal has not been evaluated theoretically. Instead 
a phenomenological approach is usually taken and we 
adopt this approach in the present work. A linear point 
relationship is assumed between the elastic strain tensor 
and the electric-field-gradient tensor. Such a_ point 
relationship may be expected to be a reasonably good 
approximation for a metal '* even in regions of rapidly 
varying strain in the neighborhood of the impurity 
because of the relatively strong shielding of electric fields 
due to distant atoms. This point relationship is express- 
ible in terms of a fourth-order field gradient-strain 
tensor F,,,, where m,n take on the values 1 through 6 
in the Voigt notation of elasticity theory. 

For a nucleus at a site of cubic symmetry, symmetry 
arguments” lead to equalities and zeros among the F,,,, 
and it can be shown that the field gradient tensor V;; is 
given by 


V 5=6L(Fu—FidevtFi2 Li en] 

+ (1—6;;)2F 4s€:;;, (11) 
where 7, j, / refer to components in the direction of the 
three cubic axes. 6,;; is the Kronecker delta, and e 
= 4[ (du,/x;)+ (du;/Ax,) | is the strain tensor in which 
u;, uj; are the components of the displacement of the 
nucleus located at coordinates x;. There are then in 
general three independent components of the F tensor 
for the case of cubic symmetry. However, the electric 
quadrupole interaction only involves field gradient 
combinations of the form 


Vj;— 36 iWV= (Fy,—F 2)6 [ € —} >? 1€11 | 
2( )F s4€:;, 


+2(1—6 (12) 
so that for consideration of quadrupole effects only the 
two quantities (Fi,—F 2) and F4, are relevant.” These 
are independent for the general case of cubic symmetry. 
The general case is complicated since the field gradient 
quadric does not then have axial symmetry with respect 
to an arbitrary radius vector through the impurity even 
when the strain quadric does have this symmetry. To 
obtain the desired axial symmetry we have found it 


'’ See reference 12, p. 364 

20 R. B. Shulman, B. J. Wyluda, and P. W 
Rev. 107, 953 (1957) 

"The additional relationship /);=—2F12, which is often 
assumed in the case of cubic symmetry, would not here further 
reduce the number of relevant parameters. This relationship 
follows from the requirement, fulfilled only for special models, that 
there is no change in charge density produced by a general strain 
field, even one for which the dilatation Y,e,; is not zero 


Anderson, Phy S 





STRAIN TO NUCLEAR Ol 
expedient to assume an isotropic field-gradient-strain 
relationship, that is to assume that the principal axes 
of the field gradient quadric and the strain quadric 
always coincide. In this case, Pys=3(Fu-—Fi2) and 
Eq. (12) reduces to 

V iji- 465V7V = (Fii— Fy) i 30; >= €1 |. (13) 
Thus the F tensor has been reduced to the single inde- 
pendent quantity, #\,—F 12. Taylor and Bloembergen* 
have actually found an isotropic relationship in experi- 
ments on sodium chloride, and Averbuch ef al. have 
suggested that this provides even more reason to assume 
isotropy for metals. The single phenomenological coefhi- 
cient (Fi;—F 2) cannot at present be computed from 
first principles. It is convenient to introduce a dimen- 
sionless parameter A to describe the magnitude of 
(F\,:— F 2). Such a parameter was defined by Faulkner'® 
with respect to a point-charge model. If one assumes 
that the field at a given site in a uniformly deformed, 
face-centered cubic lattice of lattice parameter a is due 
to unshielded point charges +e, at the twelve first 
neighbor sites, it turns out that (/},—F2.)=9%ed~ and 
F 44= —3ed~, where d=27! a is the nearest neighbor 
distance. Faulkner then assumed that all F,,, for the 
real metal could be written as A times the corresponding 
values for the point charge model. We take Faulkner’s 
definition to apply to (Fi,;—F 2), but not to F44, since 
his definition contradicts our assumption of isotropy 


[i.e., for the point charge model F444} (PF 11—F 12) |. We 
will therefore define A for the isotropic case by 


(Fii— F 12) = 9ed A, (14) 


and continue to assume that Fyy=3(Fi;—F 2). While 
“the condition \=1 does not correspond exactly to the 
point-charge model, A may still be regarded as a qualita- 
tive measure of the ratio of the field gradient in the real 
metal to the field gradient deduced from the point- 
charge model.” 

In order to compute the strain field about an impurity 
in a metal we take the ‘“‘misfitting sphere model.’’** The 
assumption is that the metal may be regarded as an 
isotropic homogeneous elastic continuum. This is con- 
sistent with, although independent of, the assumption 
made of isotropy in the F tensor, and also serves to 
preserve an axial field gradient quadric. For point de- 
fects in an isotropic homogeneous elastic continuum, the 
displacement, u, at a position defined by the vector r 
with respect to the point defect, is given by 


u=(r/r*)(AV/4rye), (15) 


2 E. F. Taylor and N. Bloembergen, Phys. Rev. 113, 431 (1959). 

>The parameter A was originally defined by Bloembergen* 
although less precisely. His parameter is identical to the present 
for the special case of uniaxial strain, but not for more general 
types of strain. \ is also often referred to as an “antiscreening 
parameter,” but usually with the warning that it is not the usual 
Sternheimer antiscreening parameter.” 

*% J. D. Eshelby, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 3, p. 79. 
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where AV is the change in volume per impurity. In a 
face-centered cubic lattice having atomic volume a*/4, 
AV is related to the fractional change in lattice param- 
eter per unit concentration of impurity, a~'(da/dc), by 
AV = (3a°/4)a (da/dc). ye=3(1—c)/(1+¢) isabout 1.5 
for most metals. For copper we have used as Poisson’s 
ratio o the value 0.35, leading to yg= 1.44. 

At a nucleus with coordinates r= (0,0,2) with respect 
to the impurity, the strain tensor will be given by 


€xr=Eyy=P AV /4aye;) €:2=—2r AV /4ryEz; 


Ezy = €yz = €22=0. 


Therefore from Eqs. (13) and (14), in the face-centered 
cubic lattice, we have for the contribution to g associated 
with size effect, 


gx= (1/e) (Vie—40°V) = — (27/2)ary e)a (da/dc)dr. 
(16) 


It can be verified that the field gradient has axial sym- 
metry about r for any r, with g, given by Eq. (16). 


Combination of Valence and Size Effects 


The two axially symmetric contributions ga and q) 
can be combined algebraically, giving 
ae Gat x; (17) 
where ga and g) are given by Eqs. (10) and (16). The two 
parameters a and ) are to be determined by fitting the 
experimental data. For any given choice of a and X, the 
value of g can be computed for each of the neighbor 
shells surrounding the impurity, for each of the 14 
elements for which Rowland presented experimental 
results. The wipeout fractions w, for the individual shells 
are determined by the g values and by summation a 
predicted wipeout number W= >} n,w, for each of the 
14 elements is computed. These predicted numbers are 
compared with Rowland’s experimental values.? The 
latter are deduced from the slope at finite concentrations 
of the curve of the logarithm of intensity vs the loga- 
rithm of (1—c), whereas our calculated numbers are 
actually the slope of this curve at the zero-concentration 
limit. The experimental data are in general well repre- 
sented by straight lines passing through the point for 
pure copper at zero concentration. We assume that the 
actual slope at zero concentration is equal to the average 
slope between zero and the first point at finite con- 
centration. 

By a trial and error procedure we optimize a and \ 
with respect to the criterion of rms deviation between 
predicted and experimental wipeout numbers. It turns 
out, as might be expected, that the magnitude of a is 
determined by the data from elements with large 
valence difference Z’ and small strain parameter 
a~'(da/dc), while the magnitude of \ is predominantly 
affected by the elements with the largest strain param- 
eters. However, the separation is not complete, and for 
many elements both strain and charge contributions are 
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rasLe I. Comparison of experimental ‘‘wipeout numbers” with corresponding theoretical numbers 
including valence effect with and without size effect, for various solutes in copper 


ada/dc 


0.17 
0.15 
0.16 
0.058 
0.22 
0.067 
0.0;8 
0.26 
0.019 
0.092 
0.28 
0.024 
0.12 
0.30 


For 
relative sign of a@ and X is important. One 
expects and observes the following behavior. 


a is held fixed 


quite significant for many of the neighbor shells. 
these cases the 
Let us 
near its optimum value. 
Consider the value of the rms deviation from experiment 
as \ is varied from its optimum value towards zero. By 
definition, the rms deviation must increase at first. As 


assume that 


the magnitude of X is decreased, the assumed contribu- 


tion due to strain will decrease and larger deviations 
from experiment arise for elements with larger strain 
and smaller Z’. Even for \ 


lation with experiment, as 
If one conti 


0 there is significant corre- 

Rowland and KV have 
pointed out. ues to vary A away from its 
optimum, the rms deviation begins to decrease again 
and has a very broad secondary minimum in the 
neighborhood of the negative of the optimum value of 
\. This happens because the fit for elements with large 
Z' and small a~'(da/dc) is not disturbed, while there is 
improvement over a charge-only theory for these 
elements with large strain (in this case a significant 
contribution to wipeout number comes from outer shells 
where the strain effect is dominant). The elements for 
which both contributions are comparable do not fit as 
well as those for which A/a@ has the optimum sign. How- 
ever, the observed differences are smaller than one might 
have thought because the relative signs of gq and q) are 
in general different in different shells, and there will be 
some cancellation. In order to see how important this 
cancellation is, we eliminated it by following out the 
consequences of the assumption 


(18) 


The result of this trial showed that the difference be- 
tween this and the simple algebraic addition of ga and gq, 


Experimental* 


s average 


6 
Wipeout numbers 
Valence Valence size eltect 
effect only Algebraic Magnitudes' 

a=26 223 21 
A=0 = ‘ = 6.7 

14 

24 

24 

24 


of differences bet we 

is indeed quite great, and that moreover, with g given 
by Eq. (18), agreement with experiment is improved. 
Further discussion of this point is given below. 


IV. RESULTS AND DISCUSSION 


In column 1 of Table I are listed the impurities 
studied by Rowland? in copper, and 
valence difference Z’ between copper and the impurity. 
Column 3 tabulates the parameter a-‘da/d 
obtained form Pearson’s compilation”? of lattice param- 


in column 2, the 
strain 


eter data. In column 4 we give Rowland’s experimental 


results. The rms deviation of 3.3 listed under column 4 
is the rms average of the quoted experimental errors 
In column 5 appear the values calculated for the wipe 

out number, W, assuming a= 26 and A=0. For A=0, 
this value of a, determined within about one unit, gave 
the lowest rms deviation. KV state their computed 
value, A= 25.6, is probably correct to within a factor 
of Zz. We see, as already shown In 

way in references 2 and 7, 


a somewhat different 
that the charge only theory 
accounts for the main features of the experimental data, 
particularly the dependence of W on the valence of the 
impurity. However, there are significant discrepancies. 
The value 10.5 for 

greater than the value 3.3, 


the rms deviation very much 
characteristic of the exper 
mental data. More striking, though, is the fact that the 
trend of W within each valence group except for Z’=0 
is incorrectly predicted. The experimental results show 
that in every case but Z’=0, for a given Z’, W is larger 
for the impurity with the larger strain parameter. Thus 
antimony is larger than phosphorus, tin is larger than 
silicon, indium larger than aluminum, and so on. For 

25 W. B. Pearson, Lattice Spacings a fruct Vetals and 
Alloys (Pergamon Press, New 
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TABLE IT. Theoretical contributions (in units of 10% cm~*) to the electric field gradient parameter g at different neighbor shells 
relative to the solute atom. gq results from the valence effect and qg, from the size effect. g=gat+q,; a=23; A= —15. 


Shell 
No. of atoms 
in shell 


te 


24 


0.28 
0.64 
0.56 
0.56 
0.60 
0.60 
0.60 
0.22 
0.60 
0.82 
0.73 
0.25 
0.77 
qa 0.29 
Ja m 0.08 
ON ‘ 0.97 
Ja . . 2.05 
qa 3 » 0.07 
Ga 2.01 
qa . 0.34 
Ja d 1.76 
qn 5.45 9. 1.05 
2.34 
0.09 
2 6 
0.45 
2.07 


1.12 


Ja 
qn 
qa 
rN 
da 
aN 
qa 
qn 
qa 
qn 
qa 
BN 
Ya 


em UI 


OS we We 
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these cases, the theory on the other hand either predicts 
the reverse behavior or no change. It should be noted 
that the fact that the theoretical W is the same for Mg, 
Zn, and Cd is due to the fact that in the approximation 
used by Kohn and Vosko, the phase shifts for these 
elements had to be chosen to be the same. In column 6 
of Table I we give the theoretical wipeout numbers for 
a=23, and A\=—15. In computing the resultant g, ga 
and gy were added algebraically. These values of a and 
are the optimum values with respect to rms deviation 
of W. The addition of strain thus changes the optimum 
value of a only slightly. The value of a, in any case, can 
be considered in good agreement with the KV theoretical 
estimate. 

The inclusion of g, produces a marked improvement 
in the agreement between theory and experiment. The 
rms deviation is reduced to 7.3. Of more physical 
significance than the rms deviation criterion is the fact 
that the discrepancy in ordering of elements within 
valence groups is markedly reduced. 

In column 7 of Table I we give the optimum case of 


a calculation in which the magnitudes of gq and gy were 
added, rather than taking the algebraic sum. The 
optimum enhancement factors in this case are a= 21 


and |\!=6.7. It is apparent that the agreement of 
column 7 with the experimental results is somewhat 
better than that of column 6. The rms deviation is 
reduced from 7.3 to 5.6 and, without exception, all 
elements are correctly ordered within each valence 


group. 


This improvement, resulting from the arbitrary addi- 
tion of magnitudes, may be physically significant rather 
than fortuitous. Thus in the algebraic model, the large 
degree of cancellation of size and valence effects may be 
exaggerated compared to that in a more correct model. 

The existence of deviations from cylindrical sym- 
metry in either the size or valence contributions would 
require the addition of the individual components of the 
field gradient tensor at each lattice site rather than the 
simple addition of ga and gy. The amount of accidental 
cancellation from the addition of independent tensor 
components would presumably be quite a bit less than 
from the simple scalar addition of gq and gy. Such devia- 
tions from cylindrical symmetry may occur even with a 
radial strain if, as has already been pointed out, the 
field gradient-strain tensor shows cubic as opposed to 
spherical symmetry. Furthermore, more realistic de- 
scriptions of the strain field about a point imperfection 
in a cubic crystalline solid give rather strong deviations 
from a purely radial strain field characteristic of an 


isotropic homogeneous solid.*® 

Table IT lists the values of Ya and gx OUL LO the eighth 
shell for the case a= 23, X= —15, g=qa 
that over-all the two effects are of the same order of 


magnitude. For example, for phosphorus, which is in 


Tq - It is seen 


25 For example, see J. B. Gibson, A, N. Goland, M. Milgram, 
and G. H. Vineyard, Phys. Rev. 120, 1229 (1960) and also work 
cited in reference 20 of their paper We are indebted to Dr. Vine- 
yard for discussing the results obtained by machine computations 
relevant to the static lattice vacancy for a model representing 
copper, prior to publication in the above and a forthcoming paper. 
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Paste ILI. Contributions m,w, to wipeout number W arising from the different neighbor shells 
relative to solute. g=ga+q,; a=23; A= —15. 


Shell 
n,, No. of 


atoms in shell 


~ 


\g 
Au 
Mg 
Zn 
Cd 
\l 
Ga 
In 
Si 
Ge 
Sn 
Pp 
\s 


Sb 


Ne le bo le ly i et ns ts ts ts 


mputed w, =0.2 since the lat 


the idealized models for 


where the 


the highest Z’ group but has a small strain parameter, 
ga is considerably greater than qg,. For antimony, with 
the same Z’ but a large strain parameter, g is smaller 
for the first, second, and eighth shells and larger for the 
rest. Conversely, for gold where Z’=0 and valence 
effects might be expected to be small, they are actually 
of the same order of magnitude as the size effects. It 
should be borne in mind in scanning this table that for 
w(k)25°%, that is for the intensity of a shell to be re- 
duced by 5% or more, g must be 20.4X 10" cm 

In Table III we give n,w, out to the eighth shell for 
the impurities listed by Rowland. Contributions to IJ 
were negligible in all cases in the eighth shell due to the 
small g’s and the small number (6) of atoms in this 
shell. If the ‘all or nothing” model were a good approxi- 
mation, the entries in this table would either be 
zero or equal to the number of atoms in the shell 
concerned. 

It is of interest to compare the value of A deduced 
in the present investigation with other values appearing 
in the literature. Averbuch® ef a/. and Faulkner’! have 
studied the NMR line of cold-worked pure copper and 
find an increase in the second moment and in the line- 
width. By correlating the NMR data with independent 
measurements of the strain they are able to estimate 

X , under the assumption that the gradients are due 
entirely to strain effects. Averbuch ef al. obtained 
\|~1, and Faulkner obtained a lower limit?’ for |A 
of about 0.4. These values are an order of magnitude 
smaller than that deduced from our model, even if we 
27 E. A. Faulkner" points out that his value of \ may be regarded 
as a lower limit because of the following assumptions: (1) Since 
strain is deduced from stored energy, it is implicit that all the 
stored energy is associated with elastic strain; (2) all regions of 
the cold-worked specimen are assumed to contribute equally to 
the NMR signal. The latter assumption is also involved in the 
work of Averbuch et al.’ It is difficult to estimate the error involved 
here, but we feel that a factor of two is not unlikely, but would not 

expect much more 


contributic 


_ 
o2 


oN bm WHO 


0.4 
10.6 
5.4 
0.2 


Wwnwon~sx 


ter results from the approxi 
size and valence contributions are 


m to the derivative curve a 


were to accept the value |A =6.7 obtained by adding 
the magnitudes of ga and 9g. 

In discussing this disagreement it should first be 
pointed out that it is not really obvious in the experi- 
ments on pure copper that the electric field gradients 
involved are really due to strain effects alone, as 
assumed by Averbuch ef a/. and Faulkner. The broaden- 
ing in cold-worked, pure copper is presumed to be the 
first-order effects of neutral imperfections such as 
dislocations. However, the fact that an imperfection is 
neutral is not in itself a valid reason for assuming the 
charge effect to be small compared to the strain effect. 
For example, we have found, as shown in Table II, that 
for the neutral impurity, silver, ga is about 3 of g, for the 
close neighbors, and for the neutral impurity, gold, they 
are about equal. To estimate the magnitude of the 
charge effect for a dislocation, it would be necessary to 
make a calculation comparable to the KV calculation. 
If such a theoretical calculation showed that to account 
for the small broadening would require (even assuming 
a value of \ considerably smaller than that deduced by 
Averbuch ef al. and Faulkner) an a@ considerably less 
than 20, then a further contradiction between these 
experiments and the impurity experiments would be 
revealed. That is, the experiments on cold-worked, pure 
copper would indicate values of both a and X consider- 
ably smaller than the values deduced from the data on 
impurities. 

One possible key as to whether this discrepancy 
should be regarded as a serious criticism of our model 
lies in Rowland’s linewidth data. Rowland has shown 
that for the impurities, Zn, Ge, and As, the charge-only 
theory predicts a broadening while the experimental 
line actually narrows in the alloys. For Ga as impurity 
the experimental line broadens but much less than the 
theory predicts. Rowland ascribes the disagreement to 
the model used for the theoretical calculation. We have 
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also investigated the broadening for Ge with our model 
and get qualitative agreement with Rowland’s theory. 
It seems very unlikely to us that any calculation in- 
volving quadrupole interactions will lead to a line 
narrowing. It seems much more likely that the dis- 
crepancy is real and is due to a narrowing mechanism 
which has not been included in the theory and which is 
of the same order of magnitude as the quadrupole effect. 
Until the line narrowing is understood one should be 
cautious in deducing the values of either a or A from 
measurements based on linewidths or second moments. 


V. CONCLUSIONS 


It has been demonstrated that the introduction of 
strain-induced electric-field gradients described by a 
single parameter characteristic of the solvent materially 
improves agreement between experimental and theoret- 
ical wipeout numbers in dilute copper alloys. The magni- 
tude of the strain-induced field gradients deduced from 
the present model are comparable in magnitude with 
the corresponding field gradients associated with the 
impurity charge. This conclusion does not contradict 
the findings of Rowland and Kohn and Vosko that the 
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field gradient associated directly with the screened im- 
purity charge by itself accounts for the main features of 
nuclear quadrupole effects in these alloys. 

The parameter A describing the magnitude of the field 
gradient associated with a given strain field that is 
obtained from the present results is appreciably larger 
than that found in experiments based upon measure- 
ments of NMR line broadening in cold-worked pure 
copper. It is believed that this apparent discrepancy is 
in part correlated with discrepancies between theoretical 
and observed line broadening in the alloys. 

There is some indication from the present results that 
still further improvement in the agreement between 
experimental and theoretical wipeout numbers can be 
brought about by a more detailed treatment of effects 
leading to lower than axial symmetry in the field 
gradients. 
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Specific heat measurements in the temperature range 0.4° to 1.5°K on two samples of sodium metal ar 


reported 


\ thermal cycling procedure was used to partly inhibit the martensitic transformation and thus 


obtain information on the properties of the two phases of sodium. It is concluded that the electronic specific 


heat coefficient 


confidence the « 


apparent y of one sample was observed. It is suggested that the wide variation in experimental 7 


ifference does not exceed 20°. A statistically significant variation (of unknown cause 


of the bec phase is probably slightly larger than that of the hcp phase but with 95° 


of the 


values 


reported may be due to this cause rather than to the martensitic transformation 


INTRODUCTION 


ARRETT'® discovered that sodium metal under- 

goes a spontaneous transformation of the marten- 
sitic, or diffusionless, type on cooling below about 35°K 
when some of the body-centered cubic phase transforms 
to a faulted close-packed phase. Because of this trans- 
formation, measurements of the electronic specific heat 
f sodium by low-temperature calorimetry are neces- 
sarily made on a two-phase system. However measure- 
properties of sodium (elec- 
heat,?> volume 


ments on various physical 
trical resistance,’ specifi change on 


Sand m 


tallographic examination’ have 


{ 
it is possibl 


to partly inhibit the spon- 
taneous transformation by means of a suitable thermal 


ig procedure. By now there is considerable evi- 
’ to suggest that an unstrained, large-grained 

f sodium* cooled from room temperature to liquid 
emperatures will contain rougly equal amounts 

ises. If the sodium is now warmed to 80°K 

he material reverts entirely to the bec phase, but the 
cold work resu transformation and rever- 
anneal out and will partly inhibit the 


retransformation if the 


ting trom the 


sion does not 


sodium is again cooled to liquid 
helium temperatures, so that now only about 25% of 


the sodium transforms into the low temperature phase. 


Thus, by makin; ific heat measurements on sodium 
cooled directly helium temperatures from room 


temperatut after the sample has been 


cycled up t . and back to liquid helium tempera- 


tures, t 


possible to detect if there is any 


difference in t lectronic specific heats of the two 


phase S 
EXPERIMENTAL 


made in a He 
ead wire heat switch to cool 


the temperature of the He*® can. A 


Barrett, Am. Mir wist 33, 749 (1948 

?C.S. Barrett, J. Inst. Metals 84, 43 (1955 

Barrett ta Cryst. 9, 671 (1956 

Dugdale and D. Gugan, Pros oy. So Lor 
1960 

Martin, Proc. Roy London 

6 Z. S. Basinski and L. Verdini, Phil. Mag 
D. Hull, and H. M. Rosenberg, Cryoger 

* A piece of sodium annealed at room ten 


] | +} f 
dimension less than a fe 


Phe meas nts were cryostat 


using a superconducting 


the calorimeter to 


cc 2 


Se 
‘7 _ 
A254, 184 
D.L 4254, 433 
y 4, 1311 (1959 
ics 1, 27 (1960 
perature and with ne 


uirements 


1960 


full description of the apparatus will be given elsewhere.’ 
Temperature measurement was by means of “Speer” 
carbon resistors which were calibrated against the vapor 
pressure” of He’. 

Measurements were made on two different samples of 
sodium. The first sample (the 
pared from sodium kindly supplied by Philips, Eind- 
hoven. This material normally has a residual electrical 
resistance at 4°K of about 210~ of its ice-point re- 
sistance, indicating a very high purity. The 


“cast”? sample) was pre- 


metal was 
cast into a small copper calorimeter vessel carrying the 
carbon thermometer and heater. To facilitate the sealing 
operation the calorimeter was filled with argon gas at a 
pressure of one atmosphere. Since the 1S¢ of helium 
exchange gas within the calorimeter was considered to 
be undesirable, thermal contact 


and the calorimeter was made solely by metallic 


between the sample 
contact 
and to improve this a copper wire, attached to the calo- 
rimeter, ran through the sodium 


of the empty calorimeter was measured on two separate 


Che thermal capacity 
occasions before filling with sodium. The weight of 
sodium metal (after buoyancy 
6.04+0.04 g. The thermal capacit 
that of the 
lowest temperatures and about four times as big at 


correct ions 


v of the 


Was 
sodium was 
almost twice empty calorimeter at the 
the highest temperatures. 

The second sample the “block” 
from a block of 
(having a residual resistivity of 610 


sample) of sodium 


was cut commercially pure sodium 
* which indicates 
a ‘‘tray”’ calorim- 
film 
sodium metal, 
after buoyancy correction, was 24.606+0.056 g, and 
the weight of oxide, etc., 


Full details of the weighting procedure are given else- 


rather high purity) and measured on 
eter. thermal contact being established by a 
of silicone grease. The weight of the 


contamination less than 0.08 g. 


where.*) The thermal capacity of this sample was more 
than ten times that of the ‘“empty” calorimeter. 


RESULTS 


Each time a sodium sample was cooled to liquid 


helium temperatures the carbon thermometer was cali- 
*D. L. Martin, Proc. Roy. So ondor » be published 

S. G. Sydoriak and T. R. Rober ys. Rev. 106, 175 
1957 

"T), L. Martin 
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TABLE I. Summary of results on the two samples of sodiun 


No. of days 
from start of 
experiment Sample Thermal history' 
Copper 
Na calorimeter 
filled 
Cast Na 


380°K 


0.4°K 
290°K 
4.2°K 
290°K 
0.4°K 
80°K 
0.4°K 
290°K 
0.4°K 
80°K 
0.4°K 
290°K 


‘ast Na 
‘ast Na! 
‘ast Na? 
ast Na 


‘ast Na’ 


Cast sample left 
0.4°K 
80°K 
0.4°K 
290°K 


Cast sample 
O.4°K 
8O°K 
0.4°K 
290°K 


LOW TEMPERATURES 


, and check-results on copper 


No measurement Poot ration of 
thermal switch 


Broken wire 


ope 
No measuren 

154+6 370+17 
159+4 386+ 10 


300+ 10 


300+11 


in cryostat under vacuun 


removed irom cryosta 


Cast sample removed from cryostat and 1 


Copper eee 
Cast Na! 0.4°K 
2900°K 
a few hour 
0O.4°K 
290° K 


Cast Na 


Cast sample removed fron 


290° K 
0.4°K 
S0°K 
0.4°K 
290°K 
0.4°K 
SO°K 
0.4°K 


Block Na! 
Block Na? 
Block Na! 
Block Na? 


Cast sample remelted a.m 


Cast Na! O4°K 


For Na 
This colu 


m is in the hej 
which the sample 


bable that ut of the sodiur 
n shows the extremes of ter 
i ire 9S confide 


perature to 


brated and between 30 and 50 individual specific heat 
determinations were made in the temperature range 
0.4° to 1.5°K. Values of the electronic specific heat 
coefficient y and the Debye temperature # were ob 
tained from each such set of measurements by assuming 
that the results could be represented by the equation 
= (12%1R/5)(T/0)+yT, 
where C is the specific heat and R the gas constant. 
This equation was fitted to the results by means of a 
least squares analysis from which the 95% confidence 
limits for the results was also obtained. The results 
obtained from fifteen sets of measurements on sodium 
are given in Table I together with the thermal history 


+10 


+12 


of the samples. Three typical sets of measurements are 
shown in Fig. 1. 

By comparing the results for copper given in Table I 
with the mean of values obtained by other workers® 
6=344+1°K, y= 16441 weal °K? g at. 
ferred that 


el may be in- 
the results obtained with the present ap- 
paratus are free from any significant systematic errors. 
However, owing to the very low thermal capacities of 
calorimeters and samples in this temperature region, 
the results for y and @ (Table I) are subject to random 


errors of about +3 a Since Table I lists the results of 
fifteen separate determinations of y and @ it is possible, 
to use suitable statistical procedures in order to assess 


the accuracy of final results and conclusions. In particu- 
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(TEMPERATURE °K)? 
Fic. 1. The results of three typical sets of measurement 
on the specific heat of sodium 


lar, the technique of ¢ tests developed by “‘Student’’” 
for testing for significant differences between small 
samples has been used. 


DISCUSSION 


The discussion of results will be divided into three 
parts. First, attention will be drawn to an observed 
variation in the apparent electronic specific heat coeffi- 
cient of the cast sample which was probably not due to 
the martensitic transformation. Secondly, the effect 
of the thermal cycling procedure will be analyzed and 
conclusions drawn as to the possible difference in the 
electronic specific heat coefficients of the two phases of 
sodium. Finally, the results reported here will be com- 
pared with those of other workers. 


Variation of the Value of y for the Cast Sample 


Reference to Table I will show that the first four sets 
of measurements on the cast sample gave results for 
which are higher than those of later measurements. The 
results of these later measurements are in good agree- 
ment with the measurements on the block sample. It 
will be noticed that the variation in the y value is not 
accompanied by any similar variation in the @ value. 
The significance of the variation in ¥ 
by applying the ¢ test to the difference in the means of 
the y values obtained from the first-four and second-four 
sets of measurements, respectively. It is found that 
there is considerably less than one chance in a hundred 
that random samples from a single population would 
show the observed difference and hence the variation 
in y must be considered as statistically significant. The 
variation probably represents a real change in the physi- 


may be assessed 


2 See for example W. L. Gore, Statistical Methods for Chemical 
Experimentation (Interscience Publishers, Inc., New York, 1952 
“Student” was the nom de plume of W. S. Gosset.) 


eB 


MARTIN 


cal condition of the sodium within the calorimeter. ['The 
other possibilities are as follows, and may be dismissed 
for the reasons stated. 


(i) Experimental errors in either the earlier or later 
sets of measurements. This is unlikely since measure- 
ments on pure copper made before and after the varia- 
tion in the y of sodium had been observed (see Table I) 
showed no such variation. 

(ti) Something fell off the calorimeter between the 
first four and later sets of measurements. But there was 
no significant alteration in calorimeter weight during 
the measurements. 

(iit) There was some chemical change within the 
calorimeter. At the conclusion of the experiment the 
calorimeter was opened and, apart from a very thin 
grey film on the surface, the sodium looked to be very 
clean. Also, as mentioned above, there was no signifi- 
cant change in the weight of the calorimeter during the 
experiments. Apart from oxidation, which would have 
resulted in change of appearance and weight, it is diffi- 
cult to see what chemical changes could have occurred. | 


Efforts were made to reproduce the high y values 
(see Table I) by (a) remelting the sample and measuring 
after annealing for about a month at room temperature, 
(b) measuring the sample after an anneal of only a few 
hours at 290°K following a previous cooling to 0.4°K, 
and (c) remelting the sample and cooling down as soon 
as possible afterwards (a few hours). No significant in- 
crease in y was produced by these experiments. 

The observed variation in y is unlikely to be due to 
a variation in the amount of the low-temperature phase 
produced by the martensitic transformation since, on 
the basis of the results of the thermal cycling experi- 
ments (see later), it would correspond to a very large 
alteration in the amount of low-temperature phase pro- 
duced. Variations of this magnitude have not been ob- 
served in previous studies on sodium.*:> The high 


values were observed shortly after filling the calorimeter 
f 


and the change in y occurred during a five week period 
when no measurements were made, suggesting that it 
might have been the result of some annealing process. 
The rather large spread in reported y val for sodium 


vaiues 
(Table II) might be due to this effect. 


Effect of the Martensitic Transformation on y 


The results of the thermal cycling experiments will 
now be discussed. (The basis of the thermal cycling 
procedure was outlined in the introduction). By apply- 
ing “Student’s” / test to the differences observed in + 
as a result of partly inhibiting the transformation, the 
effects of the variation in y, discussed above, may be 
eliminated. Table I shows that six pairs of results are 
available for testing. The results of the test show that 
the samples in which the transformation is partly in- 
hibited have a y value which is higher by about 7 
ucal/°K? g at., and the chance that pairs of samples 
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selected at random from a single population would 
show this difference is one in six. The 95% confidence 
limits for this change are +10 wcal/°K? g at. Since 
these figures refer to a change of about 25% in the com- 
position of the sample, it follows that the difference in 
y between the hep and bcc phases is about 30+40 
ucal/°K? g at. Thus the results show that the bcc 
phase may have a slightly higher y value than the hcp 
phase but with 95% confidence the difference would not 
exceed 20% of y. Making a similar ¢ test on the differ- 
ences of pairs of @ values it is found that the hcp phase 
has the higher 6 by about 9°K, with 95% confidence 
limits of +18°K and the chance that pairs of samples 
selected at random from a single population would show 
this difference is one in three. Thus the difference cannot 
be regarded as significant. It is interesting to note, how- 
ever, that previously® a difference of 7°K between the 
#’s of the two phases at 20°K has been deduced. (The 
reason for the high uncertainty in the 4 results is due to 
the smallness of the lattice contribution to the specific 
heat in the temperature range of measurements—about 


50% of the total at 1.5°K and only 5% at 0.5°K.) 


Comparison with Other Workers’ Results 


For comparison with the results of other workers, 
only the results obtained from samples with an un- 
inhibited transformation will be considered. Further- 
more, the results of the first four sets of measurements 
on the cast sample (with high y values) will be ignored. 
The results are given in Table IT. It will be seen that the 
results for 6 are all within +1%. With the exception of 
Parkinson and Quarrington’s result the y values are 
within +5%. Parkinson and Quarrington’s y value is 
some 20 or 30% above the average while the high values 
of y obtained initially for the cast sample in the present 
work are about 10% above the average. (The earlier 
results of Pickard and Simon and Rayne“ have been 
ignored in this summary since, in both cases, anomalies 
in the specific heat of sodium were reported which have 
not been confirmed by later work.) 

Stern'® has recently analyzed the available experi- 
mental results for the y of sodium and has come to the 
conclusion that the y values for the bec and hcp phases 
of sodium differ by some 50%. His analysis rests on the 
assumption that the amount of sodium transforming 


18 G. L. Pickard and F. E. Simon, Proc. Phys. Soc. 61, 1 (1948). 
‘J. Rayne, Phys. Rev. 95, 1428 (1954). 


5 FE. A. Stern, Phys. Rev. 121, 397 (1961). 


AT LOW 


TEMPERATURES 


TABLE IT Comparative values of @ and y for sodium. 


Author + (ucal/°K? g at.) 


Parkinson and Quarrington* 430+43 
(cut block) 

Roberts® (cast block) 328+10 

Gaumer and Heer* 158 315 
(cast into calorimeter) 

Lien and Phillips* 5 346 
(cast into calorimeter) 

This work (cast sample 

This work (block sample) 

This work (grand mean 


33545 
326+8 
33045 


*D. H. Parkinson and J. E 
A68, 762 (1955) 
L. M. Roberts, Proc. Phys. Soc. (London) B70, 744 (1957) 
¢R. E. Gaumer and C. V. Heer, Phys. Rev. 118, 955 (1960). 
1W.H. Lien and N. E. Phillips, Phys. Rev. 118, 958 (1960). 


Quarrington, Proc. Phys. Soc. (London) 


to the low-temperature phase is quite variable from 
sample to sample whereas there is a considerable body 
of evidence**? that, in samples of the dimensions nor- 
mally used in calorimeters, this is not so. He has also 
ignored the possibilities of sample impurity and syste- 
matic errors between the various sets of results. The 
results of the thermal cycling experiments, described 
show that Stern’s most 
improbable. 

Finally, it should be mentioned that the similarity of 
the values of y for the two phases of sodium, reported 
here, agrees with conclusions reached by Dugdale and 
Gugant from an analysis of the results of their electrical 
resistance measurements on sodium. 


above, conclusions are 


CONCLUSION 


The electronic specific heat coefficient of the bec 
phase of sodium is probably slightly higher than that 
of the hcp phase. With 95% confidence the difference 
does not exceed 20% of y. An unexplained variation in 
the y of one sample was observed, but it must be empha- 
sized that this does not in any way alter the conclusions 
relating to the martensitic transformation. 
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The effect of various conditions of optical bleaching and thermal annealing on the electron spin resonance 


id optical absorptic 


m of additively colored KCl has been studied. With extended optical bleaching the 


resonance linewidth narrows and the resonance saturates less readily. The presence of R, 4/, N, or R’ centers 


is unrelated to the 


dominant features of the changes in resonance behavior; the optical absorption associated 


with the magnetic centers appears to remain in the region of the F band. 


INTRODUCTION 


LTHOUGH the electron spin resonance technique 

has provided a very detailed picture of the struc- 

ture of the F center in KCI and other alkali halides,!? it 
has been strikingly unsuccessful in giving any informa- 
tion about other electron excess centers. In particular, 
there has been no conclusive verification of the Seitz 
models for the M and R, centers,’ both of which should 
be magnetic. Many groups have studied the magnetic 
properties of crystals containing electron excess centers, 
‘and by studies of the 
tic magnetic susceptibility. It appears clear from 
this work that there are changes in the nature of the 
resonance in crystals containing bleaching 


both by the resonance technique* 


magneti 
ts of the F band, but these changes have not been 
any optical band. Both 
and static susceptibility"’ measurements in- 
the F band produces a more 


produc 

Sa Ae, a an 
conclusively correlated wit! 
resonance’ 
licate that 


bleaching of 


rapid decrease in the density of magnetic centers than 
of the centers giving optical absorption in the F band. 
Chis tation if one assumes that the 
sole result of the bleaching is to convert F centers into 
magnetic R, M, or .\V centers 

In a study, at this laboratory, of the temperature 
time of F centers it was 
noted that the presence of R, M, and NV centers seemed 
to produce marked variations, from sample to sample, 
of the saturation behavior of the F center resonance at 
room temperature. These the 
behavior appeared to be a more sensitive measure of the 


1 


he changes in line- 


is contrary to expec 


dependence of the relaxation 


changes in saturation 


presence of other centers than did t 


* Supported by the tomic Energy (¢ 
Alfred P. Sloat 
t National 
Alfred P 
G. Feher, Phys 
\. F. Kip, C. Kittel 
91. 1066 
F. Seitz, Revs. Modern Phys. 26, 7 (1954 
*N. W. Lord, Phys. Rev. 106, 1100 (1957 
‘J. S. Hyde, Phys. Rev. 119, 1483 (1960 
®*H. Kawamura and K. Ishiwatari, J. Phys 
1958 
G. A. Noble and J. J 
1960 
*W. E. Bron and R. S. Title, Bull. Am. Phys. Soc. 6, 113 (1961 
* J. Lambe and J. A. Baker, Bull. Am. Phys. Soc. 3, 136 (1958 
E. Sonder, Bull. Am. Phys. Soc. 6, 114 (1961 
k. T. Bate and C. V. Heer, J. Phys. Chem. Solids 7, 14 (1958 


‘ommission and the 


Sloar 


Japan 13, 33 


Markham, Bull. An Phys. Soc. 5, 419 


width already noted,*? and a systematic study of these 
effects seemed an obvious way to attack the problem of 
the magnetic properties of the M, R, and V centers. The 
principal conclusion of the work is that the M, R, and N 
centers do not appear to be responsible for the behavior 
noted above, indirectly supporting the hypothesis of 
nonmagnetic R, M, and \ centers. 

The next section of the paper outlines the 
of crystal preparation and measurement. The results of 
the experiments as well as the discussion of these results 
are in the section. Fina 
conclusions are summarized. 


methods 


following lly the principal 


EXPERIMENTAL METHODS 
Crystal Preparation and Treatment 


The bulk of the crystals used in this study were 
Harshaw crystals of KCl cleaved to roughly a centi- 
meter square by a millimeter thick. They were addi- 
tively colored by standard te hnique Ss" to a variety of 
F center concentrations, the usual density being about 
3X10" centers per cc. 

Two procedures were adopted to prepare crystals 
containing ‘“‘pure” F from these additively 
colored crystals. The usual method was to anneal the 


centers” 


crystal at 580°C for 3 min and then to quench the 
a copper block. An 
alternative proc edure was to convert the F centers to 
U centers, H- replacing Cl 
ing the additively colored crystals to 580°C under 250 


crystal to room temperature on 
substitutionally, by heat- 
psi of hydrogen for 5 min. The l’ centers could then be 


converted back into F room temperature, 
without appreciable coagulation, by x irradiation (5 cm 


centers at 


from a tungsten target at 150 kvp and 12 ma with 3-in. 
aluminum filter for 10 min). Typical values for the ratio 
of peak I absorption to peak VU absorption were 50 for 
the quenched crystals and 300 for the hydrogen-treated 
crystals, hereafter referred to as hydrided crystals 
After preparation, and during the quench for the 
quenched crystals, the crystals were handled in red light 
to prevent optical bleaching in the F band during 
prevent bleaching 
Although 


handling. This does not, of course, 


effects in the bands at longer wavelengths 


i nd J. J. Markham, J. Chem. Phys. 32, 843 
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the crystals were stored in the dark at room tempera- 
ture, several weeks of storage produced marked changes 
in both the optical and resonance properties of these 
crystals. No investigation of these changes was made. 

The relative concentrations of the different centers 
were changed both by optical bleaching in the F band 
and by thermal annealing. A 150-watt incandescent 
bulb, 15 cm from the sample, served as a source for the 
optical bleaching which was done at room temperature. 
The light was restricted to a bandwidth of 100 mu 
centered on the F band by a filter with a maximum 
transmission of 70°). The high F center concentration 
required by the sensitivity limitations of the microwave 
spectrometer forced the use of crystals of very high 
optical density (the order of + at room temperature) at 
the peak of the F band. The optical bleaching, therefore, 
is nol uniform despite the appreciable penetration of the 
bleaching light in the tail of the F band and the division 
of the total bleaching time into equal irradiation of both 
sides of the crystal. This nonuniformity does not alter 
the qualitative conclusions of this work. 


Crystal Measurement 


\ Cary Model 14 spectrophotometer measured the 
optical density of the crystals in the range 200 mu to 
1100 my, usually near liquid nitrogen temperature 
90+ 5°K) 
bleaching during the measurement. Introduction of 
perforated metal neutral filters into the 
reference beam reliably (to a density of +0.03) extended 


to obtain better resolution and to avoid 


screens as 


the range of the spectrophotometer to an optical density 
of four. Higher optical densities were estimated with 
less precision both by using additional screens and by 
extrapolating from data in the wings of the F band. 

The magnetic resonance properties of the samples 
were measured with a conventional 3-cm microwave 
spectrometer using balanced bolometer detection." The 
Varian V-58 klystron, stabilized to a reference cavity, 
gave a maximum magnetic field amplitude (2H,) of 
about one gauss at the sample. The lock-in detection 
system operated at 35 cps, usually with a peak-to-peak 
magnetic field modulation of 16 gauss. 

The primary interest in this investigation was in the 
saturation behavior of the resonance (the dependence 
of the signal amplitude on the microwave power level). 
Che procedure was to measure the peak-to-peak value 
of the signal (derivative of the absorption) at a series 
of power levels at intervals of 6 db as determined by a 
Hewlett-Packard calibrated attenuator. The theory of 
Portis!® predicts that a log-log plot of signal amplitude 
versus power will have the form indicated in Fig. 1 for 
a line which is inhomogeneously broadened. In the data 
presented here, the signal to noise was sufficient that 
for typical samples at intermediate power levels the 

tf 


signal amplitudes within a run reproduced within 5%. 


‘G. Feher, Bell System Tech. J. 36, 449 (1957 
\. M. Portis, Phys. Rev. 91, 1071 (1953) 
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Fic. 1. Theoretical saturation plot for an inhomogeneously 


broadened spin resonance: y7//;?= 
’ 


The precision became worse at low powers because of 


the lower signal levels and at high powers because of 
background signals from “cavity resonances” and 
because of the problem of dispersion admixture. 

There are a number of problems involved in the 
determination and interpretation of these saturation 
curves. For a finite size sample, the rf magnetic field is 
not uniform over the crystal and a saturation plot will 
show a more gradual break near H,; than indicated in 
Fig. 1. This effect, noted by Castner,'® was not impor- 
tant in these experiments. Careful calibration proce- 
dures are required to determine H; quantitatively but 
in this investigation the primary concern was with the 
qualitative feature of the saturation plots. A serious 
problem in obtaining reliable saturation plots is the 
critical that the bridge be 
sensitive only to the absorption signal; a small admix- 


requirement microwave 
ture of dispersion signal, since it does not saturate, can 
dominate the signal at high power levels. During a run 
the bridge was balanced manually to be insensitive to 
dispersion by applying a shallow frequency modulation 
(~300 cps) to the klystron and adjusting the spectro- 
meter to null the output signal at this frequency of 
modulation (a manual standard AFC 
technique). This balance was maintained to better than 
a part in 300, and only occasionally did the asymmetry 
of the line indicate the presence of some dispersion 


version of a 


signal. 
the 
detector sensitivity is independent of the power incident 


The saturation plot is made assuming that 
upon the sample cavity. This constant sensitivity is one 
of the advantages of any spectrometer for which the 
detector bias is provided separately from the signal 
power. It was confirmed experimentally with a non- 
saturating sample and by a calibration procedure in- 
volving measurement of the dispersion sensitivity by 
frequency modulating the kiystron. 

In addition to the saturation plots, some measure- 
ments were made of the resonance linewidths and the g 
values. The quoted linewidths are the separations in 
115, 1506 
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Fic. 2. Saturation plots for “‘pure”’ F centers in several crystals. 
\. Quenched crystal, XIV; Ve~3X10" per cc. B. Quenched 
crystal prepared by another group; concentration intermediate 
between A and D. C. Hydrided crystal, XIII; Ve~3X 10" per ce. 
D. Quenched crystal; Ve~3X 10" per cc. 


magnetic field between the maxima in the derivative of 
the absorption signal. 


EXPERIMENTAL RESULTS AND DISCUSSION 
“Pure” F Centers 

Results. Before investigating effects associated with 
complex centers it was imperative to establish the 
properties, in particular the saturation behavior, of the 
F center itself. Since there has been some question in 
the past whether F centers prepared by different tech- 
niques have identical properties,” two basic preparation 
techniques were used as described in the previous 
section. Figure 2 shows saturation plots for a few 
crystals, 3 prepared by us as outlined above and one 
prepared by another group in this laboratory. The 
points for crystals A, B, and C have been fitted by a 
single curve obtained by averaging data from runs on 
the order of 20 different crystals, all of which show a fit 
to this average curve comparable with those in the 
figure. Curve D, a sample with high F center concentra- 
tion, is best fitted by displacing the horizontal scale by 
a factor of 1.25 in H, (to give a larger H,). Except for 
this shift, the points lie on a single curve within the 
experimental precision. 

The shape of the curve is unchanged if the magnetic 
field modulation amplitude is reduced by a factor of 10, 
indicating that the decrease in signal at high power is 
not a modulation effect. An admixture of dispersion 
signal would increase the signal at high power and like- 
wise cannot be responsible for the observed decrease. 

These samples, both hydrided and quenched, con- 
sistently gave linewidths of 4522 gauss (Kip ef al. 
reported 46 gauss) and, for those few samples where the 
g value was measured, a g of 1.996+0.001 (Kip ef al. 
obtained 1.995+0.001). The resonance line shapes were 
Gaussian within the experimental precision. The ratios 
of the integrated optical absorption to the spin reso- 
nance intensity for a hydrided and a quenched sample 


were the same within an experimental uncertainty of 
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Fic. 3. Effect of 
optical bleaching on 
optical absorption of 
quenched _ crystal, 
XIV. Lower curves 

peak absorption in 
various optical bands 
as a function of 
bleaching time. Up 
per curves—wave 
length at violet half 
height point of F 
band. X, N Bands 
A, R Bands. O, M 
Bands. @, F Bands. 


Aye VIOLET (m 
‘a 


om at 


: 


uw 


a i 
——_e_2__ 
OPTICAL DENSITY 


F BAND OPTICAL DENSITY 
n 


ee ee 
27 @i 240 730 2 


=f 
1 3. 6S 
BLEACHING TIME ( MINUTES) 





a | 
1 
M,N@R BANDS 


ore— 


20%. The optical absorption line shape measured at 
90°K was the same for different samples and agreed 
with the results of Konitzer and Markham.” 

These results indicate that the resonance properties 
in these samples are indeed characteristic of the F center 
itself, uninfluenced by effects of coagulation or inter- 
action with other centers. The linewidth and g value are 
as given by Kip e¢ al.* and the saturation behavior is 
that indicated in Fig. 2. 

Discussion. The only disquieting feature of the results 
above is the departure of the saturation behavior (see 
Fig. 2) from that predicted by Portis'® (see Fig. 1). The 
experimental data reported are not in disagreement 
with Portis’ experimental findings. Portis’ highest power 
level corresponds to about 28 db on the plot of Fig. 2, 
where the fall-off from maximum is only about 10%, or 
the order of the accuracy of the measurements. The 
value of H, obtained from the present results, although 
estimated only roughly, agrees with that of Portis. 
Castner’® gives an extension of Portis’ theory which will 
fit the curves of Fig. 2 if one assumes 7,~ 10~ sec and 
T:~10~ sec. There are a number of problems with this 
interpretation, the most apparent being that one would 
expect a stronger dependence of JT, on concentration. 
The whole question of the shape of the saturation plots 
is to be pursued in a separate investigation. 

The purpose of this discussion was to establish the 
behavior of the F center resonance; having done this, 
the next step is to study the deviations from this be- 
havior associated with the introduction of other color 
centers into the crystal. 


Optical Bleaching Experiment 


Results. A quenched and a hydrided crystal were 
exposed to a series of optical bleaches by light in the 
F band at room temperature as described above. The 
total elapsed bleaching time increased by a factor of 
three in successive runs and optical and resonance 
measurements were made after each bleach. 
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Figures 3 and 4 summarize the optical results, show- 
ing the peak absorption for the various bands as the 
crystal is bleached. The qualitative behavior for both 
samples agrees with the results of Petroff.'7 In both 
samples the F band drops rapidly as the M band grows; 
the M then goes through a maximum and the R and V 
bands develop at the expense of the M. At about the 
same time the F band broadens to the violet (Petroff’s 
B band). The striking difference between the samples 
is the much greater stability of the coloration in the 
quenched crystal, the optical conversion of F back into 
U centers in the hydrided crystals giving extensive 
bleaching. An important feature of the bleaching of the 
quenched crystal is the stability of all the bands 
between 27 and 730 min. 

Figures 5 and 6 show the magnetic resonance satura- 
tion behavior after the successive bleaches, with the 
curves normalized by shifting the vertical (but not 
horizontal) scale to give coincidence at low power levels. 
The deviation from the saturation plot of the pure F 
center is very marked, the relative signal at the highest 
power being increased by a factor of 30 by the bleaching. 
There is no change between 730 and 2800 min, suggest- 
ing that whatever conversion or coagulation was occur- 
ring is essentially complete. The saturation plot corre- 
sponding to these final stages has been observed in a 
number of heavily bleached crystals, suggesting that 
this plot is characteristic of a heavy bleach. Unfortun- 
ately, in a crystal with an order of magnitude higher F 
center concentration, the saturation plot after a heavy 
bleach roughly corresponded to that of the 81-min 
bleach, not to that of the most heavily bleached crystals 
of Fig. 5. Whether this was related to the extreme non- 
uniformity of the bleaching or whether the final state 
after bleaching depends on the mean F concentration 
remains an open question. 

There are some additional features of the resonance 
measurements to be noted. The line narrows’:* with 
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17S, Petroff, Z. Physik 127, 443 (1950). 
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Fic. 5. Resonance saturation plots at various bleaching times 
for the quenched crystal, XIV. The dashed line is discussed in the 
text 


bleaching to a width of 35+:2 gauss in the final stages. 
The linewidth is independent of rf power in the early 
and late stages of bleaching but in the intermediate 
stages the line is broader at low power than at high. The 
g value after extended bleaching remained the same as 
that for the F center, 1.996+0.001. No evidence was 
seen of the change in g value reported by Kawamura 
and Ishiwatari.* However, our g measurements were 
made only on crystals in the initial and final stages of 
bleaching. The line shape after an extended bleach, 
measured carefully only in the very densely colored 
crystal for which the heavily bleached saturation be- 
havior is different from that for the lower concentra- 
tions, is not quite Gaussian. Compared with a Gaussian 
of the same peak-to-peak derivative width the resonance 
after bleaching shows somewhat more signal in the tails, 
though much less than a Lorentzian curve of the same 
width. 

Finally, Figs. 7 and 8 show the variation with bleach- 
ing of the integrated areas of the optical absorption and 
of the spin resonance absorption at low rf powers, where 
the integrated magnetic absorption is proportional to 
the number of centers contributing to the resonance 
irrespective of their saturation behavior. 
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Fic. 6. Resonance saturation plots at various bleaching 
times for the hydrided crystal, XTII. 
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Fic. 7. Relative 
intensity of the 
optical absorption 
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Discussion. A number of qualitative features of the 
resonance data suggest that the effect of the bleaching 
convert F linewidth of 45 gauss and 
saturation behavior of Fig. 2) to another center 
width of 35 gauss and saturation behavior of the heavily 


Is to centers 


(line- 


bleached sample in Fig. 5). There are two reasons for 
doubting that the picture is this simple. First, with this 
model, it should be possible to express any saturation 
plot as a linear combination of any other two (a correc- 
tion resulting from the difference in linewidths amounts 
to only a few percent). The dashed line in Fig. 5 is one- 
half the sum of the 2200-min plot and a plot for ‘‘pure” 
F centers. It clearly does not fall into the sequence of 


I 


lots. Similarly, a number of plots obtained after 
hermal anneals (Curve III of Fig. 9 for instance) do 
not fall into the sequence of Fig. 5, nor does the 240-min 
hydrided cry stals. The second diffi ulty 


1 


bleach of the 
with this picture is the problem of reconciling the 
stability of the optical absorption after 27 min of bleach- 
ing with the continued growth, until 730 min, of the 
resonance at high power levels. One would expect to see 
feature of the optical 

to some other center 


a continued change in 
conversion of F 


continued into this range of bleaching. 


some 
absorpt ion if a 
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Although it might be possible to explain these results 
in terms of three magnetic centers, we prefer an inter- 
pretation involving either the formation of some com- 
plex of F centers or the conversion of the F center to 
another center, during the first 27 min of bleaching, 
resulting in a narrower resonance line. The subsequent 
changes in the saturation behavior are believed to 
result from a redistribution of these centers within the 
crystal which influence the relaxation behavior of the 
resonance, perhaps giving a distribytion of values of the 
product 7,72, the mean of which is shorter than the 
value of 7,7, for the “pure” F center. 


Correlation of Resonance and Optical Results 


Whatever model is used to describe the changes in the 
resonance properties, one can attempt to establish 
whether there exists an important influence of the usual 
and R’, mag- 


effort 


electron excess centers, R, M, .V, on the 
netic behavior. After had 
devoted to trying to find such a correlation it gradually 


became clear that the gross effects observed in the 


considerable been 


reso- 
nance experiments were unrelated to the presence of 
these bands. 

The main purpose of this section is to discuss a 
specific results, primarily from experiments on crystal 
XIV, which establish the absence of 
tween the presence of the 
changes in magnetic behavior. Despite the ambiguities 
introduced by the possibility of a changing distribution 


a correlation be- 


various centers and the 


of relaxation times, it to show this lack 
of correlation. 
The arguments as formulated below show that the 


l 
lo not from an appreciabl 


seems possible 


magnetic changes ¢ result c 
contribution to the resonance 
Similar arguments may, of course, 
same experimental results to show that 
changes do not result from the interaction of 
magnetic R, M, .\, or R’ centers wit 

R bands. The ratio of R; to Row 
experiments and they will be cor 
Figure 9 and Table I 
optical results of one of two similar experiments involv- 


by the various centers. 
be applied to the 
tn addition, the 


non- 


is COI 
| | 
sidered 


summarize the 


magnetk 
ing a thermal annealing of a heavily bleached crystal. 
(The difference between Curves Ia 
effect of storing the sample in the 


nd II represents the 


dark at room tem- 


perature for 3 weeks, showing the presence of some 
defect mobility at room temperature). A thermal anneal 
at 115°C for 10 min, taking the crystal from Curve II 
to III, reduced the R bands by a factor of 5 to about 
their value after only 1 min of bleaching, while the 
resonance intensity at low power actually increased by 
1) O- | he 


line remained narrow. If the R centers were contributing 


20%, and at high power de reased by omy 


significantly to the total resonance intensity, the same 


increase in low-power signal, de spite the factor of 5 loss 
in R concentration, would require a large conversion of 


R back into F. Howeve r, in that case there should bea 
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Tas e I. Summary of properties of crystal XIV during thermal annealing experiment. Large uncertainties both in the optical density 
and in \y(violet) result from a high background level. The uncertainty in the optical density is roughly 0.1, but the relative uncertainty 


in comparing different runs is less. 


Peak optical densities 
Treatment , R M 


Run 


0.71 
0.81 
0.93 
1.35 


0.63 
0.31 
0.06 
0.03 


I 2200-min bleach 

II +3 weeks in dark 
Ill +10 min at 115°C 
IV +15 min at 155°C 


pronounced reduction of the climb in the saturation plot 
and the low-power linewidth should increase. Neither is 
the R center is not 
the magnetic 


observed and we conclude that 
responsible for the gross change of 
behavior with bleac hing. 

Curve IV illustrates the danger of trying to establish 
correlations on the basis of parallel behavior of two 
properties of a crystal in just a few experiments. An 
anneal at 155°C (Curve IV), without the previous 
anneal at 115°C, would have strongly suggested the R 
band as the source of the climb in the saturation plots. 

M band. The optical density at the peak of the M 
band and the ratio of the M peak to the F peak both fall 
by more than a factor of two between 9 and 27 min of 
bleaching. Choosing any reasonable measure of the 
change in resonance behavior, for example the ratio of 
the high-power signal to the low-power signal, the 
magnitude of the high-power signal, or the ratio of the 
concentration of the “new center’ relative to the F 
center assuming the simplest two-center models, a plot 
of this measure as a function of time gives a smooth 
function with no indication of a kink or a 
break in the 9- to 27-min region. If the M center is 
contributing to the changes in the resonance it is difficult 
to seé how the 7,7, distribution could be altered in just 
the manner needed to conceal all evidence of the factor 


monotonic 


of two decrease in M center density. An additional piece 
of evidence against the M band is that an anneal at 
155°C (run IV of Fig. 9 and Table I) gives a substan- 
tial the “pure” F 
behavior despite an apprec lable inc rease in the concen- 


recovery toward center resonance 
tration of M centers. 

\ bands. There are at least three bands apparent in 
the region of 1000 mu. The two most prominent, at 970 
my and 1025 my, will be denoted as the V, and .V». bands 
for this discussion. The relative intensity of these two 
during bleaching or 
annealing as it does for the R bands and they must be 
considered individually. (The average of the two is 
given in Figs. 3 and 4—the ratio remained between 1:1 


bands does not remain constant 


and 2:1 during the bleaching). 

In crystal XIV the .V,; band increased by a factor of 
1.7 between 730 and 2200 min after remaining constant 
from 27 to 240 min. The saturation plots, on the other 
hand, did not change in the final bleach but showed a 
marked increase in climb in the range 27 to 240 min. 


AH (gauss) 
(at medium 
pow er) 


Relative 
magnetic 
N; N- dj (violet intensity 
509+ 
5114 
512+ 


516+2 


ho UU Ww 
meu 
He He He 


H 


i WW Ww 


To give the observed 15% decrease in low-power signal 
intensity between 730 and 2200 min (Fig. 7), assuming 
a magnetic .V;, requires that the increase in N, con- 
centration be compensated by a loss of F contribution 
to the resonance. With this picture one would again need 
a very special change in the 7,7» distribution for the 
centers to give identical saturation plots before and 
after this final bleach. 

The argument against the .V2 is essentially the same 
as that against the R. In the 115°C anneal the V2 is 
reduced by a factor of 3 (as opposed to 5 for the R’s) to 
a value corresponding to 9 min of bleaching. The 
changes in resonance behavior are too small to be inter- 
preted as related to the change in V2 density in any 
reasonable way, for the same reasons that were men- 
tioned in discussing the R bands. 

R’ band. Scott'® describes an R’ band which develops 
with extensive bleaching at temperatures above room 
temperature. A similar broad band appears under the 
resolved bands in the late stages of bleaching in this 
work. It has not been studied in detail, but the fact that 
it shows a marked growth in the final bleach where the 
resonance behavior has stabilized indicates that it is not 
responsible for the changes in the saturation properties 


of the resonance. 
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Fic. 9. Saturation plots for crystal XIV after various treat 
ments. I. After 2200 min of bleaching. II. Same, but after 3 weeks 
storage in the dark. III. Same as II after 115° anneal for 10 min. 
IV. Same as III after 155° anneal for 15 min. See Table I for 
summary of other properties of this crystal 


* A. B. Scott and L. P. Bupp, Phys. Rev. 79, 341 (1950). 
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Other weak bands. One cannot rule out the possibility 
that any optical absorption band associated with the 
changes in magnetic behavior has so low an oscillator 
strength that it cannot be readily studied or that it lies 
outside of the region (230-1100 my) studied in these 
experiments. The observation by Doyle” that the total 
area under the various bands is constant with bleaching 
suggests that all of the excess electrons contribute to the 
optical absorption in the standard electron excess bands 
with an oscillator strength comparable to that of the F 
band. There seems little basis, then, to assume that one 
does not see the optical absorption from the “new” type 
of magnetic center. 

F band. The negative correlations discussed above are 
the most compelling reasons for believing that the 
magnetic resonance centers in all stages of bleaching 
are, in large part at least, to be associated with the 
optical absorption in the region of the F band. 

There is, in addition, some positive evidence in 
support of, or at least consistent with, this hypothesis. 
First, as Bron* has noted, the narrowing of the spin 
resonance appears to be associated with the broadening 
to the violet of the F band, presumably corresponding 
to the development of the B band described by Petroff.'” 
During the bleaching the biggest changes both in optical 
and resonance linewidths occur in the bleach to 27 min. 
Also, after the thermal anneal at 155°C which reduces 
the climb of the saturation plot (run IV of Fig. 9 and 
Table I) the resonance linewidth has increased from 35 
to 42 gauss (at intermediate power levels) and the width 
of the optical F band is reduced to nearly its original 
value (the presence of an R’ band background reduces 
the accuracy to about +2 my). Second, despite a varia- 
tion by a factor of 1.5 in the ratio of the resonance 
intensity at low power to the optical F band area, the 
roughly parallel behavior of these two intensities, 
plotted in Figs. 7 and 8, seems significant. The decrease 
in spin density relative to the optical density agrees 
qualitatively with the results of Lambe? and of Sonder,”” 
indicating that some of the absorption in the region of 
the F band is associated with nonmagnetic centers if 
one supposes that the appropriate oscillator strengths 
are not much in excess of the “pure” F band strength. 
Most of the relative decrease appears to ¢ ome in the early 


bleaching stages where the broadening of the optical 


line and the narrowing of the resonance line occur. 

Vote added in proof. The F band optical absorption 
areas plotted in Fig. 7 may be corrected for the presence 
of M and R absorption under the F band on the basis 
of the results of F. Okamoto [Phys. Rev. (to be pub- 
lished) |. As a result of this correction the optical F 
center absorption decreases more rapidly than the mag- 
netic absorption rather than less rapidly. This result 
does not alter the conclusions of this paper. 

We picture the bleaching as divided into three stages, 
or three different time scales, with the following rough 

1W. T. Doyle, 111, 1072 


Phys. Rev 1958 


CHRISTENSEN, 


AND SILSBEE 
picture of each stage. In the first stage, up to 27 min, 
the prominent changes in the intensities of the R, M, 
and N bands occur and the F band broadens (Petroff’s 
B band!’). The F centers are either converted to a new 
center with a narrower resonance but optical absorption 
similar to the F absorption, or else they form simple 
complexes that result in a narrowing of the resonance 
but little change in optical absorption. In the second 
stage, 27 to 730 min, there is little change in optical 
behavior but the resonance becomes harder to saturate 
as the crystal is bleached. We suggest that there is a 
physical redistribution of centers within the crystal 
that results in a distribution of 7,7. values for the 
centers and that extended bleaching tends to reduce the 
mean value of this product. A possible mechanism is the 
formation of clusters of defects of sufficiently high 
density for dipolar interaction between spins to increase 
the packet width, (1/72). Any nonuniformity among 
the clusters, as well as the locations of some centers 
within a cluster and some on the surface, will assure 
that any given sample will be characterized by a distri- 
bution of 7; values, not by a unique value. This gives at 
least a possible explanation for the gradual climb in the 
saturation plot and for the observation that a single 
family of curves, such as those of Fig. 5, cannot fit every 
saturation plot for a given crystal. In the third stage, 
after 730 min, or more precisely, on a third time scale, 
one sees the beginning of the formation of further com- 
plexes (R’ band) and perhaps colloidal potassium. 
Magnetic R, M, or N? The original aim of this project 
was to learn about the magnetic nature of the R, M, and 
N bands. Although it is clear that the gross effects 
measured here—the changes in linewidth and in relaxa- 
tion behavior—are not related to the presence of these 
centers, the original question remains unanswered. If 
the oscillator strengths of the other bands are near 
unity, as suggested by Doyle,’® then one can estimate 
the possible relative contribution of each of these centers 
to the spin resonance signal. In the bleaching of the 
quenched crystal, the maximum contribution of each of 
the bands relative to the F-band optical absorption was: 
either R band, 11% at 730 min; M band, 17% after 9 
min; total area in NV band, 9% after 2200 min. If these 
values are taken as the relative contributions to the 
resonance signal, it is clear that it would be very easy 
to overlook the presence of a contribution to the reso- 
nance signal from these other centers. For these reasons 
and because of the variations, produced by bleaching, 
of the resonance behavior of the centers associated with 
the region of the F optical absorption, it will be very 
difficult to identify the presence of a resonance from 
these other centers by any simple subtraction process. 


CONCLUSIONS 


(1) The saturation behavior of the F center resonance 
is not that predicted by Portis but agrees with Castner’s 
generalization of that theory. There is some question 
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about the validity of this interpretation, however, and 
the problem is to be pursued further. 

(2) Bleaching an additively colored crystal narrows 
the resonance width from 45 gauss to 35 gauss peak-to- 
peak in the derivative and gives a center whose reso- 
nance saturates less readily than the “pure” F center 
resonance. The variation in saturation behavior cannot 
be interpreted in terms of a simple two-center model. 

(3) The changes in the resonance behavior discussed 
here are not correlated with the presence of R, R’, M, 
or .\ bands in the crystal. However, because of the 
small relative optical density of these bands, one cannot 
conclude from these results that the corresponding 
centers are nonmagnetic. 
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(4) The optical absorption associated with most of 
the resonance intensity is associated with the region 
near the F band throughout the changes induced by 
bleaching (or possibly with other bands of very low 
oscillator strength). This optical and magnetic absorp- 
tion may be due either to F centers in altered surround- 
ings or to a different defect produced by bleaching of 
the F center. 

(5) It is suggested that the change in saturation 
behavior after long bleaching time is evidence of the 
clustering of the magnetic centers. 


Note added in proof. Very similar results have been 
obtained independently by H. Gross and H. C. Wolf 


[ Naturwissenschaften 8, 299 (1961) ]. 
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Susceptibility of Gadolinium Iron Garnet below the Néel Point* 
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Measurements of the spontaneous magnetization and the superposed paramagnetic susceptibility of 
gadolinium iron garnet have been repeated with a specimen of good stoichiometry, in the range of 2 to 
300°K. It is concluded that the effective field which the Fe sublattices exert on the Gd ions causes para- 
magnetic saturation and consequently a reduction in susceptibility of the Gd sublattice. Good quantitative 
agreement is obtained by using molecular field theory without any adjustable constants, and in contrast 


to earlier interpretations, it is not found necessary to postulate appreciable antiferromagnetic interactions 


between the Gd ions 


INTRODUCTION 


MONG many other unusual properties, several of 

the rare-earth iron garnets are distinguished by 
relatively large variations of magnetic moment with 
applied field, at temperatures well below their Néel 
points. This effect was already observed in the early 
measurements of Pauthenet,' and ascribed by him as 
due to the weak nature of the exchange forces acting 
on the rare-earth ions, leaving them virtually free to 
orient in an applied magnetic field. This is consistent 
with the fact that the observed susceptibilities were 
all close to the free-ion values, varying with temperature 
approximately as 1/7. In all cases small deviations 
from Curie’s law were observed and these were inter- 
preted by Pauthenet in terms of a weak antiferro- 
interaction between the rare-earth 


magnetic ions 


themselves. 


* Supported in part by the U. S. Air Force Cambridge Research 
Research Center, through European Office of the Research and 
Development Command. 

'R. Pauthenet, Ann. phys. 3, 424 (1958) 


In this note we wish to draw attention to the fact 
that there is another, more important effect which will 
give rise to deviations from a simple Curie law, arising 
from ordinary paramagnetic saturation of the rare- 
earth moments in the exchange field produced by the 
iron sublattices.2 The magnitude of this effect may be 
estimated from the observed value of the spontaneous 
magnetic moment, without the need of introducing 
any adjustable constants, and we have found that good 
agreement with experiment is obtained if it is assumed 
that the rare earth-rare earth interaction postulated 
by Pauthenet is in fact negligibly small. This conclusion 
is also in agreement with various susceptibility measure- 
ments in paramagnetic rare-earth gallium and _ rare- 
earth aluminum garnets.*~® 


2 A brief discussion of this effect has previously been given by 
W. P. Wolf and J. H. Van Vleck, Phys. Rev. 118, 1490 (1960), 
and W. P. Wolf, Reports on Progress in Physics [The Physical 
Society, London (to be published) ] 

3 J. Cohen and J. Ducloz, J. phys. radium 20, 402 (1959). 

‘R. Pauthenet, J. phys. radium 20, 388 (1959). 


5M. Ball, G. Garton, M. J. M. Leask, and W. P. Wolf, Pro- 
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The simple effect which we consider will occur to 
some extent in all partially ordered systems, though 
often it may be masked by other complications. We 
have chosen gadolinium iron garnet (GdIG) for our 
analysis for two reasons. Firstly it is the only garnet 
containing magnetic (except EulG) in 
which the effect of crystalline electric fields on the 


rare earths 
susceptibility may safely be neglected. Secondly, and 
basically for the same reason, GdIG has a very small 
magnetic anisotropy, so that it is possible to use 
polycrystalline samples for the magnetization measure- 
ments introducing errors from magnetic 
“hardness.”” Using a polycrystalline sample is a con- 
siderable practical advantage if absolute measurements 
are required, since it is difficult to prepare large single 
crystals without flux or 


without 


some inclusions of 


foreign 


phases. 


MEASUREMENTS 


aterial used was a polycry stalline specimen 
by Gilleo and Mitchell,’ who took great care 

stoichiometry and uniformity. Magnetic 
pendulum 
the 
gauges deformed by 
l the 
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were measured by using. the 


magnetometer previously described,* in which 
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in which o, is the spontaneous moment arising from 
the vector sum of antiparallel Gd and Fe sublattice 
moments, and x the paramagnetic susceptibility due 
almost entirely to the rare-earth ions. [In Y3FesOi2 
(YIG), in which Y*+ is diamagnetic, x is very small 
except in the vicinity of the Néel point, 560°K.!] In 
our experiments o was determined at a given tempera- 
ture by applying a field of Hy)=5000 and adjusting the 
compensating current to balance the bridge containing 
the strain gauges. The field 


was then changed to 
10000 and the unbalance of the 


noted. The 
unbalance was a direct measure of x and was used also 
to derive the spontaneous magnetization o, from the 
measured o. The measurements were repeated with the 
sample removed from the apparatus to take account 
of the slight moment of the pendulum 


bridge 
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The spontaneous moments are given in curve 1 
Fig. 1, in Bohr units per molecule mo. Extrapolating to 
i} 0 gives a value of mm) about 1°, below the theore tical 
16,! a much smaller discrepancy than that observed by 
Pauthenet.! We take this as evidence that our sample 
was more nearly stoichiometric, or chemically purer. 
However at the 


sample there was some ev idence of m Lene 


lowest even in our 


temperat 


I 


ures 
tic “hardness” 
and this almost certainly accounts for the low value of 
ny. If we 
assuming x=0 we find » 
point @, shown in curve 1, lainly in.curve la 
with expanded ordinates, 286°K, in 
agreement with the temperature observed by Geschwind 


and Walker’? in a 


extrapolate “upwards,” i to H L 
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Values of x as determined by Pauthenet (crosses) 
and ourselves (circles) are given in Fig. 2. 


DISCUSSION 


The origin of the intrinsic susceptibility of a partially 
saturated sublattice is illustrated in Fig. 3. In terms of 
the usual molecular field theory we may think of the 
sublattice magnetization o, at a temperature T as 
corresponding to a point on the Brillouin function 
appropriate to the angular momentum J of the magnetic 
ions: 

(o;)7/(os)r-0= By(%), (1) 
where 


\ gubll, kT, (os)1 o= VgJup, 


and H, is the effective molecular field. 

To estimate the change of moment 6¢ induced by an 
applied magnetic field Ho, we must distinguish between 
two different cases: (i) in which H, arises from inter- 
actions with other magnetic moments which are also 
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3. Brillouin function for Gd**, and slope 60/6x from which 


differential susceptibility is derived. 


not fully saturated, and (ii) in which H, is due to some 
other sublattices which are already nearly saturated. 
In the first case the molecular field will itself change as 
the various sublattice magnetizations are changed by 
the applied field, while in the second case the interaction 
field remains constant. The total effective field is then 
simply increased (or decreased) by Ho. We shall only 
consider here the second case, since in the rare-earth 
garnets by far the biggest effects arise from the rare 
earth ions and their interactions with the Fe sub- 
lattices, which even at 300°K are over 70% saturated. 
In the region of the Néel point the other effect will 
also become important, and an additional contribution 
to the sus¢ eptibility is observed. 
case, Hy<H, 


), the change of magnetic moment is given 


If, as in 
210° gauss 


by 


our (~10* gauss against 


0B’ (x) bx 


Ve"u,?J B' x)Hy/kT. 
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where x, is the Curie law value. When k7T>>gugH), 
B'(x) > 3(J+1) and x—x,, provided H, remains 
constant as discussed above. At low temperatures ¢, 
tends towards its saturation value and x—0. The 
reduction factor f can be calculated explicitly in terms 
of H, and T, but it is simpler to eliminate the parameter 
x between Eqs. (1) and (2) and obtain a direct relation- 
ship between the relative magnetization (¢,)7/(¢s)r—o 
and the factor f. For the case of J/=3 appropriate to 
Gd**+ this may be calculated by direct numerical 
differentiation of the corresponding Brillouin function 
given by Giauque et al."° The result is shown in Fig. 4. 
It may be seen that even when the sublattice is only 
20°, saturated the effective susceptibility is reduced 
by some 6% from its Curie law value. 

For the case of GdIG only the Gd** sublattice 
contributes appreciably to the susceptibility at temper- 
atures below 300°K, and the relative magnetization of 
this sublattice may be found very simply following the 
discussion by Pauthenet. He showed that the spon- 
taneous moment oa, arises from the vector sum of rare 
earth and Fe*+ moments, the iron sublattices behaving 
much as in yttrium iron garnet, in which the “rare 
earth” is diamagnetic. Thus at any temperature the 
moment of the rare-earth sublattice alone may be found 
by adding the observed value of o, to the corresponding 
value of o, in YIG. The result of this leads to curve 3 
in Fig. 1, where we have used Pauthenet’s smoothed 
values for YIG, our measurements for GdIG. 
Using this curve together with Fig. 4 leads to the 


S 


and 


calculated curve 2 shown in Fig. 2. 

The relatively crude procedure we have followed is 
open to several detailed objections. (i) It is clear that 
the molecular field method is not an ideal approximation 


W. F. Giauque, J. W 
J. Am. Chem. Soc. 63, 403 


Stout, C. J. Egan, and C. W 


1941 


Clark, 
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in a region where the sublattices approach saturation. 
For the Gd sublattice this does not happen until T is 
appreciably below 100°K, but the Fe sublattices are 
over 70©% saturated even at 300°K. This may explain 
why there is practically no contribution at all for the 
Fe ions, even though our molecular field treatment 
would predict a small but noticeable effect. (ii) Even 
in our best sample the theoretical saturation moment 
was not attained in the helium range. This makes the 
calculation of relative magnetization at higher temper- 
atures somewhat uncertain, but the effect on the 
susceptibility is generally negligible. (iii) The discrep- 
ancy between the theoretical and experimental (¢,)r—o 
value may have been due to small impurities of other 
rare earths, which might have the effect of increasing 
the magnetic anisotropy at the lowest temperatures 
as in the experiments of Dillon and Nielsen"). Too 
large a magnetic hardness in the polycrystalline sample 
would lead to uncertainty in both the extrapolated 
values of o, and the deduced values of susceptibility. 
iv) In estimating the Gd sublattice magnetization we 
assumed, Pauthenet, that there no “back 
by the Gd ions on the Fe sublattices. This 
cannot be true exactly, and in the regions in which o, 
varies rapidly with temperature the effect of this on 


with is 


action” 


gq. HM. BOZORT SH 

the calculated susceptibility may be appreciable. 
Inclusion of this effect might very well account for the 
systematic discrepancy in the region of 100°K. 


CONCLUSION 


We have made measurements of the intrinsic suscepti- 
bility of a sample of polycrystalline gadolinium iron 
garnet between 2° and 300°K. The results are generally 
in reasonable agreement with earlier measurements by 
Pauthenet on a sample presumably less nearly stoichio- 
metric. At high temperatures the susceptibility approxi- 
mately follows Curie’s law for free Gd** ions, but 
there are significant deviations which become very 
large at low temperatures. It is shown that these 
deviations are quantitatively consistent with the effects 
to be expected from paramagnetic saturation. Inter- 
actions between the rare-earth ions appear to be much 
less important than previously supposed. 
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Bloch Wall Excitation. Application to Nuclear Resonance in a Bloch Wall* 
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The excitation spectrum of an assembly of electronic spins in a Bloch wall structure is studied, 
The spectrum may be divided into two branches; one is a specific wall excitation and 


assuming a 
uniaxial anisotropy 
does not spread outside the wall, the other one is similar to the spin-wave excitation spectrum in a uniform 
ferromagnet. These calculations are used to study the properties of the nuclear magnetic resonances in a 
Bloch wall. The relaxation times are evaluated, taking into account the damping of the motion of the 
electronic spins and are compared with experimental values. The spin-spin coupling and the variation of the 
wall is also estimated. 


magnetization across the 


I. INTRODUCTION 
—— magnetic resonances in several ferro- 
magnetic substances have been observed re- 
cently.' The large amplitude of the signals is explained 


by assuming that the observed nuclei are within the 
Bloch wall. 


The relaxation times 7; and 7» have also been 
measured using spin-echo techniques.” The theoretical 
estimation of relaxation times and spin-spin couplings 
requires a detailed knowledge of the motion of the 
electronic spins within the Bloch wall. 

A complete solution for this problem may be found by 
assuming a uniaxial anisotropy and using a simplified 
demagnetizing field, then the relaxation times are esti- 
mated, taking into account the damping of the wall 


An indirect interaction is 
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BLOCH WALL 








y 


Fic. 1. Definition of axis 


Finally, the variation of the magnetization within the 
Bloch wall is calculated. 


II. EQUATIONS OF MOTION 


Let us assume a uniaxial anisotropy: 
KRa=K ¥[(S:")?+(S¥*)?; 


the Oz axis is perpendicular to the plane of the wall; the 
wall is a 180° wall, and the magnetization for z= — « is 
parallel to Ox, for z=-+ © antiparallel to Ox. 

We assume a simple cubic lattice. The exchange part 
of the Hamiltonian may be written 


KRae=—2J > §,-S;,, 


the summation being restricted to nearest neighbors. 
The angle between the static magnetization and Ox is 
called @ and @ is an unknown function of z. Let us choose 
a new system of axes OX, OY, Oz; OX is the spin 
direction, and Oz is not changed (Fig. 1). The directions 
of the axes vary from one atom to another. The Hamil- 
tonian becomes 


H=—2 ¥ {S,'S,¥—2 ¥ cos(0;—8;4m) 
(t.2 


x (Sx ‘Sx “ mt Vy ‘Sy tt m) 
= 2J p> sin(6;—6; 4 , (Sx Sy tt m— Sy Sy" m) 


i,m 


~27¥ (Sx'Sx*!'+SyiSy*9+K ¥ [(Sx)? sin’, 
i,t i 


— 2(Sx')(Sy*) siné; cosé;+ (Sy‘)? cos’@;+ (S,')? ]. 


m is a unit vector of the cell along Oz and / is a unit 
vector perpendicular to Oz. 

For the ground state we assume Sy=S, Sy=S,=0, 
and 6 is determined by minimizing the energy. Thus we 
obtain the well-known result,* 


J (0;—0i4m)?=K sin*6j, 


*C. Kittel and J. K. Galt, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 


Vol. 3. 


BACITATION 


d0;/dz= (1/a)(K/J)} siné;, (1) 


\=a(J/K)! being of the order of the wall thickness, 
where a is the lattice spacing. We deduce also the 
relation, 


sin@ ;= 1/cosh(z;/A). (2) 


Now keeping only terms of second order with respect to 
Sy and S,*, the Hamiltonian becomes 


K=—2/  ® S.'S/—2J ¥ cos(Ad,)Sy'Sy*™ 


m 


—2) + Sy'Sy‘*!'+2J ¥ cosAdf (Sy*)?+ (S,')? ] 


H4 ¥ [(SyP2+(S.')7] 


+k >. [ (Sy *)?(cos°6 ;— sin?8;) + (S,')? cos’6; }; 
t 


Ab ;=0;—OBism (3) 


(The linear terms disappear by taking into account the 
minimization condition.) 
The equation of motion is 


ihdS ;/dt=(Si,K 


Then, assuming a slow spatial variation and using 
commutation relations, we get 


dSy 
h = —2)/S?V°S,+2KSS.(cos’6— sin’), 
dl 


dS, aSy Sy d@Sy (4) 
h—=2J sa? cos(A@) + 21Se°( + -) 
dl dz" dy" dx 


—2KSSy(cos’@— sin’). 


Now, if we look for an oscillatory time-varying solution 
[using (1) instead of cosA@=1—4(K/J) sin’6], 


—iESy=lISCV*S,—2KSS.(cos’é— sin’6), 


i(ES,=lS@V?Sy—2KSSy(cos’*@—sin*6). (5) 


For the particular value E=0, the solution is 


Sy=B siné, S.=C siné, 


C and B being constants. The solution Sy = B siné, S,=0 
corresponds to a small change of the angle between the 
magnetization and Ox, and A#@= (B/S) sin@, giving rise 
to a translation Az of the Bloch wall. Using Eq. (1), 


Az=X(B/S). 


Before looking for the general solution of these equa- 
tions, we need to complete them for the following 
reasons. 

1. With the Hamiltonian (3) the simplest excitation 
occurs exactly at zero energy, so any uniform perturba- 
tion, however small, may push the wall to infinity. It is 
known that the wall must have a stiffness coefficient a 
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related to the initial permeability. The energy required 
to push the wall on a distance z is a(2*/2). 

The simplest way to take into account the wall 
stiffness is to add to our Hamiltonian the term 
K’ > «(Sy‘)*. Let us show that this term gives a change 
in energy of a(Az*/2) for a translation of Az. A Az 
translation is equivalent to a rotation A@;= (Az/X) siné; 
for the spin i, and a transverse component appears, Sy‘ 
= §(Az/X) sin6,, giving a change of energy, K’ >> i(Sy')” 
= K’(Az/A)2S? ¥ ; sin’6;. Then 


—_ 


2z'$ 


> sin’d;. (6) 
So XN 


q= 


So is the area of the wall (a is defined per unit area of the 
wall). 

2. Déring* showed that demagnetizing effects give a 
wall mass. The evaluation of demagnetizing effects for 
an arbitrary excitation is a fairly complicated problem ; 
but if we assume a slow spatial variation for the 
magnetization in the X and ¥ direction, we may use an 
approximate value. 

In a magnetic substance the demagnetizing field is 
defined by the two relations, 


divH,=—42 divM, curlH,=0. (7) 


As we shall see later, the solutions are plane waves in the 
X and ¥ directions, so for low values of Kx and Ky the 
main term in the divergence is dM/dz (providing the 
spins are not too far from the center of the wall). 
Equations (7) are approximately satisfied by 


H.*=H,* =0, 


providing K xA siné<<1, and AyA sin@ <1. Then we add 
to our Hamiltonian the term 


H?=—4rgpS.', 


1H ,-S(¢8)- —2x(g8)? > (S, 2 


3. The experimental study of wall displacement shows 
that the motion is accompanied by energy losses. In 
metals the losses come mainly from the effects of eddy 
currents. In order to take these effects into account, we 
add to the equations of motion a damping term, which 
has the form first suggested by Landau and Lifshitz: 


(dS/d!) samping= — (T/S*){S,.X{S,.XH]}, 
where H is the demagnetizing field. 


Adding all the contributions, the equations of motion 
become 


—i1ESy=2S@V'S, 
—2KS(cos’@—sin*6)S.+41g8M sS., (8) 
tES,=2IS@V*Sy 
—2KS(cos*@—sin’@)Sy+2K'SSy—TS,. 
Now, if we insert the pure translational solution, 
S,=C sind, S,=B siné, 
tw. Déring, Z. Naturforsch. 3a, 373 (1948) 


WINTER 


we get 
—iEB=4rgBM sC, 
iEC=2K'SB—-YC, 
and 
I?—iET—(2K’'S)(4rg8M s)=0. 


If ’<4rg8M 5 and 2K’S<«4rgB8M sg, the amplitude of S, 
is much smaller than the amplitude of Sy. The energy 
obtained for very small damping is the wall resonance 
energy; Eqs. (9) give the same result as the Doéring 
formula using the wall mass, wo=(a/m,,)’, 
= [h?/4ar(g8)* }(1/d*) (1/S0)d- ; sin*é 
and using formula (6), 


with m, 


(see reference 3), 


hry = (2K'S)*(4rgBM s)}. 


In iron wy is of the order of 500 Me/sec. 


III. GENERAL SOLUTION 
Sy and S, may be written: 
Sy or 2=Z(z) exp(tKxX-+7Ky!Y). 
We are left with the set of equations for the z de- 
pendence: 
—1tESy = 2JSa?(d?S,/dz") 
— 2K S(cos*@—sin’6)S.+4rg8M sS., 
tES = 2S Sa?(@Sy/dz*) 
—2KS(cos?@—sin’@)S;+2A’'SSy—TS.. 


(10) 


The equation, 
eZ = 2SJ Sa? (P?Z/dz*)—2KS (cos*@—sin*9)Z, 
has the following solutions: 
Z(z)=exp{+[1—(€/2KS) }'(z/A)} 
X {+tanh(z/A)+[1—(€/2KS) }}}. 
The general solution is any combination of these two. 
The only well-behaved solution for z— ~ occurs when 
«=( (translation) or when e>2KS (spin-wave-like 
solution). The excitation spectrum may be divided into 
two branches: 
1. A typical wall-type excitation is 
Sy =(B/cosh(z/A) ] expli(KxX+KyV)], 
S.=[C/cosh(z/d) ] expLi(KxX+KyV) 
C and B obey the equations, 
tEB= (2) Sa*k?+4rgBM s)C, 
—iEC= (2JSa*k*+2K’'S)B—YT¢ 
then 
F?—iET — (2K'S+2J Sak’) 


X (49g8M 5+2/Sa2k?)=0, (12) 


with k?= K y*+ Ky*. The wave vector has no component 
along z. 





BLOCH WALL 

The wall excitation may be described as a translation 
in the z direction, the amplitude of the translation 
varying sinusoidally in x and y directions. The wall 
excitation branch is very important for the nuclear 
relaxation, because the bottom of the spectrum occurs 
at a relatively low energy. The Sy motion is nonuniform 
in the z direction, explaining the occurrence of several 
relaxation times. This branch does not exist outside the 
wall. 

2. There is a spin-wave-like excitation’: 


Sy = Be'*-®{tanh(z/A)+iAk. ], 
S,= (C/B)Sy, 
with the equations (neglecting the damping term) 


—iEB= (2JSa°k?+4rg8M s+2KS)C, 
1EC= (2JSa?k?+2K'S+2KS)B; 
then 


F?= (2KS+2K'S+2/Sa°k*) 


XK (2KS+4rg8M s+2/Sa*k?). (14) 


The lowest state occurs at an energy (2AKS)!(4rg3M x)! 
higher than the bottom of the wall excitation branch, 
assuming 49rg8M 5>2KS>2K’S. 

We must remember that the calculation is valid only 
for small values of & and inside the Bloch wall. It is well 
known that for a uniform ferromagnet® there are several 
spin-wave branches depending on the angle between k 
and the magnetization. The bottom of the branches 
varies between 2KS and (2K.S)!(424g8M s)'. In the wall 
for low & the faster variation of § is always in the z 
direction, and only the branch corresponding to excita- 
tion in a direction transverse to § is found. 

The occurrence of the term tanh(z/X) in the solution 
shows that for small k& the amplitude of the motion 
inside the wall is reduced. For this reason the spin-wave- 
like solution is not very important for the relaxation in 
the wall. 


IV. AMPLITUDE OF THE THERMAL MOTION 


We need to calculate the amplitude of the motion for 
wall excitation. The energy of the excitation is 


2.=—JeS;$;-7S, 
4 K R [(S, )?+ (S 7)? |(cos’?@,;—sin’6 ;) 


+K’ > (S;¥)?+22g8 ¥ (S,7)2, (15) 


Eex=[Ja2k?(C2+ B?) + K' B+ 2x (g8)?C2] ¥ 


— ! 


sin’6 ;. 


n(E)E, where n(é) is the 
number of magnons at a given temperature (we shall 
call magnons the wall-type excitation as well as the 
spin-wave-type excitation). 


This energy is also Fx 


5C. Kittel, /ntroduction to Solid-State Physics (John Wiley & 
Sons, Inc., New York, 1956), 2nd ed., Appendix 0. 
®C, Herring and C. Kittel, Phys. Rev. 81, 869 (1951) 
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Then we find 
aSssKv} 2K'S+2/ Sak? , 
( ) n(t)( : ) 3 
289 \S 4rgBM s+2/ Sa*k? 
ws Kv} 4rgBM st+2/ Sak \ 3 
( ) n( B)( ) ; 
28o\ I 2K'S+2/Sa*k* 


The amplitude in the spin-wave branch may be calcu- 
lated in the same way (we neglect K’ here): 


(16) 


a n(E)S ‘alist —, 

Vo 1+r7R2 2KS+2Sek 
(17) 

2KS+2I Sak’ ) 


a n(k)S ( 
Vo 1+M7RZN2KS+4rg8M s+2/) Sak? 


where Vy is the volume of the sample. 

All these equations implicitly assume a small damp- 
ing; but as far as the relaxation time is concerned, the 
damping plays a fundamental role and the formula (16) 
is not very useful. The quantities we are really interested 
in are the spectral density of Sy and S, 
quency wy.’ 

Starting from Eqs. (10) and using the random-force 


for a fre- 


technique,®> (Sy*). spectral density due to thermal 
excitation is given by 


as K , (K pgT)(U x) 
sin’, ( ) 
So \J T 


4rg3M st2J/ Sak 
x ’ 
(w’— EB?) +0PT x? 


(Sy gin 
(18) 


(2K'S+2/ Sa*k*) (4rg8M s+2/Sa*k?*), 
assuming A7>>w (classical approximation). 
In the limit [x going to zero, Eq. (18) becomes 


1 


—( K ) J ae 4 4r8M Ss > 2] Sa*k*) 
B 
E’ 


(Sy?) sin’6,; 


w 


So 
X[6(w— F’) +86(w E')], 


which is (16) for AgT>E’. 
From (11) we also derive 


Ww 
(5.*)_.= 


o= (Sy) 
(4rg8M s+2/ Sak)? 


w) 


then 


7A, Abragam, Principles of Nuclear 


versity Press, New York, 1961 
§L. D. Landau and FE. Lifschitz, S/atistical Physics (Pergamon 
New York, 1958), D 387. 


Vagnetism (Oxford Uni 


Pr ess, 
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V. NUCLEAR RELAXATION TIME 


The nuclear spins are coupled to the electronic spin by 
the hyperfine coupling, 


Hint= >: AI, -§,. 


The nuclear resonance energy is obtained by replacing 
S by its mean value, 


(KH int) = x i Tx “Sx oJ 


and then 


Wo= A(Sx o 


which is proportional to AM(T), and at very low tem- 
perature wo= AS. 

For the relaxation time calculation we are interested 
in the fluctuations of the hyperfine interaction around 
its mean value, 


Hint — (HK int/= > [Al x "(Sx i —(Sx' )) 
+A (Iy'Sy'+1,iS,‘)]. 


The term Sx—(Sx) is proportional to Sy?+S/ and is 
smaller than the transverse terms Sy and S,, and we 
shall neglect it for the moment. 7; may be computed 
using the transition probability formula, 


1 2x fA’ 
(2)-2)3 
T.7i £X4 E;,Ey 


+((E;| S,'| Er)? |p(E,b(E:— Ey), 


[((E;| Sy‘| Er))? 


(19) 


where £, is the energy in the initial state, E,; is the 
energy in the final state, and Sy‘ and S,* are considered 
as operators in the electronic system. In our semiclassical 
calculation (FE; Sy'| Er) *6(E;—Eys) may be replaced 
by (Sy‘)w0?; formula (19) becomes 


1 1 rA* 
(=)- “CLSr2+(S.)e71 (20) 
T; ‘ h 2 k 


The term in S, may be neglected. 

Now for T2 we note that the perturbation, being along 
the Y axis, only induces transition when the spin is in 
the z direction ; as the spin is rotating around the X axis 
it spends only half its time in the z direction and the 
relaxation rate is half as fast. More generally, 7: is 
found to be twice 7; when the perturbation has no 
component along the direction of the magnetic field at 
the nuclei. 

If the damping is neglected, by using (20) and (19) a 
zero relaxation rate is found if the following condition is 
fulfilled ; 

wo < A’= (2K’S)!(4rgBM s)}. (21) 
This condition expresses the fact that the minimum 
energy of the wall excitation is larger than the nuclear 
Zeeman splitting. In such a condition the energy cannot 
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be conserved in a transition involving the emission or 
destruction of a single magnon accompanied by a nuclear 
spin flip. The lifetime of the magnons being not infinite, 
there is a certain indeterminancy in their energy, and 
the nuclei may absorb or emit magnons which differ in 
energy from wy. 

Weshall first discuss 7, when wo> A’ without damping 
and then take damping into account. The density of 
states per unit energy range p(£) for the wall-type 
excitation is 


p(E) = Eso/2m(2JSa®)[2K’S+4ag8M s+4J Sak], 
E>A’, (22) 
o(E)=0, E<A’, 


using the fact that the number of states with energy in 
dE at Eis 
(24/(2m)*)k(dk/dE)dESo. 
From (22) we deduce the useful relation, 


(Sy?+S,7) gip(E) =sin’é n(E)(1/8rJ)(K/J)}. 


The relaxation time is 


1 1 wo 1 K ’ 
(—) = — —— sin’6; n(wo) ( ) 
Ti; hi6oS FI 


(24) 


wo (Kel Ky\?1 

= sin?9,— (- = )( ) ’ 

165 \ JS J h 

when K7>>a and wo> A’, and (1/7;),=0 when wyo< A’. 


Now, if we take the damping into account, (20) is 
written 


1\ A?eS/K\! 
(-) -——(-) sin’; (K aT)(P) 
Ti i 2h So J 


4rgBM s+2JSa*k* 


x> , 
k (w?— E?)+o°T 


assuming I independent of K. The summation in & is 
replaced by an integration and, taking E’ as a new 
variable, 


1 A? K : 
(—) =— sin’6; (—) S(T) (K eT) 
7,7: De P 


2 E 4rgBM s+2I Sak 

x f AER atte enotlae 
a 4 S 2K'S+4g8M s+-4ISak? 
dE’ 


x . —, 
(wor E”? )? +a? T? 


The main contribution to the integral comes from values 
of E’ such as E’<I or 2/Sa*k?<I¥?/4eg8M 5 or 
I <4rg8M 5. 2JSa*k*? may be neglected compared to 
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4rg8M s. The result is easily obtained: 
1 Wo K pT K i 
(. -) = sin’ ;— = (-) 
T\/ ; h 16rJS\ J 
wy?— A” 
fea GED es 
2 wol" 


Wo K pT K wol 
sin’? — —— (-) tan! ——). 
h 16rJS\ J A”? —w? 


If T is small compared to wo and A, we find the same 
result as before for wo> A’, but for we<A’, 


1 ( 1 ) 
tT, T\ wo 


If T is very large, more precisely wol’> | A”—wo?|, then 


1/T,=}3(1/T}) 


wo 


=~ 
> A’ A 2— Gy? 


for r =(), wo>A. 


T, becomes independent of T and A’. 

Comparison with experiment is not very easy. The 
measurements in the three metals show a spread of 
relaxation times suggesting an important relaxation by 
wall-type excitations. But for comparison with theory, 
we want to know the shortest relaxation time (i.e., the 
relaxation time at the center of the wall), and the 
extrapolation is not easy. On the other hand, T° and A’ 
are not too well known. In metals the damping comes 
from the effects of eddy currents and depends on the 
size of the powder; A’ is related to the stiffness parame- 
ter and is a structure-sensitive quantity. In iron A’/h is 
typically 500 Mec/sec and wo/h is 45 Mc/sec. The 
parameter I'/h may very well vary between 1000 Mc/sec 
to 20 Mc/sec, according to the size of the powder. 

At room temperature in iron (K/J)'=1.7X10-*, and 


K»T/JS=1.9. 
Equation (25) for a nuclear spin at z=0 may be written 
1/T,=0.65 X 107? (wo/h) tan“ (wol"/ A”). 

Assuming I'/h=1000 Mc/sec, we find 

1/T,=3X10* sec. 
Now, assuming I'/k=20 Me/sec, 

1/T,=0.6X 10° sec. 
The experimental value is 1.1 10* sec™’. 

In cobalt the comparison is nearly impossible, because 
the value of K in the cubic phase is not known. In nickel 
the experimental result at room temperature 1/7,=3 
X 10° sec is explained if we assume A’/h=500 Mc/sec 
and T'/h=300 Mec/sec. Taking into account the un- 
certainty in both theoretical and experimental results, 


the agreement is not too bad. 
The parameters T and A’ being temperature-de- 
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pendent, the relaxation rate at the center of the wall 
does not vary with temperature as kT. The effect of the 
remaining term Sx—Sx must be estimated. This term 
gives a contribution only to 7». In the quantum- 
mechanical description this term involves two magnon 
operators and the relaxation is produced by a Raman 
scattering of magnons. The relaxation rate is given by 


(1/T>2) <= (9/8) (A? ns) f J [(Sy‘)?+ (S,')?] 


Xn(E)[n(E')+1 |p(£)p(2’)6(E— E’)dEdE’. 
Using the high-temperature approximation, we obtain 
(1/T 2) <= sind ;(wo?/WS*) (1/64) (K/J)(K pT/J)2(1/4"). 


The numerical evaluation gives 1/72 much smaller than 
10® sec! at room temperature in the three metals, and 
this process may be neglected. 


VI. INDIRECT INTERACTION 


Several years ago Suhl showed that in a ferromagnet 
an indirect coupling exists between nuclear spins, in- 
volving a virtual excitation of a spin wave.? The same 
kind of interaction may be computed in the wall using a 
virtual excitation of a wall magnon. It is convenient to 
quantize the wall magnons. Sy and S, are written in the 
following way: 


Sy'= (S/2)§L2(J/K)'(So/a?) }-3 
xX. Laxt exp(iK-R;)+ax exp(—iK-R,) ] 
Xsiné;, 
; re saNe VAC. /n2\7-4 ie 
S,'= —1i(S/2)'(2(J/K)*(So/a?) | 
x. Caxt exp(#K-R;)—ax exp(—iK-R,) ] 
Xsing;. 
axt and ax are usual creation and destruction operators 
and the term before the summation is a normalizing 
factor. Using Eq. (15), the Hamiltonian becomes 
R= ae [( Sak? +K'S+ 2rg8M s)aK'QxK 
+ (K'S—2nrgBM s)(axa Kt+dx'a xt) ]. (27) 
The Hamiltonian may be diagonalized by the usual 
canonical transformation," 


bxk=uxedxt+vKa_x', wK’—vxK*=1. 


The transverse part of the hyperfine coupling is written 
in terms of the operators bx and dx": 
Kine= >, (A/2)(2S)50(K/J)*(2a?/So) }! 
Xsind [7 ,' exp(iK-R,) 
X (uxbxt—vxbx)+complex conjugate], (28) 


[,=Iy+11,, 


9H. Suhl, J. phys. radium 20, 333 (1959 
 T, Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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and the indirect interaction between the nuclear spins i 
and 7 is, keeping only the secular part, 
Hij= DL (A2S/2)(K/J)! 

X (So/2a*) sind; sind; exp(iK-R;,) 

X07 4+1 T,*){ (ux?+ vx") 


x [2E/(E2—we) ]+200/(E2—we)}. (29) 


For low &, ux and vx are very large compared to one, 
and expanding in the power of k, keeping only the terms 


in k?, Eq. (29) becomes 


RH ,;= (A2/8r)(K/J)3(1 


xf f exp(?K-R,;)/(@+#)dKxdKy, 
( 0 (30) 


1 A"—w? 1 
s= 


27) 


a? 4rg8M 5 2S’ 


if w<KA’, B=(1/a)(K’/J)'. 1/8 is a measure of the 
range of the interaction in the X and Y direction and is 
usually larger than the wall thickness \. The integral 
over K is (assuming 8 real)" 


f exp(iK- R)dk & sinédé 
ak 


1 , 
= ——[e®*E .(8R)—e®®E,(—BR) |= 31 (BR). 
28R 
The Van Vleck second moment for a nucleus at the 
center of the wall is given by the formula 


h?Av?= (A2/16eJ)2(K/J)( II +1)/3] &; sin’ I2(BR;,). 


We obtain, after using an integration instead of a 


summation, 


2 


1(7+1)13 
h(Av*)'= (A?/4aJ)(K p4 | 
oe 


(4rg8M s)(2JS)}} 
x| egine, * ‘ ’ 
A”? — w9? 


and, if ay<<A’, 
h({ Av*)'= (A? 4rJ){ 1(1+1) 3)(K K')}(J/K)*. 


The second moment is larger by a factor (K/K’)! than 
the second moment calculated by Suhl for a uniform 
ferromagnet. 

If w>A, the integration in k space may be done 
(taking the principal part of the integral), but the range 
becomes infinite giving an infinite second moment. In 
fact the range can never be infinite because of the finite 


1 A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, 
Tables of Integral Transform (McGraw-Hill Book Company, Inc., 
New York, 1954), Vol. 1, p. 56 
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lifetime of magnons and they cannot propagate the 
interaction over infinite distances. 


VII. MAGNETIZATION IN THE WALL 


The relative variation of S is given by ASx/S 
= (Sy’+S7)/2S. The magnitude of the magnetization 
is no longer uniform, because Sy and S, vary along the 
wall. The nonuniformity of the magnetization gives a 
shift and a line width to the nuclear resonance line (and 
also an asymmetry). 

The mean value of ASx is easily evaluated for the 
wall-type excitation, using the relations (16) and (23), 


[(Sy2+(S.)2//28 


x 


= s$in’6,;(1/16J mS?) (K /J f n(E\)dE 
A 


= sin’?6;(K T/169JS*)(K/J)) In(K pT/A’). 


The effect is maximum at the center of the wall. 
The contribution of the spin-wave branch is given by 
the equation, 


a S[\k2+tanh(z/d) | 


ASx 
(~ ) == >? TAI Ek ) 
S sw 25? | | 


1+\7k/ 
1K S+4rg8M 5+4JSa°k° 
x 
/ 


We are especially interested in the difference between 
AS/S at the center of the wall and outside the wall, 


AS AS 
( oS ).. ( psy ). 


41K S+4rgBM s+4/ Sa?k* 
x 
| 


The main contribution to the integral is obtained when 
k.A<1, and we QI Sk2e<KRT, 
KpT>K. The integral is approximately 


1 @ f dk, f 1 
25 8x? J, 14+22%2 5) exp(Eo/KeT)—! 


4KS+4agBM st+4JSa@k? 
* dKxydKy, 
if 


always have when 


with Eo=F (for k,=0), and P=k2+k,2. 

The integral in Ky and Ky is very similar to the 
integral we use for calculating AS/S coming from the 
wall excitation branch except that A’ has to be replaced 
by A, 

A= (2KS)\(4arg8M «)!. 


By adding the two contributions which act in opposite 
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directions, we get 


(~) —) 
S center ( S edge 
1 Ky itskT A 
pore bre a 
8rS\ J 2S A’ 
1 K\?s/KT K 
( )( ) in( ). (31) 
16rS\ J 2S x 


It may be useful to compare this result to the AS/S in a 
uniform ferromagnet: 


AS (— 
AS K\'/KT K 
oo 
S unifor J aS kK’ 


The maximum relative variation of the resonance fre- 
quency is 


(32) 


Av Vv 1(2KS KT)} In(K K')\(AM M ) uniform. 


The frequency is lower in the wall. The effect of the 
spin-wave branch has already been estimated by Suhl,” 
using a different method. 
For iron at room temperature we obtain (assuming 
K/K'= 100) 
Av= 18 kc/sec. 


The effect is not negligible ; the observed linewidths are 
of the same order of magnitude, but they show a very 
small temperature dependence. Here also the theory 
predicts the maximum for the linewidth. The 
linewidth due to this effect may be smaller if the ob- 
served spins are not at the center of the wall. 


value 


2H. Suhl, Bull. Am. Phys. Soc. 5, 175 (1960). 
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VIII. CUBIC ANISOTROPY, 90° WALL 
The anisotropy energy is 


Ra = (K/S*) LS 2($2+S2)4+S ZS? ], (33) 


which becomes, in the new frame (using only quadratic 
terms), 


Ka= (K/S*)>_; [ (Sz) sin?6; cos?6;+ (S,')?(S,"*)? 


+(S,')?(Sy*)?(1—6 cos; sin?6;) ]. 


The minimization of energy gives the condition, 


K sin*6; cos°6 JAG. 


Then 


d6/dz= (1/X)(sin26/2), sin20@=1/cosh(s/A), 0O<0<w/2. 


The equations of motion for the z dependence are 
tESY = —2J) Sa?(d?2S./dz*) 

+2KSS.(1—3 sin’6 cos’@)—4rg8M 5S., 
2) Sa*{d?Sy/dz*) 
—2KSSy(1—8 sin’6 cos’?#)+2K’SSy—TS.. 


(34) 
LES 


The exact solution is difficult to find, but if we re- 
member that the largest term in the first equation is the 
demagnetizing term, S, may be eliminated using iESY 

—4rgBM S., 


before. 


and the equation of Sy is the same as 


in the 
spin-wave spectrum ; and, as in all our calculations, the 
effects are important only when Sy>S, and the results 


The same considerations are true for low k, 


are not changed. 
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Partial differential cross sections for the scattering of neutrons of 0.0150, 0.0252, 0.0706, 0.103, and 0.142 ev 
initial energy into angles of 16.3°, 26.0°, 36.4°, 47.6°, 59.5°, 72.1°, and 84.7° from samples of room tempera- 
ture methane gas are presented. These are converted to scattering law and are compared to three calculations: 
(1) The ideal gas calculation gives limited agreement using a mass of 3.2, the average of the Sachs-Teller 
mass tensor; (2) the Krieger-Nelkin approximation which includes effects of zero-point vibrations is a better 
fit, but underestimates in the region of large momentum transfers; (3) a calculation using exact thermal 
orientation averages of the matrix elements gives the best fits. None of the calculations explain the results at 
small energy and momentum changes; this disagreement is attributed to the classical treatment of the 


rotational states in these calculations. 


I. INTRODUCTION 


EASUREMENTS of the partial differential cross 

sections (differential in scattered neutron wave- 
length or energy and scattering angle) for slow neutrons 
scattered from methane gas at room temperature are 
presented and discussed. These measurements were 
made, using the MTR (Materials Testing Reactor) 
phased-chopper velocity selector’ as the neutron mono- 
chromator, at incident neutron energies in the range 
0.015 to 0.14 ev. 

Previous experimental studies of the interaction of 
neutrons in the thermal energy range with gases were 
devoted mainly to the measurements of the energy de- 
pendence of the total cross section.?* For methane, the 
total cross section has been measured by Carrol‘ for 
cadmium filtered neutrons and by Melkonian® as a 
function of energy in the energy range 0.003 to 3.0 ev 
using time-of-flight methods. The angular distribution 
of methane has been measured by Alcock and Hurst* at 
0.0732 ev using a crystal spectrometer. 

Of basic interest in the study of neutron interactions 
with gases and liquids are the partial differential cross 
sections. In the thermal energy range where the static 
and dynamic effects of chemical binding and local order 
in the material are most pronounced, information about 
these structural properties may be obtained from their 
effects on the partial differential cross sections. At 
thermal energies such cross sections are also important 
to the neutron moderation since chemical 
binding and local order in a material have large effects at 
these energies. As an early study, during which experi- 
mental methods and techniques of data analysis were 
developed, methane was chosen as the sample material 

* Work done 
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process 
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because it is one of the simplest hydrocarbon gases. 
Also an exact formalism of slow neutron scattering from 
gases has been developed’ as have approximate theo- 
ries*® using the mass tensor of Sachs-Teller® which may 
be compared to experiment. Since the scattering is 
predominantly incoherent, the problem of distinguishing 
between coherent and incoherent effects is minimized. 
The time-of-flight spectra of a gas are broad so that 
finite instrumental energy resolution does not introduce 
large errors. Finally, the cross section of hydrogen 
allows convenient sample sizes to be used. 

The experimental method is described in Sec. II and 
the experimental partial differential cross sections are 
presented in Sec. III. Section IV is devoted to the 
scattering law presentation proposed by Egelstaff," 
with a presentation of the experiment in terms of it. 
This is a particularly convenient method of presentation 
since it depends only on the structural properties of the 
material and also because it compares information ob- 
tained from different incident energies and scattering 
angles. In Sec. V three calculations are compared with 
the experimental data. The calculations are: (a) The 
ideal gas,’ hereafter called IG; (b) a classical rotator 
calculation of the exact theory of Zemach and Glauber’ 
as applied to methane, hereafter called EA” (exact 
averaging); and (c) the Krieger-Nelkin® mass-tensor 
approximation to Zemach and Glauber’s theory,” here- 
after called KN. 

II. DESCRIPTION OF THE APPARATUS 
AND EXPERIMENT 


A. Apparatus 


A detailed description of the MTR slow-neutron 
phased-chopper velocity selector and its associated appa- 


7A. C. Zemach and R. J. 
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ratus has been given elsewhere.’ Figure 1 shows a 
schematic drawing of the velocity selector, its shielding, 
and detectors. Briefly, it consists of two Fermi-type slow 
choppers having curved slit inserts and spaced 3.43 m 
apart, both rotating about vertical axes with the same 
angular speed (4725 rpm). The first chopper A chops the 
reactor beam into bursts of polychromatic neutrons 
which spread out in time as they move down the drift 
tube to the second chopper D which spins at exactly the 
same speed as A and has a definite angular phase with 
respect to A. The angular phase of D with respect to A 
is adjusted so that D is open at a predetermined time 
after A is open. Thus D allows neutrons of only one 
narrow velocity range to pass. Between these two 
choppers are two phased rotating collimators, B and C, 
which have no curved slit inserts and whose purpose is 
to reduce background caused by fast neutrons. The 
neutron flight path through the reactor beam plug and 
velocity selector is evacuated ; however, the flight paths 
from the velocity selector to the target and the detectors 
are in air. The beam size at the exit of the velocity 
selector is 4 in. high by 1.33 in. wide. The wavelength 
resolution of the velocity selector for elastically scat- 
tered neutrons, A\/A=At/t, where ¢ is the target to 
detector time-of-flight and A¢ is the full-width at half- 
maximum of the burst, as measured at the detectors, is 
about 3.5% for 0.015-ev neutrons and about 8% for 
0.14-ev neutrons.! A 4096-channel time-of-flight analyzer 
is used to time-analyze and store the information from 
each of seven detectors. The start trigger for this 
analyzer is obtained from a magnetic pickup on 
chopper D. 


B. Experimental Procedure 


Monoenergetic neutrons from the velocity selector are 
scattered by the sample and detected by BF; counter 
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Fic. 1. Schematic drawing, plan view, of the MTR neutron 
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Fic. 2. The effect of smoothing the sample and background data 
on the partial differential cross section. The data shown are for an 
incident energy of 0.0252 ev and 72.1° scattering angle with a 
1400-min running time each for the sample and background. The 
partial cross section is per molecule. The time fo (915 usec) is the 
time for elastically scattered neutrons to travel from the sample to 
the detector. 


banks located at seven scattering angles in the range 16° 
to 84°. An eighth detector, located in the forward beam, 
serves as a beam intensity and burst shape monitor. The 
counts detected in each of the eight detectors are recorded 
as a separate 256-channel time-of-flight spectrum. These 
data occupy one-half (2048 channels) of the available 
analyzer storage. Background data obtained using an 
empty holder in the sample position are stored in the 
remaining half of the analyzer, again as eight 256- 
channel spectra. An automatic sample changer cycles 
the sample and empty sample holder into the beam at 
ten minute intervals and also switches the detector 
outputs from the first to the second half of the analyzer. 
Data runs, normally 48 hr long, were taken at 0.0150, 
0.0252, 0.0706, 0.103, and 0.142 ev incident neutron 
energies using 10-usec channel widths. Background cor- 
rections were made by subtracting the empty holder 
data from the sample data. These background corrected 
time-of-flight spectra were then converted, using a 
computer program, to partial differential cross sections 
in the forms differential in scattered neutron wavelength 
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Fic. 3. Partial differential cross sections for scattering 0.0150-ev 
neutrons from room temperature methane. The apparent structure 
in the cross section is spurious and is caused by the data smoothing 
program in fitting the large statistical fluctuations due to low 
counting rates. The solid curves are the results of the EA calcula 
tion (Sec. V 


and angle and also to the form differential in scattered 
neutron energy and angle 

A detailed discussion of bac kground sources, detector 
banks, resolution, and the intensity calibrations used to 
convert to cross sections is given in reference 1. 


C. Data Smoothing and Background Corrections 


Before background corrections are made both the 
sample and the empty sample holder data are smoothed. 
This smoothing is done on the data in each channel of 
the time-of-flight spectrum. It is accomplished by a 
computer program which makes a least-squares fit of a 
parabola to five adjacent data points (40-ysec time-of- 
flight interval), the data point to be corrected being the 
middle one. The program then time 
channel and repeats th This procedure intro- 
duces little broadening of the experimental resolution 
since the time-of-flight interval used in the smoothing is 
about the same as the instrumental burst width at a 
detector (~32-36 general result of the 
smoothing process is to reduce the average point spread 
of the sample and background data and thus also the 
spread in the corrected time-of-flight spectrum. Over 
most of the spectrum then, this increases the experi- 
mental accuracy at a given point since information from 
adjacent points is used to establish its smoothed value. 
However, in a region of the spectrum where a large 
statistical fluctuation happens to occur (in either back- 
ground or sample data), the smoothing process can 
cause such a fluctuation to appear as a spurious ex- 
tremum which may remain after background is sub- 
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tracted. For low-density gas samples such as used here, 
such spurious effects may be safely ignored since no true 
coherent inelastic scattering events are to be expected 
and the spectrum is a smooth function having but 
one maximum. Figure 2 illustrates the effects of the 
smoothing process on the data from a typical time-of- 
flight spectrum. The clear appearance of small fluctua- 
tions in the smoothed data can be caused by two effects; 
(a) an actual coherent neutron scattering due to phonon 
excitation in the aluminum sample holder, and (b) 
spurious extrema generated by the smoothing process in 
fitting statistical fluctuations as mentioned above. If 
such a peak is caused by phonon excitation, it generally 
appears in both the sample and the empty sample holder 
data and is then almost completely removed when back- 
ground is subtracted. An example of seen at 
~1150 usec Fig. 2. No correction is made for the 
spurious extrema in making the background subtrac- 
tion. The error in the cross section caused by ignoring 
these is then no larger than the original statistical error 
in the data. The large point scatter in the cross section 
at short delay times is due to the background subtrac- 
tion, where the difference in the number of counts is 
small compared to the numbers subtracted. This point 
spread is further increased in the conversion to cross 
when the detector taken into 
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mol purity. The impurities in the sample were: 
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Fic. 4. Partial differential cross sections for scattering 0.0252-ev 
neutrons from room temperature methane. The solid curves are 
the results of the EA calculation (Sec. \ 
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The effects of these impurities on the scattering is 
negligible since the ethane, which has the largest effect, 
contributes only 0.2% to the total scattering. The 
sample holders are circular cylinders constructed of 
o0.d., 0.062-in. wall, 61S-T aluminum tubing. 
The portion of the cylinder in the beam was machined as 
thin as feasible for the pressures used. For 0.015 and 
0.025 ev, walls of 0.010-in. thickness were used with 
filling pressures of 45 and 50 psig, respectively. At 0.07, 
0.10, and 0.14 ev, walls of 0.030-in. thickness were used 
at pressures of 64, 100, and 100 psig, respectively. The 
pressures are such as to give approximately 90% trans- 
mission. These cylinders are mounted with their axes 
perpendicular to the scattering plane. The empty holders 
were evacuated cans of identical construction and wall 
thickness. The amount of gas in each cylinder was de- 
termined by weighing both before and after filling. The 
samples were weighed also after each data run, and no 
leakage was observed. The effective sample thickness, 
determined by averaging the path distance through the 
cylinder over the width of the beam (1.33 in.), 
cm. No special care was taken to control the sample 
temperature since the normal scattering room tempera- 
ture is 21+2°C 

The effects of multiple scattering within the sample 
are difficult to estimate, since to make accurate calcula- 
tions, the partial differential cross section and a complex 
computer program are required. 
made 
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If the assumption is 
that the double scattering has the same angular 
dependence as the elastic scattering, a crude calculation 
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Fic. 5. Partial differential cross sections for scattering 0.0706-e\ 
neutrons from room-temperature methane. The solid curves are 
the results of the EA calculation (Sec. V). 
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Fic. 6. Partial differential cross sections for scattering 0.103-ev 
neutrons from room-temperature methane. The secondary peak 
seen in 16.3° spectrum at short wavelengths is spurious. It is due 
to a loss of background data caused by a trouble in the core storage 
matrix of the time-of-flight analyzer. The solid curves are the 
results of the EA calculation (Sec. V). 


for the cylindrical geometry indicates that double scat- 
tering for these sample thicknesses varies from about 
2.5% of the total scattering at 16° to about 3% at 85°. 
This rough calculation tends underestimate the 
effects. On the hand, applying Vineyard’s" 
multiple elastic scattering results to a plane slab whose 
thickness is the effective cylinder thickness, yields 
values from 3% at 16° to about 6.5% at 85°, which over- 
estimates the effect. Since these elie ts are small and the 
values obtained from rough calculations uncertain, no 
multiple scattering correction to the data was made. 
The assumption that multiple scattering does not intro- 
duce large errors is confirmed when the data are 
presented in terms of the scattering law (see Sec. IV). 

The finite sample thickness may affect the wavelength 
resolution of the experiment by the uncertainties intro- 
duced in the scattered neutron flight distance. For the 
the fractional difference in 
scattered-neutron flight distance for a neutron scattered 
at the center of the sample, and one scattered somewhere 
else in the sample, is only 
Ad/d=AX/ <0.01. On the other hand, the experimental 
resolution for elastically scattered neutrons, which is 
indicated by the width at half-maximum of the burst 
shape of the forward beam, At/!=AX/\ varies from 
0.035 at 0.015 ev to 0.08 at 0.14 ev. Thus, the sample 
thickness causes a negligible broadening of the reso- 
lution. 
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III. EXPERIMENTAL RESULTS 


The methane partial differential cross sections ob- 
tained in this experiment shown in Figs. 3-7. 
These the in barns/molecule (4 


hydrogens +1 carbon) angstrom steradian vs scattered 


are 


show cross section 


4G, H. Vineyard, Phys. Rev. 96, 93 (1954). 
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Fic. 7. Partial differential cross sections for scattering 0.142-ev 
neutrons from room-temperature methane. The solid curves are 
the results of the EA calculation (Sec. V). 


neutron wavelength. The burst shape of the incident 
beam as measured by the beam monitor is also shown. 
The representative error flags indicate only the raw 
data counting statistical errors and are about the same 
as indicated by the point spread in the data. Generally 
the signal to background ratio is better for the 0.07 and 
0.1 ev initial neutron energy data since the reactor 
thermal flux is higher at these energies than at the other 
incident energies. The signal to background ratio is poor 
at 0.015 ev. The presence of what appear to be slight 
double maxima in the cross sections, most easily seen 
near the peak at 0.07 ev in Fig. 5 where the statistics are 
best, are due to slight differences between the empty 
sample holder and the blank sample holder. These slight 
differences cause an incorrect subtraction of the elastic 
(Bragg) scattering from the aluminum and also of the 
coherent inelastic scattering (phonon excitation) in the 
aluminum. 

No attempt has been made to remove instrumental 
resolution from the data. An indication of the resolution 
is given by the beam monitor burst shapes shown in 
Figs. 3-7. Since the monitor is located at the same dis- 
tance from the sample as the detector banks, the 
wavelength spread at the detectors for elastically scat- 
tered neutrons! is the same to good accuracy as that in 
the beam monitor burst. The effect of inelastic scattering 
on the burst width in time (or wavelength) of the 
scattered neutrons broadens the energy width of the 
burst, the largest amount occurring for the highest 
incident energies. Even at the highest incident energy, 
0.14 ev, the resolution AX/A for a 2-m flight path is only 
increased from a value of 8% to a value of 10% by 
inelastic scattering! At lower incident energies the 
maximum widths of the burst of inelastically scattered 


neutrons are all less than 8%. Since the peak in the 
cross sections of Figs. 3-7 are all at least twice as wide 
as the burst for elastic scattering as measured by the 
monitor, instrumental energy resolution does not have a 
large effect on the data. 

The spread in the scattering angles subtended by each 
counter bank is +3.5° about the measured scattering 
angle. Such a spread affects the angular resolution most 
for forward scattering angles where the cross section 
changes most rapidly. An estimate of the magnitude of 
this effect was made by comparing the computed partial 
differential cross sections (for an ideal gas) at the angles 
corresponding to the edges of the counter bank with the 
cross section at the center of the bank. This calculation 
showed that at 0.025 ev the net deviation of the 16- 
degree cross section due to contributions from the 12- 
and 20-degree angles as a function of wavelength of the 
scattered neutron fluctuates around zero and nowhere 
exceeds ten percent. The effect on the angular distribu- 
tion is to overestimate the 16-degree cross section by 
approximately 0.25%. Thus the angular resolution 
errors are small. 

Since air scattering amounts to about 5%/m at 0.025 
ev and since the sample to detector flight paths are in 
air, it might be expected that the outgoing beam of 
scattered neutrons would be further scattered in the air 
and some either miss the detector bank or be scattered 
into another detector bank. From the standpoint of a 
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Fic. 8. Angular distributions of methane. Both theoretical cross 
sections are calculated using an effective mass of M =3.2 hydrogen 
atoms per hydrogen scatterer, and do not include any contribu- 
tions from the carbon. 
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given counter bank the effect of such secondary scat- 
tering is the net result of those neutrons scattered into 
it from other directions minus those scattered out. A 
measurement of this effect was made using a cadmium 
collimator, which subtended the entire solid angle de- 
fined by one counter bank and extended from the 
sample to the counter bank. Time-of-flight spectra in 
this bank for scattered neutrons were compared with 
those of the adjacent uncollimated bank. This compari- 
son was made with and without the collimator in place. 
The presence of the collimator had no noticeable effect 
on either spectrum, indicating that air scattering of the 
scattered beam was negligibly small for this experiment. 

Angular distributions do/dQ were obtained by inte- 
grating the partial differential cross sections over the 
scattered neutron wavelengths. These are shown in 
Fig. 8 for 0.0150-, 0.0252-, 0.0706-, 0.103-, and 0.142-ev 
incident neutron energies. Also in the figure are shown 
the data of Alcock and Hurst® at 0.0732 ev and 5 atm 
pressure. Since their distribution was not absolute it was 
normalized to this experiment, the angle of normaliza- 
tion being 47°. 


IV. SCATTERING LAW 
A. Scattering Law Presentation 


The partial differential cross sections obtained from a 
given sample are functions of three neutron variables, 
the incident and scattered neutron energies Ey, E, and 
the neutron scattering angle. The cross sections are also 
functions of parameters of the scatterer such as its mass 
and physical state, as well as the sample temperature. 
Egelstaff" has proposed for polycrystals, liquids, and 
gases a dimensionless form of presentation of such cross 
sections, called the ‘scattering law,” in which the 
number of explicit variables is reduced to two: the 
square of the neutron momentum change #Q and the 
neutron energy change AE in dimensionless units. The 
neutron momentum change and the neutron energy 
change are the variables most commonly encountered in 
theoretical considerations of scattering. The Egelstaff 
scattering law, hereafter called ESL, contains only the 
dynamics of the molecular system, the nuclear effects 
being removed as well as the detailed balance factor. 

The partial differential cross section for neutron scat- 
tering is written! in terms of the Egelstaff scattering 
law expression, S(a,8): 


o (Eo, £9) =o 2/ (Ark pT) ](k/ko) exp(—B/2)S(a,8), 


a> h?0? (2MkpT), Q= k—kp, ( 1 ) 
B= i) ‘(krT), hw = E- EF, 


where Eo, ko, E, and k are the energy and wave vector 
of the incident and scattered neutrons, respectively. The 
variable 9 is the laboratory scattering angle, a» is the 
bound total cross section of the scattering nucleus, and 
the constant M is a mass. 
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The convention used here is that 8 is chosen positive 
for neutron energy gain. Schofield'® has shown that 
S(a,8) is even in 8 and Q. As a consequence of the 
evenness of S(a,8) with respect to 6, an experimental 
ESL must be independent of the sign of the energy 
transfer 8. An important advantage of the ESL is that it 
allows presentation of a large amount of data in a 
compact form. The reduction from ¢(£,£,0,M) to the 
variables S(a,8), however, is accompanied by the dis- 
advantage that for a given temperature a and @ are not 
independent variables, i.e.,a=[m/(MkgT) |{2Eo+Bk aT 
—2[ Eo(Eo+B8k xT) |! cos#} where m is the neutron mass. 

The mass M used in the definition of a, hereafter 
called the. ‘‘effective mass,”’ can be chosen arbitrarily. 
The value has been chosen here to compare the experi- 
mental results with the ideal gas theory. Theoretical 
values for such an effective mass can be obtained from 
theories using the mass tensor approximation®-" and 
involve this mass in the partial differential cross section. 
It should be noted that having chosen an effective mass 
to convert experimental cross sections to the ESL, any 
comparison of theory with experiment using the ESL 
introduces this effective mass via a whether or not the 
theoretical partial differential cross section involves it. 
However, for a theory not based explicitly on an effec- 
tive mass, this introduction merely establishes the a 
scale used in comparing the theory to experiment and 
contains nothing physical. 


B. Scattering Law Results 


The ESL for methane was obtained by inverting Eq. 
(1) for fixed values of the energy transfer 8. This 
inversion uses the cross section in the form differential 
in neutron energy and scattering angle, and is done ona 
computer. For a given scattering angle and energy 
change 8, the value of the cross section used to compute 
S(a,8) is obtained by an interpolation which fits a 
parabola to the two nearest data points on both sides of 
the energy of interest. This procedure thus takes into 
account curvature in the partial differential cross section 
and is more consistent than the method of hand- 
drawing a smooth curve through the data, as well as 
being faster. 

The results for representative values of 8 are shown in 
Fig. 9. S(a,8) values are per molecule and include the 
carbon contributions. The mass M in the definition of a, 
used in converting the experimental partial differential 
cross sections to ESL, was chosen here to be 3.2 hydro- 
gen atomic masses. This “effective mass” is obtained 
using the Sachs-Teller mass tensor® (see also Sec. V). 
The value of kgT used in defining a and B is 0.02533 ev 
or 294°K. For M/m=3.2, the reduced neutron wave 
vector change is Q=6.25a! (A)~'. The data are shown so 
as to display the range of momentum transfers a ob- 
tained with a given incident energy. The lowest incident 
energies cover the lowest range of the a scale and for a 


18 P. Schofield, Phys. Rev. Letters 4, 239 (1960). 
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fixed incident energy, the smaller the scattering angle, 
the smaller the value of a. Generally, there is an overlap 
of data obtained from different incident energies, so that 
the ESL intermixes data from different incident energies 


and scattering angles, thus overdetermined 


and is 
experimentally. 

Since the general theory of the ESL shows that S(a,9) 
is even in B, there should be no splitting of experimental 
S(a,8) points into +8 and —8 branches fora given 8 
This furnishes a valuable internal check on the con- 
sistency of the data. Such systematic errors as incorrect 
measurements of neutron flight distances, time-of-flight 
measurement errors, incorrect background subtraction, 
the wrong sample temperature or large multiple scat- 
tering effects can cause an experimental S(a,3) curve to 
split. In the methane experimental ESL, no evidence of 
consistent splitting is present. Figure 10 shows the com- 
bined experimental scattering law for methane for 
comparison. These curves are hand-drawn best fits to 
the data shown in Fig. 9. 

Asa check on the accuracy of the counter calibrations, 
the cross section data of the experiment were compared 
with the total cross section at 0.025 ev obtained by 
Melkonian.® To do this, data were needed for back-angle 
scattering. These were obtained using the ESL results. 


The curves of Fig. 10 were used to regenerate partial 
differential cross sections, using Eq. (1), at 0.025 ev for 
angles greater than 90° as well as for the forward angles. 
These were then integrated over energy and angle to 
obtain the total cross section. The value obtained was 
8% higher than Melkonian’s. Since this experiment was 
not specifically designed to measure total cross sections, 
it was felt that Melkonian’s value was more reliable. 
The data shown in Figs. 2 
with Melkonian. 


10 are normalized to agree 


V. COMPARISON OF THE THEORY WITH 
EXPERIMENT 


The theory of slow neutrons scattered from gases has 
been studied by several authors. In each of these the 
Fermi pseudopotential is used to calculate the nuclear 
part of the scattering in first Born approximation. The 
mass-tensor approximation” has been used to treat 
classically the molecular rotations’:"” and extended to 
include vibrations.*:? Zemach and Glauber’ have given 
a theory for molecular scattering, whose formalism does 
not use the mass tensor or other approximations. Three 
calculations are compared with the data of this experi- 
ment. In each of these the rotations of the molecule are 
treated classically. 
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1. The Exact Averaging Calculation (EA) 


This is a calculation™ which treats the rotations 
classically but is calculated by the ZG formalism. No 
approximations are used in the thermal orientation 
averaging of either the rotational or the vibrational 
matrix elements. However, the assumption is made in 
the Hamiltonian that the rotational, vibrational, and 
translational effects may be separated. This calculation 
is for incident neutron energies below the first vibra- 
tional state and for energies large compared to the rota- 
tional level spacing, but includes the effects of zero 
point vibrations. It also includes the carbon contribu- 
tions as well as the C-H, H-H interference effects in a 
given molecule. 


2. The Krieger-Nelkin Theory (KN) 


This*” uses the mass-tensor (classical) approximation 
to the ZG formalism. It is valid for incident energies 
below the first vibrational state. In this, approximations 
are made in the orientation averages of both the rota- 
tional and the elastic vibrational matrix elements. The 
mass tensor arises in treating this average in the rota- 
tional matrix element. The effective mass used in Fig. 9 
is M/m=3.2 rather than the KN value of 3.4. This 
effective mass is the reciprocal of the average of the 
trace of IW-', the Sachs-Teller" mass tensor. The KN 
theory in ESL form is given by 

S(a,8)=4/ (4a)? exp. — (a+ 8") /4a—K(M )a |, 


where A(M) 


factor and ¥ 


2MkpTy/h* is the zero-point vibrational 


(for this case) is a constant depending on 
the vibrational levels of the molecule. For M/m= 3.2, 
K(M) is equal to 0.246. The factor 4 in front of this 
expression is to account for the four hydrogen atoms per 


molecule. This expression does not include interference 
effects or the scattering from carbon. The KN calcula- 
tion yields total cross sections for methane in agreement 
with experiment.’ 


3. Ideal Gas (IG) 


The theoretical expression for scattering from an 
ideal gas can be obtained by setting the vibrational 
exponential factor in the KN theory equal to one. In the 
limit of a rigid molecule, this factor actually becomes 
one and the expression for ¢(/y,£,@) in the KN theory 
corresponds to scattering from a monatomic gas having 
an effective mass 3.2. For this case the ESL does not 
then depend explicitly on the effective mass, though 
computed partial differential cross sections do. 

The solid curves shown in Figs. 3-7 are the partial 
differential cross sections obtained from the EA calcula- 
tion. There is no normalization of these theoretical 
curves to the data. Generally, for the 0.07-, 0.1-, and 
0.14-ev data (Figs. 5-7) and for all except the two most 
forward angles of the 0.025- and 0.0150-ev data, the 
theory agrees with the experiment as to magnitude and 
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Fic. 10. Combined methane scattering law. These curves are 
hand-drawn best-fit curves to the data of Fig. 9. The circled 
numbers on each curve are the values of 8. Temperature =21°C. 
Effective mass 1/=3.2 hydrogen atoms per hydrogen scatterer. 
8(0.0253 ev) =1 


as to shape. The most significant disagreement is for the 
angles of 16° and 26° at 0.0252 and 0.0150 ev (Figs. 3 
and 4) where the theories are lower and broader than the 
experiment. Also the theoretical cross sections at these 
angles are shifted to shorter wavelengths than the ex- 
periment. The theoretical curves shown here have not 
been broadened by instrumental resolution, the effect of 
which would be to make the disagreement slightly 
larger. 

For the angular distributions (Fig. 8), both the IG 
and KN are larger than experiment at 0.015 and 0.025 
ev. At 0.07, 0.1, and 0.14 ev the IG is higher and the KN 
is lower than the experimental cross sections. For these 
energies KN gives the better fit. At all the energies the 
EA angular distribution is not significantly different 
from the KN and is therefore not shown. 

For the scattering law (Fig. 9), generally, the ideal 
gas and KN theory bracket the data for a values above 
the maximum of the experimental scattering law. The 
KN theory agrees somewhat better than the ideal gas. 
The EA calculation agrees best in this region of a for the 
intermediate values of 8. At small a all three calculations 
give about the same results for ESL. In this region all 
the theories show a deviation from experiment. In par- 
ticular, there are large deviations at small a, for 6 lying 
between 3 and 3 and again for 1<8 <4. These deviations 
would not be expected to be caused by effects due to 
coherent scattering since the dominant scatterer is 
hydrogen. This is borne out by comparison with EA 
which includes interference effects. Also, since the gas is 
at a low density no coherence due to molecular long- 
range order is expected. 
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Fic. 11. Typical plots of (1/a)S(a,8) vs a for methane. For a 
approaching zero the ideal gas curve yields zero for all 8 values 
except 8=0, where S/a becomes infinite. 


A change in effective mass does not affect the relation 
between the EA calculation and the data since such a 
change merely shifts the theory and experiment by the 
same amount on the a scale, in Fig. 9. For the IG, how- 
ever, an effective mass of approximately 2.6 (which 
shifts the scattering law data to larger a with respect to 
the IG curve) yields a much better fit of IG for 8 >? over 
the whole range of a. On the other hand, for 8 less than 2 
the fit becomes worse. For the KN theory, using an 
effective mass of 2.6 makes only a very slight improve- 
ment at large a, not nearly so much as it does for IG, and 
it also increases the disagreement at low a. Using the 
KN effective mass 3.4 rather than the 3.2 obtained from 
Sachs-Teller slightly increases the discrepancy (~6%) 
at all a and @. From these fits an ideal gas of mass 3.2 
can be said to give a rough fit for a>%, while the KN 
with mass 3.2 gives a better fit in this a range. Generally 
however, especially for 8<1, EA gives the best fit over 
the largest a range. 

The low points in the scattering law occurring for 8 
between } and 3 arise from data obtained at the two 
forwardmost angles, 16.3° and 26.0° from the 0.015- and 
0.025-ev incident energies (Figs. 3 and 4). Were there 
serious systematic errors in the calibration of the 
counters at these angles or in the determination of other 
experimental parameters such as time-of-flight or the 
distance of neutron flight, they would occur also for all 
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8 values and for all incident energies. The experimental 
ESL shows no evidence of this. The disagreement be- 
tween the theories and the data is probably due to the 
discrete spacing of the rotational levels, which are 
treated as continuous by the three calculations. At large 
8 values none of the theories agree with the experiment 
either as to magnitude or shape for the effective mass of 
3.2. Here, however, especially at 0.14 ev, contributions 
from the effect of the first vibrational state at 0.16 ev 
may be occurring which were not included in these 
theories. Also for 8=>1 the signal to background ratio is 
very small, being only of the order of 1.1 to 1.5. 

The conclusion drawn is that the basic cause of the 
disagreement with the experiment at small momentum 
transfers and intermediate energy transfers is that the 
treatment of the molecular rotations classically is inade- 
quate. The correct orientation averaging procedures 
used in EA, though an improvement for large momen- 
tum transfers, is not an improvement for small a 
and 8. 

It has been shown by Egelstaff"' that the coefficient of 
self-diffusion for a material may be obtained by 
extrapolating the incoherent part of the scattering law. 
The relation given is [782 (S/a) a+0 ]3+40= 2M D/h+O(*), 
where D is the coefficient of self-diffusion of the material 
and M the mass of an atom in the system. For this ex- 
periment, since hydrogen is an incoherent scatterer, the 
complete scattering law can be used. In order to obtain 
the diffusion coefficient, which is a characteristic of the 
long time behavior of the system, (S/a)a+0 is extrapo- 
lated first, then [(.S/a)a+0 ]3+0. Figure 11 shows plots of 
S/a vs a for representative values of 8. The solid curves 
shown are for the ideal gas, which in the region of small a 
is not significantly different from either the KN theory 
or the EA calculations. It is seen that in order to ex- 
trapolate a to zero with any accuracy, data at much 
smaller a will be needed. If the extrapolation is made to 
follow the ideal gas curve, a delta function in 8 results 
which would yield an infinite diffusion coefficient as 
expected for an ideal gas. 


VI. SUMMARY AND CONCLUSIONS 


By presenting the scattering data as ESL (which 


intermixes data from different initial energies and 
angles), in the regions of overdetermination the sources 
of experimental error such as resolution, backgrounds, 
errors in distance or time, etc. are evident and can be 
eliminated or corrections can be made. Also, from a few 
initial neutron energies sufficient information is avail- 
able to generate partial differential cross sections for 
many initial neutron energies. This is important in 
programs for calculating reactor spectra where it is 
impossible to store in a computer the partial differential 
cross sections for all initial neutron energies needed. The 
scattering law also guarantees through the detailed 
balance factor that the neutron spectra will reach a 
Maxwellian in large nonabsorbing media. 
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Comparison of the data with the three theoretical 
calculations show that the classical treatment of the 
rotations used in these calculations does not explain the 
data at small momentum and energy transfers. At large 
momentum transfers where vibrational states become 
important the EA treatment, which treats the orienta- 
tion averages exactly, gives the best fit. For generating 
partial differential cross sections to be used in reactor 
calculations, the simpler but less accurate IG or KN 
theories may be satisfactory for a simple material like 
methane. Only more experience in comparing measured 
reactor parameters that are sensitive to the inelastic 
scattering, such as the transport cross section or the 
diffusion lengths, to values calculated using the experi- 
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mental data and to those obtained using the less accu- 


rate theories, will answer this question. 
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rhe concept of correlated reverse jumps is used to treat correlation effects in a chemical concentration 
gradient. It is shown that the correlation factor associated with a given atom jump will be very nearly the 
same as that in a homogeneous alloy having the composition associated with the point midway between 
the initial and final atom positions for that jump. This is true for either a vacancy or interstitialcy me 
chanism. With the aid of this result, expressions for the atom flux of a given species and the mean atom 
displacement of a layer of diffusing atoms are derived from a purely atomistic approach, taking correlation 


effects into account 


These expressions differ from equations obtained by Darken and LeClaire in that 


they contain extra terms which arise where there is a flow of vacancies or interstitialcies. These extra 
terms can appreciably increase the predicted Kirkendall shift. They appear as both diagonal and cross 
terms in the general thermodynamic formulation of the diffusion equations. The method used here to 


analy ze the effect « 


of gradients and external driving forces 


1. INTRODUCTION 


N the present 
concentration 


diffusion in a_ chemical 
gradient in crystalline solids is 
considered from an atomistic viewpoint. Correlation 
effects and the effect of a flow of imperfections are 
treated explicitly. General are found 
relating the atom flux and mean drift velocity to the 
magnitude of the driving force, i.e., the effect that the 
gradient has on the atom jump frequencies. These 
expressions differ from those found by Darken' and 
LeClaire® in that they contain additional terms arising 
from the flow of imperfections. Also, the correlation 
factor appears explicitly and in a somewhat different 
manner than is indicated by LeClaire.* The additional 
term from the flow of imperfections increases the 


paper, 


expressions 


predicted Kirkendall shift by an appreciable amount 
and, to a smaller extent, increases the predicted 
chemical interdiffusion coefficient. 

An effect from a flow of imperfections is physically 
reasonable. When diffusion by a vacancy 
mechanism, a given atom cannot jump until a vacancy 
has moved into a site. If the 
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Fic. 1. Effect of a flow of vacancies 
x. When the fl 
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The tracer atom is marked 
right to left as shown in the 
he individual vacancies are more likely to approach the 
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f a chemical concentration gradient can also be used to study the effect of other types 
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vacancies is from right to left (see Fig. 1), a vacancy 
is more likely to approach a given atom from the right, 
cause a jump, and then move away to the left than it 
is to approach from the left, cause a jump, and then 
move away to the right. As a result, the atom will 
jump more frequently to the right than to the left. 
This effect depends on the frequency with which 
vacancies approach a given atom. Thus, it depends on 
the jump frequencies of atoms ofher than the given 
atom. Similar reasoning applies when there is a flow 
of interstitialcies. 

Diffusion in a chemical concentration gradient by a 
vacancy mechanism will be considered explicitly. The 
method which is used is quite general, however, and 
can be applied to diffusion in other types of gradients 
or by an interstitialcy mechanism. Attention will be 
centered on cubic crystals, since this allows a much 
simpler treatment. 

In certain respects, the present method is similar to 
that used by Lidiard* to treat diffusion in an electric 
potential gradient. In the present method, however, 
the motion of a given (tracer) atom is followed. This 
allows one to distinguish between vacancy flow effects, 
which arise from the preferred direction of motion of 
atoms other than the tracer, and Bardeen-Herring 
correlation effects, which arise from the effect that the 
motion of the tracer atom itself has on the local vacancy 
distribution. Also, it allows a more detailed treatment 
of correlation effects and a purely atomistic calculation 
of the mean atom drift velocity. 


2. CORRELATION EFFECTS 


When diffusion occurs by a vacancy mechanism, the 


elementary atom jump consists of an atom exchanging 


places with a neighboring vacancy, i.e., the atom 
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DIFFUSION IN CHEMICAL 
jumping into a neighboring vacant lattice site. After 
such a jump, the vacancy is at the site which was 
previously occupied by the atom. As a result, the 
atom on its next jump has a greater than random 
probability of returning to its original site, and there 
is a correlation between the directions of successive 
jumps taken by a given atom.‘ 

The atom flux J of a tracer impurity for planar 
diffusion in the x direction in the absence of a driving 
force can be expressed as 


J=—D*(dc/dx), (1) 


is the concentration of the tracer and D* is 
the diffusion coefficient. In the absence of correlation, 
random walk theory predicts that in cubic crystals 


D* = %)?p, 


where ¢ 


where A is the jump distance and v is the jump frequency 
for the atoms in question. In the absence of a driving 
force, correlation effects can be taken into account by 
introducing a correlation factor f, on the right-hand 
side of Eq. (2). In cubic crystals,** 
(0 ar 
f-= lim 
1 dn? 


where (x°),, is the mean-square atom displacement in 
the x direction after x jumps per atom. For diffusion 


by a vacancy mechanism in a pure cubic crystal,°® 


1+ (cos@).. 
(4) 


1— (cosé bay 


where @ is the angle between the directions of two 
successive jumps by the same atom, and the average 
of cos@ is taken over all successive pairs of atom jumps. 

The above method of correcting for correlation serves 
quite well when there is no driving force tending to 
make the atoms jump more frequently in one direction 
than another. However, when a driving force is present, 
several difficulties arise. For example, the mean atom 
displacement in the x direction, Z, is proportional to 7, 
and for large values of n, 


(x? ay = gnr?+ (ZF). (5) 


Therefore, («*),, contains a contribution proportional 
to n*; and in general the limit in Eq. (3) will not exist. 
In addition, if one wishes to relate the value of % to the 
activation energies for jumps in the +x and —x 
directions, must take correlation effects into 
account. This cannot be done merely by using Eq. (3). 

To avoid these difficulties, a different approach is 
used in the present paper. Effective jump frequencies 
are calculated by considering successive exchanges of 
an atom with a given vacancy. The atom flux and 


one 
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mean atom drift velocity then are calculated from 
these frequencies. This approach allows a calculation 
of correlation effects in the presence of a driving force 
and gives. the same result in the absence of a driving 
force as does the more conventional approach using 
Eq. (3). 

This general approach has been used by previous 
investigators to obtain approximate expressions for 
the correlation factor in homogeneous crystals.‘ 
Since effects from vacancies which diffuse away through 
the lattice and subsequently return were not treated, 
these expressions were not exact. In the present paper, 
however, these effects are considered; so, for diffusion 
in pure cubic crystals, the present treatment is exact. 
The manner in which vacancies return will be affected 
by the presence of a gradient; but, to a large extent, 
this can be taken into account, so the resulting 
expressions also are good approximations for diffusion 
in a gradient in cubic crystals. 

The situation in an alloy is more complicated than 
in a pure crystal, since local fluctuations in composition 
can occur. Even in a homogeneous alloy, the motion 
of a vacancy rearranges the atoms in the vicinity of 
the vacancy. This gives rise to a correlation between 
the directions of successive jumps by a given vacancy. 
In the present paper, effects arising from any such 
fluctuations or rearrangement of solvent atoms near 
a vacancy are neglected. However, to a large extent, 
these effects average out, so no great error should be 
introduced by this procedure. To illustrate the method, 
diffusion in the absence of a gradient is treated first. 
Then, modifications that are necessary when a gradient 
is present are considered. 


3. METHOD OF CORRELATED JUMPS 


A. Correlated Reverse Jumps 


When diffusion occurs by a vacancy mechanism, the 
basic diffusion process may be described as follows: 
First, a new vacancy which has not previously ex- 
changed with a given tracer atom arrives at one of the 
sites neighboring on this atom. Then, the vacancy may 
exchange places with the atom, perhaps many times; 
and finally the vacancy moves permanently away 
from the atom. The first exchange of an atom with a 
given vacancy causes the atom to be displaced in a 
certain direction. In this 
direction will be called the forward direction, and any 
atom jump in this direction will be called a forward 
jump. Each new vacancy which exchanges with a 
given atom defines its own forward direction. After an 
original forward jump has occurred, the vacancy is in 
the proper position to allow the atom to make a reverse 
jump, back to its original position. Such a reverse 
jump, caused by the same vacancy, will be called a 
correlated reverse jump. This is most likely to occur on 
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the first jump of the vacancy following the forward 
jump. However, even if the vacancy moves off through 
the lattice and does not immediately re-exchange places 
with the atom, it still may eventually return and do so. 
These delayed exchanges also give rise to correlated 
reverse jumps. 

Those vacancies which return and re-exchange with 
the atom from a direction such that cosy¥ —1, where 
y is the angle between the directions of two successive 
tracer jumps caused by the same vacancy, obviously 
do not cause reverse jumps in the strict sense. However, 
in pure cubic crystals, the net tracer displacement 
resulting from these vacancies is exactly the same as 
if a certain fraction returned to the site corresponding 
to cosy=—1 alone, or in fact never left this site.® 
This conclusion also is valid for diffusion in homo- 
geneous alloys if effects from fluctuations in local 
composition are eliminated by averaging over many 
tracer atoms. As a result, a vacancy at a site neighboring 
on a tracer can be regarded as having an effective 
probability P of exchanging with the tracer and an 
effective probability (1—P) of permanently moving 
away or randomizing its position around the tracer. 
The actual three-dimensional correlation problem in 
these crystals then reduces to an equivalent one- 
dimensional problem involving jumps with cosy=—1 
alone, but with tracer-vacancy exchanges occurring 
with probability P. 

In accordance with the above discussion, the effective 
probability P,; of occurrence of a correlated reverse 
jump after an atom jump from site to site 0 is given by’ 

Pj;=4 Tj (WejotWTjo), (6) 
where wrj. is the jump frequency for exchange of a 
vacancy on site 7 with a tracer on site 0, and wg;, is the 
effective frequency with which the vacancy on site j 
will exchange with some other atom. The effect of the 
returning vacancies is included in Eq. (6) by specifying 
that jumps which are followed by an effective return 
of the vacancy to site j will not contribute to wajo. 
Thus, wg;. is given by 
z—1 


Wajo= 2, Wjp(1— 


p=l 


V jna— V jpe); (/) 


where w;, is the frequency with which a vacancy 
which is on site j will jump to a neighboring site p, 
Y jpa is the fraction of such jumps which are followed 
an actual return of the vacancy to site j, Vj». is the 
fraction of such jumps which are effectively cancelled 


§ J. R. Manning, Phys. Rev. 116, 819 (1959). 

* The symbol w will refer to a vacancy jump frequency, while 
vy will refer to an atom jump frequency. When subscripts are 
used to designate the two sites involved in a jump, the one 
referring to the position of the atom before the jump will normally 
appear first, i.e., Po, voje. However, in designating vacancy jump 
frequencies, the subscript giving the vacancy position before the 
jump will precede that giving the vacancy position after the 
jump, 1.€., Wrjo, Wjp. 
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by the return of the vacancy to nearest neighbor sites 
other than j, and z is the number of nearest neighbors. 
The summation is over only z—1 sites neighboring on 
site 7, since exchanges of the vacancy with the tracer 
are excluded from the sum. When ws;, is defined in 
this manner, P.; in the absence of a gradient® will 
equal (—cos@),,. Values of wg;, for various cubic 
lattices in the absence of a gradient have been calculated 
in reference 8 for the case where a vacancy jump 
originating at a next-nearest site from the tracer is 
not affected by the presence of the tracer. These 
values and the corresponding values of }-wj, are 
given in Table I. 


B. Effective Jump Frequency 


When an atom and vacancy undergo a series of 
exchanges with cosy being —1 for each pair of successive 
exchanges, the atom will merely jump back and forth 
along the line determined by the original jump 
(see Fig. 2). Since each correlated reverse jump in 
such a series merely cancels the effect of the forward 
jump preceding it, neither the reverse jumps nor the 
preceding forward jumps are effective in causing random 
walk diffusion. The effective jump frequency voje for 
atom jumps from site o to site j will be defined as the 
frequency which would result in the same average atom 
displacement along the line 0-7 as that resulting from 
the sequences of correlated jumps which actually occur. 
Thus, 


AVoje= U ojQoj, (8) 


where U,,; is the average atom displacement resulting 
from a series of jumps which starts with the atom on 
site o and the vacancy on site /, and Q,, is the frequency 
with which a tracer atom on site 0 makes an original 
forward jump by exchanging with a new vacancy on 


TABLE I. Jump frequencies in the absence of a gradient.* 


Nv 
Lattice 


Vacanc y mec hanis m 


Face-centered cubic 7k, 
Body-centered cubic 4k 
Simple cubic 4witk 
Diamond 

with collinear 


Interstitialcy mechanism jumps 


AgCl 3w 2 
Face-centered cubic otk, 26% 


+0.742, 


*Values of wjp are defined as follows: For diffusion by a vacancy 
mechanism in a face-centered cubic lattice, wi is the frequency with which 
a vacancy will jump from one site neighboring on an impurity to another 
given site neighboring on this impurity (non-dissociative jump), and &: is 
the frequency with which a vacancy will jump from a site neighboring on 
an impurity to a given one of the adjacent sit 10t neighboring on the 
impurity (dissociative jumps). For other lattice 1 is the frequency with 
which a vacancy or interstitialcy will jump from a site which is a nearest 
neighbor of an impurity to one of the group of second-nearest neighbors 
sites, and k; is the frequency of jumps from a nearest neighbor site to any 
one of the other possible p sites (third-, fourth-, or fifth-nearest neighbors 
of the impurity). Figures illustrating these jun nay be found in reference 
8. The values of wg are those found in reference 8 for the case where a 
vacancy jump from a second-nearest neighbor site is not affected by the 
presence of the impurity. 
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neighboring site 7. For a series of correlated jumps, 
Uj=1—Piot PoP oj— Pie Post: +), (9) 


where P;, is the probability of occurrence of a correlated 
reverse jump after an atom jump from site o to site 7 
and is defined by an equation analogous to Eq. (6) for 
P.;. The second term in parentheses in Eq. (9) arises 
from the effective probability of occurrence of a 
correlated reverse jump following an original forward 
jump (Fig. 2b), the third term from the effective 
probability of 4 second forward jump in a sequence of 
forward and correlated reverse jumps (Fig. 2c), and 
so on. Also, 


(10) 


Qo j= VajoWT jo/(WajotWTio); 


where vajo is the effective frequency with which new 
vacancies first arrive at site 7, and wg;. and wrjo are 
defined above. Since those vacancies which effectively 
return to one of the sites neighboring on the tracer 
after having previously been at such a site are treated 
as not contributing to ws;., one must specify that these 
vacancies do not contribute to v.;. either. Thus, 


z—1 
Vajo— N ppp; ( 1— V pja— Y pie), (11) 


p=l 


where .V,, is the molar concentration of vacancies at 
site p, Wp; is the frequency with which a vacancy 
which is on site p will jump to site 7, V pja is the fraction 
of such jumps which involve the return of a vacancy 
which has previously been on site 7 and hence do not 
contribute to vajo, and VY ,;- is the fraction of w,; jumps 
which involve the effective return of a vacancy which 
has been on one of the sites o¢er than site 7 neighboring 
on the tracer. From Eqs. (8)—(10), it follows that 


Vajo W jo i— F te 
nig thagg ee ern, TE 
, on . ? 
W3jo Wpjott Tjo 1—P;.F oj 


and one finds from Eq. (6) 


1— P,j= Wp jo/ (WejotWTjo)- (13) 


A basic jump frequency »,;» for an atom jump from 
site 0 to site 7 can be defined such that 


voib=N yjsWrjos (14) 


where .V,j;, is the equilibrium probability that a 
vacancy would be present at a given neighboring site 7 
if the tracer were in a homogeneous alloy having the 
composition associated with this site. Equation (12) 


then can be rewritten as 
Voje= VoibGoj foi, (15) 
where 
Goj= Vajo/ N vjsW8jo, (16) 
and 
fos= (1— P50.) (1— Poj)/ (1 — PjoP 03). (17) 


Equation (15) is a particularly convenient expression 
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Fic. 2. Contributions to the effective atom jump frequency 
Voje. The arrows show jumps made by an atom originally on site o. 
Further jumps may occur in each sequence. The jumps shown in 
boldface give the first four terms in Eq. (9). The vertical dis- 
placement of the jumps is not real and is shown only to increase 
legibility. 


for voje since vj», Gj, and f,; can be given useful 
physical interpretations. For example, »,j;, through its 
dependence on .V,;,; is directly related to the energy 
of formation for a vacancy in a homogeneous alloy 
and through its dependence on wr;, to the energy of 
motion for an atom jump from site o to site j. Also, 
G,; can be identified as a factor which arises from the 
effect of a flow of vacancies, and f,; as the factor 
which arises because a vacancy can exchange more 
than once with a given atom. As a result, f,; can be 
identified as the correlation factor. 


C. In the Absence of a Gradient 


In the absence of a gradient, there will be no net 
flow of vacancies between sites j and p so, in this case, 


(18) 


N jfWjp= N eptp}, 


where .V,; is the molar concentration of vacancies at 
site 7. Also, the number of vacancy jumps from site 7 
to site p which effectively are cancelled by the sub- 
sequent return of the vacancy to site 7 must equal the 
number of vacancy jumps from site p to site 7 which 
effectively cancel (and are cancelled by) previous 7 to 
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p jumps, so 


per i 4 (19) 


as 
Similarly, 

V pW pil pie: (20) 
If the over-all vacancy concentration is maintained at 
its equilibrium value, 


(21) 


in the absence of a gradient. Upon substitution of 
Eqs. (18)-(21) into Eqs. (7), (11), and (16), one 
finds that G,; in the absence of a gradient equals unity. 

When there is no gradient, the jump frequencies 
wrjo and wys;, will be independent of direction and 
position. Thus, the subscripts 0 and j can be omitted, 
and P,;=P P, where P=wr/(wst+wr). Equations 
15) and (17) then reduce to 


with 

(1—P) (1+ P). 
contri- 
return 
Thus, 
follows from Eqs. (4) and (23) 


As discussed earlier, wz does not include any 
bution from those vacancies which effectively 
to the same site after making a w;, jump. 
r —cosé)..; and it 
that 


(24) 


correlation factor which is obtained 
x*)ay is evaluated directly. 

In the absence of a gradient, correlations between 
the directions of successive atom jumps arise solely 
because a given vacancy may exchange with the same 
atom more than once. This has been taken fully into 
account in the calculation of the effective jump fre- 
quency. The factor (1—P;,)/(1—P;,P.;) in Eq. (12) 
takes into account the possibility that a given jump 
may be followed by a series of correlated exchanges of 
the atom with the same vacancy, while the factor 
(1—P,,;) from Eq. (13) takes into account the possibility 
that a given jump may have been preceded by an 
exchange of the atom with the given vacancy. Hence, 
the jump frequency in Eq. (2) can be treated as an 
effective jump frequency; and 


where f. is the 
when 


D*¥=1})2v,= bd vy f, (25) 


where y, is an effective jump frequency and » a basic 
jump frequency. The right-hand expression is the 
usual correlated walk expression for the diffusion 
coefficient D*. 


D. f,; in a Gradient 


can affect the 
vacancy jump frequencies both because of chemical 
potential effects in a non-ideal solid solution and because 
the energy of motion may be a function of composition. 
If wro is the frequency with which a vacancy in a 


A chemical concentration gradient 
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homogeneous alloy having the composition associated 
g 5 g I 
with site 0 would exchange with a neighboring tracer 
atom, the value of w7;, in a gradient is given by” 
WTjo= Wrote, (26) 
where a is a small quantity depending on the magnitude 
and direction of the gradient. The gradient also can 
affect the manner in which vacancies which make j-p 
jumps will return to the tracer. However, to a good 
approximation. Eq. (6) will still be valid with 
(27) 


W Bio 


wot p, 


where wo is the value of wg in a homogeneous crystal 
having the composition associated with site 0 and p is 
a small quantity. The nature of this approximation is 
discussed in more detail in the Appendix. Even in the 
presence of a gradient, the average tracer displacement 
then is given by Eq. (9); and Eqs. (15)-(17) follow 
as before. 

When Eqs. (26) and (27) are substituted into Eq. (6), 
one finds 


P,;= (wrota)/(wg0otwrotptc). (28) 
Similarly, if wry and wg, are the values of wr and wg 
in a homogeneous the 
associated with site 7, 


alloy having composition 


Pj.= (wrs—o)/ (Was t+wrs—p—s). (29) 
Since the o-j jumps are just the reverse of the j-o jumps, 
the small quantities o and p in Eq. (29) will be the 
same to first order as those in Eqs. (26)-(28). The 
effective probability of return Po in a homogeneous 
alloy having the composition associated with site o is 
given by 


. 
Po=wro/(wsotwro), (30) 


while that in a homogeneous alloy having the com- 
position with site 7 is given by 

Py=wrys/(westwrs) 
When these relations are substituted in Eq. (17) 
finds to first order in small quantities, 


(1—P,)(1— Po) 
foj= 


(1—Pyj2)? 1—Pays 


i—P Po i—(P, i+-Py, 
where Pz/2 is the effective probability of occurrence of 
a return jump in a homogeneous alloy having the 
composition associated with the point midway between 
sites o and j. Also, Py;2 is equal to the value of 
‘0 When lower-case subscripts refer to sites in the crystal, the 
corresponding capital letter subscripts refer either to the plane 
containing the site or to a homogeneous alloy having the com 
position associated with the site. Macroscopically the composition 
can be considered to vary continuously as a function of position 
The composition associated with a given site is the value of the 


macroscopic composition at the point of the site 
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—cos@),y in this alloy, so it follows from Eqs. (4) 
and (32) that 

fos=faj2, (33) 

where fy/2 is the correlation factor in a homogeneous 
alloy having the composition associated with the 
midpoint between sites 0 and 7. In Eq. (17), f.; depends 
in the same manner on the probability P,; of jumps 
from site o to site j as on the probability P;, of jumps 
from site 7 to 0. Thus, it is reasonable that f,; depends 
on the composition associated with the point midway 
between sites 0 andj. — 


4. PHYSICALLY MEASURABLE QUANTITIES 
A. Atom Flux 


A procedure very similar to that followed by Lidiard* 
can be used to calculate the atom flux from the effective 
jump frequencies. When diffusion occurs by a vacancy 
mechanism in a cubic lattice, an atom can move from 
one side of a given (100) plane to the other side only 
by passing through a lattice site in this plane. Thus, 
the atom flux equals the number of lattice sites per 
unit area multiplied by the net number of atoms per 
unit time passing through a given site. The number 
of lattice sites per unit area equals the number 1 of 
lattice sites per unit volume multiplied by the distance 
a between neighboring (100) planes. The net number 
of atoms passing through a given site can be found by 
enumerating the number of atoms entering and leaving 
this site in the positive and negative x directions, 
and then counting each as contributing half an atom 
to the flux. Thus, for a given species, the flux J, in 
the positive x direction at the plane containing site o is 
given by 


J = yna{ No(Z4v040e—Z_v0_) 

+N_Z_»o.—NiZin0.), (34) 
where the subscripts O, +, and — refer respectively 
to plane O, which contains site 0, and to the neighboring 
planes in the positive and negative x directions; 
Vy in general is the mole fraction of atoms of the 
given species on plane H; Zy is the number of sites on 
plane H which neighbor on site 0; and vag, is the 
effective jump frequency for a jump from a site on 
plane H to a site on plane G. Effective jump frequencies 
appear in Eq. (34) instead of basic jump frequencies, 
since forward jump-correlated reverse jump pairs of 
jumps do not contribute to the net diffusive flow of 
atoms. 

For all sites 7 on plane +, cos@,j;=a/A, where 5; is 
the angle between the x direction and the line o0-) 
connecting site 0 to site 7, and J is the distance between 
site o and site 7. Similarly, cos¢,;=0 for sites on plane O; 
and cos@,;= —a/X for sites on plane —. By definition, 
Ccu=nNy, where cy is the number of atoms of the 
given species per unit volume in a region centered at 
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plane H. Thus, Eq. (34) can be rewritten as 


COS@ 5; a (35) 


Jo=3d [Co Dd voje COSHoj— Dd, Cjv jo. 
— j=1 


where c, and c; are the concentrations of the given 
species at the planes containing sites 0 and 7; and 
Voje ANd Vjoe are the effective jump frequencies from 
site 0 to site 7 and from site j to site 0, respectively. 
The quantity v,;. can be evaluated from Eq. (15) and 
a detailed consideration of f,;, voj, and G,;; while 
Vjoe can be evaluated from Eq. (15) and the equation 


Vjoe= Vo—jeL I +A cosd,;(d Inv,/Ax) | (36) 


where site —j is the site on the opposite side of site 0 


from site /. 
The factor f,; has been considered in the previous 
section. From Eq. (33), it first order in 


small quantities that 


follows to 


foi : fl +. nr cos@,;(0 Inf/dx) |, (37) 


where f, is the correlation factor in a homogeneous 
alloy having the composition associated with site o. 
In Eq. (14) defining »v,;,, the quantity .V,;, is directly 
related to the energy of formation for a vacancy, while 
wW7rj» is directly related to the energy of motion for an 
atom jump. A gradient or driving force in the x direction 
will change these by an amount proportional to cos@,,, 
so to first order in small quantities, 


Voib=Vop(1 +A cosd,,;), (38) 


where vy,» is the basic jump frequency for a jump 
between two sites in a homogeneous alloy having the 
composition associated with site 0, and A is a small 
quantity depending on the chemical concentration 
gradient or other driving force but not depending on j. 
Finally, in Eq. (16), the jumps which contribute to 
Vajo and wgjo are just the reverse of one another. When 
there is a driving force along the x axis, the energies of 
motion and formation, and hence the jump frequencies, 
for these jumps will be changed by an amount pro- 
portional to Thus to first order in small 
quantities, 


COSO,}. 


G 1-4 B cos@ g (39) 


where B is a small quantity depending on the gradient 
or driving force but not depending on 7. This is 
discussed more fully in the Appendix. 

When Eqs. (37)—(39) are substituted in Eq. (15), 
one finds to first order in small quantities, 


f Vvor{ 1+ cosd [ 1+ B+ (0 Inf dx) |}, (40) 


fovo{ 1—cosd 1+B +3X(0 Inf/dx) }}. (41) 


In addition, 


CoL1+A cosd,;(0 Inc/dx) ], 
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while, in all cubic lattices, for m an odd integer, 


pa cos"_;= 0, 


When Eqs. (40)-(44) are substituted into Eq. 
and the subscripts o are omitted, one finds 


J=2cD*\"'(A+ B)— D* (dc/dx)—cD*(d Inv /dx), 
where 


and 

D* = tf. (47) 
Explicit values of 4 and B can be obtained by evalu- 
ating Eqs. (14) and (16). LeClaire® has considered the 
effect that a chemical concentration gradient can have 
on the quantities appearing in Eq. (14). If vacancies 
are in local equilibrium, his analysis shows 


A= 4) (0 Inv/dx)— (0 Iny/dx) J, (48) 
where y is the activity coefficient of the diffusing 
species. When Eq. (48) is substituted into Eq. (45), 
one finds 


J = 2¢.D*\"B—D#*[1+ (0 Iny;/d In.V;) ](dc;/dx), (49) 


where the subscript i refers to the component under 
consideration. The term —D,*[1+(0 Iny;/d InV,) ] 
X (dc;/Ox) is the term which appears in the usual 
Darken equation.' The term involving B is an addi- 
tional term which gives the effect of a flow of vacancies. 
This additional term can appreciably affect the pre- 
dicted Kirkendall shift. Also, to a lesser extent, it will 
alter the predicted chemical interdiffusion coefficients. 


B. B Term—vVacancy Flow Term 


When a gradient causes a vacancy flow, vacancies 
will approach an atom more frequently from one 
direction than another. This will not affect the factors 
fo; and vo in Eq. (15) since f,; depends equally on 
the probabilities of jump in the +jth and —jth 
directions and »,;, depends on what happens after a 
vacancy arrives at a site neighboring on the tracer. 
Therefore, the total effect of the flow of vacancies 
must be contained in the factor G,; in Eq. (15) and 
in the term involving B in Eq. (45). To first order in 
small quantities, B will be proportional to the difference 
between the vacancy jump frequencies with and 
against the vacancy flow. Hence, B will be proportional 
to the magnitude of the vacancy flow. 

It is shown in the Appendix that for diffusion in a 
face-centered cubic binary alloy containing species 
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qg and 7, 


A(we—wWr) 0 Iny; \0.V, 
—— (1+ . ) ; (50) 
AS OlnN;/ dx 

where w, and w, are the jump frequencies for exchange 

of a vacancy with a given neighboring g or 7 atom in a 

homogeneous alloy having the composition associated 

with site 0; w is the average vacancy jump frequency 

in such an alloy, equal to .V,w,+.V,w,; and V, and V, 

are the mole fractions of g and r type atoms at site o. 

[Equation (50) for B differs only slightly from the simi- 

lar equation for the quantity —AF/2kT found in a 

previous paper.''] It then follows from Eqs. (49) and 

(50) that 


0 Iny; { 9c 2N (wy— wr) dr) 
Jim —De(1+ )| = » (91) 

OInN;7 lox 7.15w ax| 
Approximate expressions for B and J; in other cubic 
lattices can be obtained by replacing the quantity 
7.15w in Eqs. (50) and (51) by the value of wg in 
these other lattices as given in Table I with all w,;, set 
equal to the average vacancy jump frequency w. 


C. Kirkendall Shift 


The quantity B in Eq. (50) is not negligible. In fact, 
it is large enough to affect the Kirkendall shift appreci- 
ably. This will be discussed in the present section. 

If a given lattice plane in a crystal containing a 
chemical concentration gradient is marked by inserting 
inert wires or foils at this plane and diffusion is allowed 
to occur, it is found that the markers frequently move 
toward one end of the specimen.” This shift in position 
of the markers relative to the ends of the specimen is 
called the Kirkendall shift and arises when there is a 
net flow of atoms across the plane defined by the 
markers. If there is no change in the dimensions of the 
specimen normal to the gradient, the velocity v of the 
markers in a binary alloy is given by' 

v= (J+J) (Cot Cr), (52) 
where J, and J, are the atom fluxes of g and r atoms 
and c, and c, are their concentrations at the plane 
defined by the wires. Expressions for /, and /, can be 
found from Eq. (49). According to the Gibbs-Duhem 
relation, (0 lny;/d1In.V,;) will be the same for both 
species in a binary alloy. Therefore, when these 
expressions are substituted into Eq. (52), one obtains 


v= 2d B(N,D,*+N,D,*) 


0 Iny; \ ON, 
+(D,*—D,*)( 14 ; 
O\lnN,7 Ox 


(53) 


4 J. R. Manning, Phys. Rev. 116, 69 (1959) 

2 See eg., A. D. LeClaire, in Progress in Metal Physics 
(Pergamon Press, New York, 1953), Vol. 4, p. 265; D. Lazarus, in 
Solid-State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, New York, 1960), Vol. 10, p. 120 
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where D,* and D,* are the values of D* for g and r 
atoms; and the mole fractions V, and N, of g and r 
atoms are given by V,=c,/(c,+c,) and V,=c,/(¢g+c,). 
The second term on the right in Eq. (53) is the term 
found by Darken,! while the first term on the right is 
an additional term which from the flow of 
vacancies. When the expression for B in Eq. (50) is 
substituted into Eq. (53), it is found that the ratio R 
of this term to the conventional Darken term is given by 


arises 


2 (we—wr) 
Rx- - 


(V,D,*+N,D,*) 
7.15 (D,*—D,*) (NgwetNywr) 


(54) 


In a previous paper," it was found that w,~4w, 
when V,~0.25 and D,*=~3D,*. It follows from Eq. 
(54) that R~0.36 in this case; and it appears in general 
that the vacancy flow term in Eq. (53) will not be 
negligible. Accurate measurements of the Kirkendall 
shift, (0 Iny;/d In.V,), D,*, and D,* in a given alloy 
would allow values of R and the magnitude of the B 
term to be determined experimentally. Unfortunately, 
data in the literature do not allow an unambiguous 
determination at the present time, since in all cases 
at least one of the above quantities has not been 
measured to sufficient accuracy. Such measurements 
should be quite possible, however. The expression for 
B in Eq. (50) is only approximate; but it certainly 
gives the proper sign and general magnitude. Thus, 
the flow of vacancies should increase the Kirkendall 
shift by a measurable amount. 


D. Chemical Interdiffusion Coefficient 


Darken' has also shown that, if an intrinsic diffusion 
coefficient D; for each species 7 diffusing in a chemical 
concentration gradient is defined by the equation 
(55) 


J = —D,(dc;/dx), 


where J; is the atom flux of species 7 with respect to a 
fixed lattice plane in the crystal, the chemical inter- 
diffusion coefficient D for interdiffusion of the two 
components g and ¢ in a binary alloy is given by 


D=N,D,+N,D,q 


(56) 


Values of D, and D, can be determined from Eq. (51). 
When these values are substituted into Eq. (56), one 
obtains 


D=(N,DA+N,D,*)[1+ (4 Iny,/d InN) ] 


2N,N, (D*— D,*) (wq— wr) 0 Iny; 
+ (1+ ), (57) 
7.15 N Wot Nw, 0 InN; 


The first term on the right in Eq. (57) is the familiar 
Darken term, while the second term is an additional 
contribution arising from the B term in Eq. (51). 

This additional term will usually be small but will 
not always be negligible. For example, if V,~0.25, 
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D*~3D,*, and w,~4w,, the ratio of this term to the 
Darken term equals approximately 0.07. 


E. Mean Atom Drift Velocity 


The mean atom displacement € of a diffusing atom 
is a quantity of interest in many diffusion experiments. 
In a cubic crystal, the rate of change of € as a function 
of time / can be expressed in terms of the effective 
jump frequencies by the equation 

Ox 
(58) 


=A DP voje COSHoj. 
ol j=! 


Equation (15) will be valid for any site neighboring on 
the tracer. Thus, 


(59) 


When values of f,;, vo», and G,; from Eqs. (37), (38), 
and (39) are substituted into Eq. (59) and use is made 
of Eqs. (43), (44), and (46), one obtains 


Ox d Inf 

=2D*\—"| A+B+3A é (60) 
al Ox 
where D* is given by Eq. (47). If distance is measured 
in lattice units so that A is constant, one finds from 
Eq. (47) 

d|InD* dlnv dlnf ' 

+ ; (61) 


Ox Ox Ox 


and, with 4 given by Eq. (48), one finds 


= D*| 2~B+ 
at Ox Ox 


(62) 


Ok d\InD* @ =] 


The mean atom displacement # can be determined 
experimentally from the profile of a layer of tracer 
atoms originally located on a plane perpendicular to 
the direction of a concentration gradient of non-tracer 
atoms. This can be compared with the value obtained 
when Eq. (62) is integrated over time and averaged 
over all tracer atoms.?""! In cases where [ (0 InD*/dx) 
— (0 Iny/dx) } is small, it may be possible to measure 
the B term in Eq. (62). 


5. COMPARISON WITH OTHER 
DIFFUSION EQUATIONS 
A. Le Claire’s Continuum Equation 


LeClaire,? using a continuum approach, has derived 
an expression for the atom flux J, 


cl (+) Oc O TS des 
ae —/ 2 rr 
' 
2r Ox OXN 2 


(63) 
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where r is the diffusion time. A similar expression can 
be obtained from the present atomistic approach. 
From Eqs. (45), (60), and (61), it follows to first order 
in small quantities that 


J=cdt/dt— D*dc/dx—cdD*/dx. (64) 

According to Eq. (5), a random walk calculation of 
(x*)ay/2r in a gradient leads to a term in (%)*/7 which 
may become infinite. This makes the interpretation of 
Eq. (63) in terms of atom jump frequencies or diffusion 
coefficients somewhat difficult. However, in the limit 
where 7 
r goes to zero and the number of jumps m goes to 
infinity, («°),y/27 as given by Eq. (5) reduces to D* as 
given by Eq. (47), where v=n,/r. The higher order 
terms ((i°)ay/7; («')av/7; etc.) in Eq. (63) also go to 
goes to zero. Therefore, Eqs. (63) and (64) 
agree in this limit. Since Eq. (63) is derived from a 
continuum approach, it should be most valid in this 
limit where 7 is very small. 

It may be noted, however, that the atomistic 
expression for 0Z/0¢ derived by LeClaire? is only 
approximate, since it neglects correlation effects and 
the effect of a flow of vacancies. Thus, LeClaire’s 
atomistic expression for 0Z/d¢ does not agree with 
Eq. (60) and his resulting expression for J does not 
agree with Eq. (49). 


goes to zero, (Z)*/ 7 also goes to zero. Thus, if 


Zero as T 


B. Lidiard’s Atomistic Equations 


A method proposed by Lidiard,* in which the various 
orientations of vacancy-impurity complexes are con- 
sidered in detail, can also be used to study diffusion in 
a gradient. When the same physical assumptions are 
made, Lidiard’s approach should lead to the same 
expression for J as does the present approach. Recent 
work" confirms this except for some numerical co- 
efficients. The difference in numerical coefficients arises 
the non-random return of which 
make dissociative wj, jumps is considered in the 
present paper, while in Lidiard’s equations it is not. 
This difference is not large in the face-centered cubic 
lattice. However, it becomes more significant in the 
non-close-packed _ lattices diffusion by 
interstitialcy mechanism. 

In the present method, the motion of a given atom 
is followed in detail. This allows 0Z/dt to be calculated 
directly without reference to a continuum equation 
such as Eq. (63). However, in Lidiard’s method, this 
is not possible, so an independent comparison of purely 


because vacancies 


or in an 


atomistic expressions for 0Z/d/ cannot be made. 


C. General Thermodynamic Equations 
Cross Terms 


Since the flow of vacancies depends on the flow of 
all the atom species in the crystal, G,; and B depend 
on the chemical potential gradients of all these species. 


R. E. Howard and J. R. Manning (to be publishe-). 
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As a result, Eqs. (49) and (51) for J; will not reduce to 
the simple form, 
J; —M (du 


Ox), (65) 


where yw; is the chemical potential of the diffusing 
species and M is a coefficient of proportionality. 
Instead, the more general equations, 


J i= —D i Mix (Oux/dx), (66) 


must be used, where ux is the chemical potential of 
species k, the M, are a set of coefficients, and the sum 
is over all the different atom species in the crystal. 
Equation (66) includes terms giving the 
dependence of the flow of type i atoms on the chemical 
potential gradients of the other species in the crystal. 
As LeClaire? has pointed out, the correlation factor 


cTOsSs 


itself can be absorbed in the constant of proportionality 
M in Eq. (65). Hence, in the absence of a flow of 
the 
successive atom jumps will not introduce any nonzero 
cross terms. However, if a flow of vacancies occurs, 
the cross terms will no longer be zero. Since the vacancy 
flow depends to a certain extent on the flow of i atoms, 
the vacancy flow also contributes to the diagonal term 
in Eq. (66). These additional cross and diagonal terms 
cause the equation for J; to differ from that assumed 
by Darken. 


vacancies, the correlation between directions of 


6. INTERSTITIALCY MECHANISM 


An analysis very similar to that above can be made 
when diffusion occurs by an interstitialcy mechanism. 
In this mechanism, an interstitial atom pushes one of 
its neighbors from a normal lattice site into an inter- 
stitial site and then moves into the lattice site itself. 
In such a jump, the interstitialcy (which is defined as 
the lattice imperfection resulting from the presence of 
an interstitial atom) moves in the 
the atoms. Thus, an atom flow toward the right causes 
an interstitialcy flow also toward the right. This causes 


same direction as 


interstitialcies to come up to an atom more often from 
the left than from the right and again leads to G terms 
which enhance the net atom flow. 

In the interstitialcy mechanism, only half of the 
jumps by a given atom (those from lattice sites to 
interstitial sites) are correlated to previous jumps, and 
these depend only on the immediately preceding jump. 
Thus, the concept of forward jump-correlated reverse 
Che calcu- 
as in the 


jump pairs seems particularly appropriate. 


lation of v, follows much the same pattern 
case of the vacancy mechanism and may be sketched 
After an atom has jumped from an inter- 
stitial site to a lattice site, there 


atom in proper position to cause a reverse jump. Thus, 


as follows: 


will be an interstitial 


for an atom jump 


the effective jump frequency v; 
from an interstitial site o to a lattice site 7 is given by 


s(1—P;,), 


Vioie VI (67) 


where P;, is the effective probability of occurrence of 
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a correlated reverse jump following an atom jump 
from site o to site j and vzo; is the basic jump frequency 
for a jump from an interstitial site 0 to a lattice site j. 
There is no G factor in Eq. (67), since one does not 
require an imperfection in a neighboring site to allow 
an atom to jump from an interstitial site to a lattice 
site. Also, there are no terms involving P?, P*, etc., 
since correlated jumps occur only in pairs. A fraction 
P,; of the jumps from a lattice site o to an interstitial 
site 7 will merely be correlated reverse jumps which 
cancel the effect of previous atom jump from interstitial 
site o to lattice site 7. Thus, the effective jump frequency 
Vioje for such a jump is given by 


VLoje— Goj¥ Lojp(1— Po), (68) 


where the factor G,; arises because interstitialcies may 
approach a lattice atom more frequently from one 
direction than another, and v ;,; is the basic jump 
frequency for such a jump. The total effective jump 
frequency vj, is then given by 


Voje— ViIoje + VLoje- (69) 


The number of lattice-to-interstitial jumps taken by a 
given atom must equal the number of interstitial-to- 
lattice jumps and | (1—G,,;)' <1. Thus, to first order 
in small quantities, 


Voje— ( 1— Ps 2) ( Vrojb t+ Goj¥1 eit) (70) 


where Py ;2= 3(P.j+Pj0). Also, Py;2= — (cos6’)ay, where 
#’ is the angle between successive interstitial-to-lattice 
and lattice-to-interstitial jumps in a homogeneous 
alloy having the composition associated with the point 
midway between sites o and j. For an interstitialcy 
mechanism, the correlation factor f, in such an alloy 
is given by® f-= 1+ (cos6’),,y. Thus, 1— Pyj2= fe. 
Equation (70) is very similar to Eq. (15), which 
applies for a vacancy mechanism, the main difference 
being the form of the correlation factor and the way 
in which G,; is contained in the equation. The calcu- 
lation of the atom flux and the mean atom displacement 


for the interstitialcy mechanism then proceeds in 
much the same manner as did that for the vacancy 
mechanism. 


7. APPLICATION TO OTHER TYPES OF GRADIENTS 


An electric potential gradient or temperature gradient 
across a crystal can also cause a flow of vacancies or 
interstitialcies. In fact, any external driving force that 
tends to make atoms jump more frequently in one 
direction can cause such a flow. Correlation effects in 
these cases can be treated in the same manner as in a 
chemical concentration gradient. In each case, if the 
correlation factor is a function of position, its value 
for a given atom jump will be that associated with the 
point midway between the initial and final atom posi- 
tions. Also, Eqs. (45) and (60) for the atom flux and 
mean drift velocity will be valid in these other cases. 
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However, for each type of gradient, the values of A 
and B must be determined separately from the effect 
that each gradient has on the various jump frequencies. 

If a vacancy or interstitialcy mechanism is operative 
a flow of vacancies or interstitialcies can be expected 
when a gradient or external driving force is present. 
Because of the G terms, this will introduce an additional 
driving force, tending to make the atoms move in a 
preferred direction through the crystal. In particular, 
it will drive the atoms in the same directions as that 
in which they were already moving under the action 
of the original driving force. Hence, it will enhance the 
effect of this force. 


8. SUMMARY 


Equations describing diffusion in a gradient were 
derived from an atomistic viewpoint. The displacement 
of an atom which results from a series of exchanges 
with a given vacancy was considered. This allowed one 
to distinguish between (1) correlation effects, which 
arise because the motion of the tracer atom itself may 
affect the probability of a vacancy being at the various 
sites neighboring on the tracer, and (2) vacancy flow 
effects, which are caused by the non-random motion 
of atoms other than the tracer. Approximate calcula- 
tions of the magnitude of the vacancy flow term 
indicate that the Kirkendall shift in a binary alloy 
will be significantly larger than is predicted by Darken. 
Also, the effect of the vacancy flow term on the chemical 
interdiffusion coefficients and the mean tracer displace- 
ment may in certain cases be large enough to measure. 

Equations (45) and (60) for the diffusion flux and 
mean drift velocity are quite general and can be 
applied to diffusion in many kinds of gradients. Their 
agreement with similar equations can be summarized 
as follows: Good agreement is found with a generalized 
form of Lidiard’s atomistic equations and with 
LeClaire’s continuum equation in the limit of this 
equation for very small diffusion times. However, 
additional terms arising from correlation and vacancy 
flow effects are found which are not present in LeClaire’s 
atomistic equations or in Darken’s continuum equa- 
tions. These additional terms can appreciably affect 
various measurable quantities. 
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APPENDIX 
A. Physical Assumptions to Evaluate A and B 


Equations (45) and (60) will be valid for diffusion 
in any type of gradient. However, the quantities A 
and B in these equations depend on the manner in 
which the gradient changes the various jump fre- 
quencies. In the present section, the effect of a chemical 
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concentration gradient on these frequencies will be 
considered. 

To first order in small quantities, the effect will be 
proportional to the difference between the compositions 
associated with the initial and final atom positions for 
a jump. Thus, if differences between the various non- 
tracer atoms are ignored, the jump frequency wy, for 
exchange of a vacancy on site g with an atom on site 4 
of species 7 is given by 


Wigh=Wighm( 1+ €; COSdy,), 
Wighm= Wigng | 1 +4, COSd gh), 


(Al) 
(A2) 


where wWygam is the value of w,,, in a homogeneous alloy 
having the composition associated with the point mid- 
way between sites g and h; wygsg is that in a homo- 
geneous alloy having the composition associated with 
the site g; «, and 6; are small quantities; and @,, is the 
angle between the line g-# and the direction of the 
gradient. If the gradient lies in the x direction, it 
follows from Eqs. (14) and (38) that 


A=6r—er+A(O Inv, Ox), (A3) 


where the subscript T refers to the tracer ion and JN, is 
the mole fraction of vacancies. In general, 


5;=4X(0 Inw,/dx), (A4) 


and in the case of a chemical concentration gradient, 
LeClaire finds,? 


Olny; O@lny, 
ae in( an a ‘), 
Ox Ox 


where y; is the activity coefficient for i atoms and y, is 
the activity coefficient for vacancies. If the concentra- 
tion of vacancies on the average is maintained at its 
equilibrium value, 


(A5) 


d Iny,/dx= —d InN, /dx. (A6) 

Equation (48) for A then follows in a straightforward 
manner.?-" Further consideration is necessary to derive 
an equation for B, however, since jumps by several 
different types of atoms will enter into this calculation, 
and an average vacancy jump frequency must be 
defined. 

In a binary alloy containing g and r atoms, the 
average frequency w,, for exchange of a vacancy on 
site g with an atom on site / is given by 


Wor =N giWagn tN riWrgn; (A7) 


where NV, and N,, are the probabilities that a g or r 
atom will be at site 4; and wag, and w,,, are given by 
Eq. (Al). For the most part, the composition of the 
plane containing site # will determine NV, and N,,. 
However, if the atom arrives at site h neighboring on 
the vacancy by being originally on site g and then 
exchanging with this vacancy, the probability that the 
atom will be a g or r atom will depend on the com- 
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position of the plane containing site g. The probability 
that the atom arrived at site 4 by this method is 
approximately 2~', where z is the number of nearest 
neighbors. Therefore, V,, and N,, in Eq. (A7) are 
given by 


Nax lao) Ny ts ie = Nin, (A8) 


where V,q and Nj are the mole fractions of 7 atoms 
on the planes containing sites g and 4. The approximate 
equality on the right arises since 2 will be much 
smaller than unity and Nj differs from Vig only to 
first order in small quantities. This approximation 
will not appreciably affect the final expression for B. 
To first order, 


Nin= Nim 1+3A cosd,, (0 In.V;/Ax) |, (A9) 


where V;, is the mole fraction of 7 atoms in a homo- 
geneous alloy having the composition associated with 
the point midway between sites g and /. 

In a binary alloy, 


ON, 0x= —ON,/Ox, (A10) 


and the Gibbs-Duhem relation for binary alloys gives 


0 Iny,/d InV,=0 Iny,/d InN,. (A11) 


Thus, Eq. (A7) reduces to 


WW gh = W' ghm( 1+ € COSO y) (A12) 


W 


where Wyrm is the value of w,, in a homogeneous alloy 
having the composition associated with the point mid- 
way between sites g and /, and 


(Waghm— Wrghm) 0 Iny; ON, dlny, 
1+ ; 
OlnN,7 Ox Ox 


“'ghm 


Similarly, 
(A14) 


Wghm= Wgag(1+6 cosdga), 
where wag is the value of w,, in a homogeneous alloy 
having the composition associated with site g, 
first order, 


and to 


6=}A(0 Inw (A15) 


Ox). 


B. Effect of Returning Vacancies 


It has been assumed that, even in the presence of a 
gradient, the effect of vacancies which leave site 7 and 
arrive again at some site neighboring on the tracer is 
the same as if a certain fraction had never left site 7 at 
all. This allowed the use of Eq. (9) to calculate the 
average tracer displacement. In this section, the effect 
of a gradient on these returning vacancies will be 
considered in detail, and conditions under which the 
above assumption is valid will be discussed. 

A gradient can change the probability that a vacancy 
which has made a w;, jump will effectively return to 
site 7. Three cases can be distinguished : (1) the vacancy 
actually returns to site j, (2) the vacancy jumps 
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directly to some other site & neighboring on the tracer, 
and (3) the vacancy jumps to a site p not neighboring 
on the tracer but subsequently arrives at a site k. 
Cases 1 and 2 can be treated to first order in small 
quantities. However, the treatment of case 3 is more 
approximate. 

First, let us consider those vacancies which after 
leaving site 7 return to this site itself (case 1). To first 
order, a uniform gradient will change the frequency 
with which a vacancy makes a given sequence 
of exchanges with non-tracer atoms by a factor 
(1+¢€> cosd,,), where « is the same for each jump 
and the summation is over all jumps in the sequence.’ 
For a sequence of jumps which starts and ends at the 
same site, 5> cosdy, equals zero, so in Eq. (7), 


WioY jn WiotY jpads (A16) 


where wjpy and Vjpay are the values of wj, and Vj,4 in 
a homogeneous alloy having the composition associated 
with the site 7. 

Next, let us consider those vacancies which after 
leaving site 7 arrive at some other site neighboring on 
the tracer. A case of particular interest is the face- 
centered cubic lattice, where it is possible for a vacancy 
to jump directly from one site neighboring on the 
tracer to another such site (case 2). In this lattice, the 
twelve sites neighboring on the tracer can be divided 
into three groups of four sites each, with all sites in a 
given group lying on a given (100) plane.’ For diffusion 
along an x axis normal to these planes, all sites in a 
given group are equivalent to one another, and jumps 
from one equivalent site to another can be treated as 
if they effectively did not occur. Thus, while jumps 
between nonequivalent sites contribute to vajo and wg,o, 
jumps between equivalent sites do not. Since jumps 
between equivalent sites are directed normal to the 
y axis, they are not affected by a gradient along this 
axis, and in Eq. (7) 


4 4 


2 WipY jpe= Z Wips Y jpes; 


p=1 p=1 


(A17) 


where Vjpey is the value of Vj,- in the absence of a 
gradient and the summation is over the four sites 
which are mutual nearest neighbors of site 7 and the 
tracer. In cubic lattices, diffusion will be independent 
of crystallographic direction, so Eq. (A17) will be 
valid regardless of the angle between the gradient and 
the (100) directions. 

Next let us consider those vacancies which jump from 
site 7 to a site p not neighboring on the tracer and 
subsequently return to some site & neighboring on the 
tracer When there is a gradient, the net 
tracer displacement per vacancy averaged over all 
vacancies can contain a small component normal to 
the line o-7. When the component is large, Eq. (9) will 
no longer be a good approximation. If the vacancy 
concentration at sites not neighboring on the tracer 


(case 3). 
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were by some means maintained at their equilibrium 
values (as is assumed, for example, by Lidiard*), the 
effect of the gradient on the vacancy distribution 
originating at site 7 would not result in a net tracer 
displacement normal to o-j, and the asymmetry in 
this distribution could be neglected. In real crystals, 
however, these equilibrium concentrations probably 
are not maintained, since this would require vacancy 
sources and sinks at every lattice point. Thus, this * 
matter should be considered further. 

If there is a strong attractive force between the 
tracer and a vacancy at a next-nearest neighbor site p, 
the fraction of vacancies which move from site j to p 
and then eventually to a nonequivalent site k may be 
large. Then the tracer displacement resulting from the 
asymmetry in the distribution of these vacancies may 
be large also, and the present treatment will be only 
roughly correct. On the other hand, if a vacancy at a 
next-nearest neighbor site is only weakly attracted to 
the tracer, the error introduced in Eq. (9) will be 
small. This is probably true in nondilute alloys. Also, 
this will be true for self-diffusion in a pure lattice or 
for diffusion of a dilute impurity which is very similar 
to the solvent atoms. The approximation in Eq. (9) 
will be particularly good in the diamond lattice where 
four jumps are required for the vacancy to move from 
one nearest neighbor site to another. 

If there is no strong attractive force between the 
tracer and a vacancy at a next-nearest neighbor site, 
Y jpay Will be considerably larger than the contribution 
to Vjpers from vacancies which have jumped to site p 
and eventually to a site &. Thus, no great error in the 
value of wg;. will be introduced if the small effect of 
the gradient on w;,}jp. is neglected and it is assumed 


l z—1 


pS WipY jpe zs Wjps V jpes- 


p=l p=] 


(A18) 
In this respect, it may be remembered that the summa- 
tion in Eq. (A17) is exact. 


C. Evaluation of G,; and B 
With the aid of Eqs. (A12)-(A18), Eq. 


rewritten as 


(7) can be 


‘ Pe e rR we ] 
WB jo7 > Wjpa| F ipa t (0+ €) COS; |, 


(A19) 
where 
F jpg =1— 


Y jas — Y peJ> (A20) 


Equations (19) and (20) are valid even in a gradient, 
and equations for wy;) pja and wy} pje can be written 
analogous to Eqs. (A16) and (A18). When Eqs. (A12) 
and (A14) are then used to evaluate Eq. (11), one finds 


Vajo 


z—1 
z=. { Vop@pjs[1 + (6—e€) COS; p | 


p=l 


bia N final. Ficgy + V per |} . (A21) 
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Equilibrium vacancy concentrations probably are 
not maintained near impurity atoms in the presence of 
a gradient. However, since va; is the frequency with 
which new vacancies come up to site 7 from other 
regions in the crystal, local perturbations in the 
vacancy concentration caused by the motion of the 
impurity will not affect vajo If the over-all vacancy 
concentration is maintained at its equilibrium value, 
the quantities V,; and V,, in Eq. (A21) thus can be 
replaced by their equilibrium values V,;, and Nypp 
in homogeneous alloys having the concentrations 
associated with sites j and p. 

Even when there is a vacancy-impurity binding 
energy, detailed balance requires 


N pjsWjps=N epsW pid, 


where .V,,, is the equilibrium concentration of 
vacancies on a next-nearest neighbor site in a homo- 
geneous alloy having the composition associated with 
site 7. Also, 


NoupP = N [1 + COSd;,(0 In, dx) |, (A23) 


pe 


so Eq. (A21) can be rewritten as 


0 InJ, 


6—e+X - ) cos6»] (A24) 


Ox 
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and (A24) substituted into 


When Eqs. (A19) 
Eq. (16), one finds 


are 


s—1 


, y Wjps COSP;p 
0 InN, p=! 
Goj=1+ {| A— -2«) 


Ox s—1 
bs 
es 
p=1 


WipsF ips 


It then follows from Eqs. (A6) and (A13) that in a 
chemical concentration gradient in a binary alloy, 
z—1 


Wg—Wr 
G.j~1+4( — 
Ww 
z. Wips OS p 


0 Inyi \ ON, »=1 
‘ ) ai 

OlnN;/7 Ox 2-1 
pO 


p=! 


(A26) 


WipsF jps 


where unnecessary omitted. 
[To first order, the quantities in Eq. (A26) can be 
taken as those in an alloy having the composition 
associated with site o.] If all wj,z are identical and 
equal the average frequency w, the sum in the 
numerator in cubic lattices reduces to w cos@,;. Also, 
the sum in the denominator reduces to weg, with all 
jump frequencies set equal to w. Values of wg can be 
found from Table I. Equation (50) for B then follows 
upon comparison of Eqs. (39) and (A26). 


subs¢ ripts have been 
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This paper gives new results that are useful in estimation of eigenvalues of Schrédinger’s equation. 
Numerical applications are made for the helium atom, an anharmonic oscillator, and a radial Schrédinger 


equation. 


I. INTRODUCTION 


LTHOUGH a given quantum mechanical eigen- 
value problem may not have known solutions, it is 
often possible to find similar problems which can be 
solved exactly. In this paper we show how such informa- 
tion can be used to estimate numerically the eigenvalues 
in the initial part of the spectrum of the given problem. 
Our procedures determine lower bounds to eigen- 
values. Upper bounds can be obtained satisfactorily by 
the well-known Rayleigh-Ritz procedures; however, 
without lower bounds no rigorous estimate of the 
accuracy of the calculation can be made. 

The procedures that we give are based on the method 
of intermediate problems originated by Weinstein! and 
extended and developed by Aronszajn.2 Some of our 
results have features in common with recent work of 
Weinberger.’ 

The theoretical foundations of our work are given in 
Sec. II. In Secs. III-VI various procedures are developed 
for obtaining lower bounds through solvable algebraic 
problems. In Sec. VII numerical applications are carried 
out for the helium atom, an anharmonic oscillator, and 
a radial Schrédinger equation. 


II. INTERMEDIATE HAMILTONIANS 


In this section we introduce the procedure of 
Aronszajn? for the construction of intermediate Hamil- 
tonians. This construction forms the basis of our 
procedures for determining lower bounds given in Secs. 


II-VI. 


* Part of this research was started while the authors were in 
the Institute for Fluid Dynamics and Applied Mathematics, 
University of Maryland, and was summarized in American Mathe 
matical Society Notices 6 (1959) and in the expository lecture of 
\. Weinstein, Proceedings of an International Conference on 
Partial Differential Equations and Continuum Mechanics, 
Madison, Wisconsin (1960). Also, parts were reported by the 
authors to the International Summer Symposium on Quantum 
Chemistry, Uppsala, Sweden (1960). This work was supported in 
part by the Department of the Navy under contract with the 
Bureau of Naval Weapons. 

1A. Weinstein, Mém. sci. math. No. 88 (1937 

2N. Aronszajn, Proceedings of the Oklahoma Symposium on 
Spectral Theory and Differential Problems, 1959 (unpublished 

}H. F. Weinberger, Institute for Fluid Dynamics and Applied 
Mathematics, University of Maryland, Technical Note BN-183 
1959 (unpublished), 


We consider Schrédinger’s equation 

Hy=Ey; (2.1) 
here H is a Hermitian operator’ with respect to the 
inner product (¢,w) given by (¢,~) =JS¢* dr. We 
assume that all continuous energy levels of H are 
higher than the discrete energy levels which we wish 
to estimate. We regard these lowest eigenvalues of H 
as ordered in a nondecreasing sequence, 


E,.<E:<:--, 


(2.2) 


in which each degenerate energy level appears the 
number of times of its multiplicity. An eigenfunction y,; 
corresponding to £;, satisfies 


AY =EWi, Wiws)=4i;, 
where 6,; is Kronecker’s delta. 

We assume that the Hamiltonian H can be written 
as the sum of two parts H® and H’ such that H® has 
known eigenvalues and eigenfunctions and H’ is positive 
definite® (but not necessarily small). That is 


H=H°+H’, 


(2.3) 


(2.4) 


and 


(W,H'p) - funy dr>0, (W#¥0). = (2.5) 


Further we assume that H® has ordered discrete energy 
levels 
EY<ES 


(2.6) 


below its continuous spectrum. We denote the corre- 
sponding orthonormalized eigenfunctions by y,°, and 
thus we have 


HY 2=EM?, 
Since H®°<H,® it follows’ that 


Ef<E,; (t=1,2, --*), (2.8) 

4 We actually require that 7 have a unique self-adjoint (hyper- 
maximal) extension in our Hilbert space. See T. Kato, Trans. Am. 
Math. Soc. 70, 195 (1951). 

5 The case that H’ is positive but not definite requires only a 
slight extension of the theory 

6 119<H means (y,H%y) < (W,Hy) for every y in the domain of H. 

7 These inequalities can be traced back to H. Weyl, J. reine 
angew. Math. 141, 1 (1912). See also T. Kato, Trans. Am. Math. 
Soc. 70, 212 (1951). 
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and consequently the eigenvalues of H® give rough 
lower bounds to those of H. 

The procedure of intermediate Hamiltonians links 
the dase Hamiltonian H® to the given Hamiltonian H 
by a sequence H* of intermediate Hamiltonians. These 
satisfy the inequalities 


H’< H*<H*'<dH, (2.9) 


and hence their eigenvalues give intermediate lower 
bounds to those of H. 

To define the Hamiltonians H* we temporarily 
introduce the scalar product [y,¢] given by 


(y,H’y) fous dr 


for every pair gw for which H’¢g and H’y are defined. 
Let pi, po, --:, be a sequence of linearly independent 
functions in the vector space with inner product [y,¢ ]. 
The projection P* of an element ¢ in this space on the 
span of pi, po, +++, px is given by 


[ye] (2.10) 


P* o= > api, (2.11) 


where the constants a; must satisfy the equations 


[pi,P*el]=[biel]=2 ad pips), 


=] 


(j=1, 2, ---, &). 


, 


Since the projections P* become larger as 
creased we have 


0<L[¢,P¥e]<le,Pel<Le,¢], 
(k=1, 2, ---), 
or equivalently, in our original space, 
0< (¢,H’P*¢)< (¢,H’P*¢)< (¢,H’¢), 
(k=1, 2, ---). 


By combining (2.11) and (2.12) we may write 


(2.15) 


, 
H' P= ¥ (H'pi,e)bisHl' pi, 


where the numbers 6,; are the elements of the matrix 

inverse to that with terms [p;,p; ]. From (2.14) we have 

H’P*< HP! <H’, (k=1,2, ---) (2.16) 

We now define the intermediate Hamiltonians H* by 

H*=H°+H’'P*, (k=1,2,---). (2.17) 

It is clear from (2.16) that these satisfy the desired 

inequalities (2.9). If we could solve the eigenvalue 
problem for H*, i.e., 


H)= Ey, (2.18) 


AND D. W. 


FOX 


to obtain the ordered eigenvalues £,* and the corre- 
sponding eigenfunctions y,;* in the lowest part of the 
spectrum, we would have from (2.9) 


\ 


EP< EF <EX*<E; (¢. k=1,2.-- -). (2.19) 


Although the solution of this problem can be accom- 
plished quite generally,’ the form of the result is not 
suitable for most applications. The remainder of this 
paper is devoted to procedures which overcome the 
difficulties in the applications. 


III. METHOD OF TRUNCATION FOR 
INTERMEDIATE HAMILTONIANS 


In this section we introduce new Hamiltonians H'* 
which for each / are smaller than the corresponding 
intermediate Hamiltonians H*. These Hamiltonians 
increase whenever the index / or & is increased and thus 
give improvable lower bounds for the initial eigenvalues 
of the given Hamiltonian 7. Furthermore, these new 
Hamiltonians have the important property that their 
eigenvalues and eigenfunctions are determined from 
the solutions of algebraic problems that involve only 
the known eigenvalues and eigenfunctions of H® and 
the arbitrarily chosen functions p,. 

First define the Hamiltonians H'° by 


I l 
H\W=V WP WEWi+ Eu YY-Lv vv], 


i=1 


These Hamiltonians, called the fruncations of H° of 


order |, satisfy the inequalities 


H'°<H'H°<H, (i=1, 2, 


(3.2) 


These inequalities are easy to verify if the spectrum 
of H® consists of bound levels only that diverge to 
infinity with no finite limit points, for then we have 


r 


t 
YL Y)=d E?| WOW |?+ Eu? L 


i=] i=1+1 


(WoW) |? 


wl 


SD E?| WW) P+En? DL | Ww? 


=H), (=1,2, ++), 


and 
(YY) <> E9| WoW) \?=(V,HY), 
i=! 
(J=1,2---). (3.4) 


In more general cases the proof follows’ from the spectral 
theorem. 
The Hamiltonians H'* are now obtained in terms of 


8 For this and other mathematical details relating to Secs. II, 
III, and V see the paper of the authors in J. Research Natl. Bur. 
Standards 65B, No. 2 (1961 
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H'° and H’'P*, The defining equations are 
H'k= H+H'Pk, (k,l=1,2,-++). (3.5) 
According to (3.2) and (2.16) we have the inequalities 
, HC HAS H*<H, (k, J=1,2,---), (3.7) 
anc 


HRS HM < HLH <H, (bk, 1=1,2, +++). (3.8) 


These imply that the lowest ordered eigenvalues of H'-*, 
denoted by £;,'*, satisfy the parallel inequalities 
E?* <E!H "<< EF< Ej, (i, ki l= a 2, ove -), (3.9) 


and 


E}*<E}"<S E(t, k, l=1,2,---). (3.10) 


We now show how the eigenvalues and eigenfunctions 
of H'* may be determined. Let us make the preliminary 
observation that according to (2.11), (2.12), and (3.5), 
H"* is given by 


R 
H y= HY+>, ad’ pi, (3.11) 
l=1 





~ da 
= |= EE 
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(V.°,H' bib? 
|. acme, 


EQUATION 


where the constants a; satisfy the conditions 


k 


Y «,(H'p;,p)) = (Hpi) 


i=1 


(j=1,2,---,k). (3.12) 


The eigenvalue equation for H'* has the form 


HY — Ey=fi, (3.13) 


with f; given by 
k 
fr=—> aH’ py. (3.14) 
i=l 
The complete solution of H':-4)= Fy is obtained in the 
following steps. 
First, if E is not an eigenvalue of H'° 
to (3.13) is given by 


then the solution 


t (Ye, ys" 
y=)>_ : 


(3.15) 
v=l EF; o_ 


When the expression (3.14) for f;, is inserted, we have 


H Wp D (W.",H’ paw” 


pul roe 


(3.16) 


EF. 9—-E f 


The constants a, are now determined by substituting this expression for y in the relation (3.12). This gives the 


set of k homogeneous equations for the a’s, 


t (y," A'p)(H'p, v,°) 
aa 


sahil 
Laid (p; Mp) +d a" 


) 
xy,’ Hp) (H' pi’) | 
1 


v= 


) = () (j 
Euv—E 


1,2,---,&). 


In order that (3.17) have a nonzero solution it is necessary and sufficient that E be a solution of the equation 


( 


oH i) (H'p;, 
det (nH) — saa 


For each such solution £ of (3.18) that is not equal to £,°, E;°, 


- rh ps) 


= WH'p) (H' piy,") 
an 


— —_—— }=0. 
Euf—E } 





(3.18) 


, Eu,1°, there are n linearly independent sets 


of a’s which satisfy (3.17), where n is the nullity of the coefficient matrix displayed in (3.17) at the root Z. From 
Eq. (3.16) these yield m linearly independent eigenfunctions of H'*. 


Second, we investigate whether H'-* has any of the eigenvalues Fy’, £2", 
E,° of multiplicity r, to be an eigenvalue of H':*, we must have, in addition to (3.1 


, E? of H°. For any one, suppose 
2) and (3.13), that f; be orthog- 


onal to each eigenfunction of H'° corresponding to £,". If for the moment we designate these eigenfunctions of 


H'® at E.° by ¢1, ¢2, °°°, 


k 
> ai(¢;,H’ pi) =0 


i=l 


¢r, then the orthogonality condition is expressed by 


(j=1, 2, -+:, (3.19) 


If this condition is satisfied, then each eigenfunction of H'* corresponding to £,° is of the form 


k 


l ("Hpi 
o--700 > gle 


(i. E°—E,° 


Wok (W.°,H'p, | 


) 
| 
| 
| 


v= 


Eu.1° — f,° 
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where the sum 3)’ is taken over all indices » for which E,°*E,°. For each such eigenfunction ¥, the constants 
a; must satisfy the relations (3.12) and (3.19). In full, these are 


> ais (p;,H’p)+LD’ 
i | val E,°— E,° 
and 
5 


> ai( 95-2,’ pi)=0, 


i=l 


(g=k+1, k+2, 


I 
1 WH’ pi)(H' pia) HDi P-L WH pi) (Hpi) 
7 juiesitineennanan . — — ; 


v=1 


Fix’ Eo’ 


see, k+r). 


Thus the necessary and sufficient condition for E,° to be an eigenvalue of H'* is that 


1 (W,",H’p) (Hpi) 
(p;,H’p)+D’ | 
| . k-— E,° 


(Pj x, p;) 


The number of linearly independent solutions of Eqs. 
(3.21) and (3.22) is just 
played in (3.23). It 


the nullity of the matrix dis- 
been shown® that linearly 
independent solutions of these equations yield linearly 
independent eigenfunctions (3.20) of H'*. Thus by 
examination of each distinct eigenvalue in the sequence 
E}’, E.°, -, E? we determine those which are also 
eigenvalues of H'* and 
functions. 


has 


the corresponding eigen- 


So far we have determined all of the eigenvalues of 
H'.* that are not equal to £,,,°. These are, of course, 
finite in number and multiplicity. 

We observe that all of the eigenfunctions of H'* 
corresponding to eigenvalues different from Eu, are 
given by (3.16) and (3.20), and these are linear com- 
binations of the functions y,° (v=1, 2, ---, ) and H’p, 
(t=1, 2, ---, Rk). As a consequence there can be at most 
1+k such eigenfunctions. 

Finally, we note that by the application® of a theorem 
of H. Weyl, H'* can have no continuous spectrum, and 
further it must have £;,;° as an eigenvalue of infinite 
multiplicity. The eigenfunctions corresponding to F1,,° 
are all functions orthogonal to the eigenfunctions of the 
form (3.16) and (3.20). 


SUMMARY 

The eigenvalues and eigenfunctions of H'* are found 
in terms of the quantities (¥,°,H’p,), (p;,H'p,), 
(H'p;,H'p;) and the functions H’p; and y,° (i, 7=1, 2, 
+++, k; v=1, 2, ---, /). The procedure is as follows: 

(1) Calculate the roots of the determinantal equation 
(3.18). For those which are not eigenvalues of H'° 
calculate the linearly independent solutions of (3.17). 
By means of (3.16) calculate the corresponding eigen- 
functions of H'*. 

(2) If there are less than k+/ eigenfunctions deter- 
mined by (1) then for each distinct eigenvalue of H'° 


(H' Pini 


0 
that is not equal to £:,,° check to determine whether 
(3.21) and (3.22) have nontrivial solutions. For those 
for which nontrivial solutions exist, compute the corre- 
sponding eigenfunctions of H':* by (3.20). 

(3) Note that £:,,° is an eigenvalue of H':* of infinite 
multiplicity and has every function orthogonal to 
those eigenfunctions found in (1) and (2) 
function. 

To obtain the lower bounds, order the eigenvalues of 
H'* that lie below £,,;° in a nondecreasing sequence: 


as an eigen- 


<i, (3.24) 


in which each eigenvalue is repeated according to its 
multiplicity. These then give lower bounds by the 
fundamental inequalities 


E}"*<E,, (é#=1,2,---, 1 3.25) 


and 


The procedure just given is not the only one available 
for determining the eigenvalues and eigenfunctions of 
H':*, Another equivalent procedure is based on the 
observation of W. Bérsch-Supan that the finite-dimen- 
sional space SM generated by the eigenfunctions y,° 
(v=1, 2, ---, 1) and the functions H’p,; (i=1, 2, ---, k) 
reduces the Hamiltonian H'*. This allows determina- 
tion of the eigenfunctions of H'* lying in MW from a 
linear algebraic eigenvalue problem of order k+/ for 
one symmetric indefinite matrix relative to another. 

To demonstrate this we start from an expression of 
the eigenvalue equation for H'* in terms of the vectors 
y,. and H’p;, 


l 
YD (WW) (E!— En Wo+ ¥ (A piw)bi 
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Take inner products with the functions y,° and H’p,, 
let (V9 W)(E°— Eny)=y (v=1, 2, ---, 1), and let 
Dd int*(A’ piW)bini= (v=l+1, 14-2, ---, 14k). The 
resulting system of equations has the form 
k+l 
yt¢ ‘mo —(z~ Eu, )Dy} =(), 
vel 
(u=1,2,---,&+), 
(Y.",' p.1) ) 
(H' py 1,H'p,)7 


where 


Ou 
(C,)= ( 
(H' py-iWr") 


and 


(3.30) 


5 yr/ (EY En1°) 0 
D.)=( ). 
0 (H’ py-1,Pv-1) 


For the eigenvalues / of the problem (3.28) which 
are not equal to £),,°, the corresponding eigenfunctions 
of H'* are obtained from (3.27) by solving for y. The 
resulting expression is 


l l+ 
v=(Dyd + O vH'pd/(E-Eu). (3.31) 
= =l+1 


v=] y=l+ 


One can show that (3.31) gives a one-to-one corre- 
spondence. As before, /1;,° is an eigenvalue of infinite 
multiplicity. 

Still other procedures for the solution of the eigen- 
value problem for H'* can be found by considering the 
eigenvalue equation in the form 

H’ Pt (Eu. — E)y= (Eu — Hy, 
and then inverting the Hamiltonian H’P*+F,,.°—E. 
The resulting matrix problems are similar to (3.17) 
but of order /. Details of these procedures will not be 
given here. 


(3.32) 


IV. ANOTHER METHOD OF TRUNCATION 


The procedure of Secs. II and III may be modified 
in the following way. We observe that under the 
assumptions (2.4) and (2.5) the Hamiltonian H can 
be written as 


H=H'°+{H—H'}, (l=1, 2, ---), (4.1) 


where the difference H—H':° is positive. This difference 
provides a means to construct Hamiltonians inter- 
mediate between H'° and H. 

Following the development of Sec. II, we introduce 
the scalar products [y,¢]; (/=1, 2, ---) given by 


V,eh=(, {H—H'"}¢). 


We let P;* denote the projection with respect to these 
scalar products on the span of the arbitrary functions 
pi, po, ***, Pee New intermediate Hamiltonians Aue 
are given by 


(4.2) 


Ahk = H+ (HH) Pe, (4.3) 
Since 


I9< Ak AU < Hy, (4.4) 
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we have the corresponding inequalities for the ordered 
eigenvalues E,!*, Ey'*, --- of H'*, namely, 
EX< Es! < Es <E,, -,2) (4.5) 


and 


Eu i° _ 


Bi FHS RPMM<CE, (¢=1+1,142,---). (4.6) 


As in Sec. ILI, the eigenvalue /;,;° appears as an eigen- 
value of A'* with infinite multiplicity. 

The procedures for finding the eigenvalues and 
eigenfunctions of H'* are identical with those of Sec. 
III. In fact, one may simply replace H’ by H—H!?, 
wherever it appears in the final formulas of that section. 
We observe, however, that 


(p,°, {H— IT! °} D,) (WH p+ ( {H°—H' OY," 2s) 


=(¥,,H'p,), (4.7) 


for v</. Thus the only inner products that must be 
computed in order to determine the eigenvalues and 
eigenfunctions of H'* are ({H—H'}p;, {H—H"} p,), 
(p;, {H—H'°}p,), and (y,",A’p,) for i,j=1, 2, --+, k 
and y=1, 2, -;-, 1. 

The Hamiltonians H'* (and also the H* of Sec. II) 
have the property that they agree with H on the span 
of the functions fp, po, -+-, px; that is, 


H'p,=Hp;, (i=1, 2, ---, R). (4.8) 


Thus if an eigenfunction y, of H is one of the p,’s (or 
included in their span) then it will be an eigenfunction 
v'* of H-* with E, as the corresponding eigenvalue. 
There is in general no guarantee that EF, will be the 
vth ordered eigenvalue of H':*. Nevertheless, one can 
show that if H is a Hamiltonian having bound states 
only and £, is less than the first limit point of the 
spectrum of H°, then there exist intermediate Hamil- 
tonians H'* (of sufficiently high order / and k) which 
have 
») (4.9) 
and 
RMt=E;, (i=1,2,--+,v). (4.10) 
The same results hold for the Hamiltonians H* of 
Sec. II. 


V. LOWER BOUNDS BY CHOICE OF ELEMENTS 


We introduce another method for determining the 
spectra of the operators H* previously defined. This 
method depends on special choices of the elements p; 
that determine the Hamiltonians H’P* and generalizes 
an earlier method? so that it applies to a far wider class 
of problems. 

We suppose that it is possible to choose elements p; 
(i=1, 2, ---, Rk) such that the relations 

. 


H'pi=D Bi’, (7 i es -++. RB) 


—~ 
v=] 


(5.1) 


°N. Bazley, Phys. Rev. 120, 144 (1960). 
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are satisfied; that is, functions p; can be found such 
that each of the quantities H’p; can be expressed in 
terms of a finite number JN of eigenvectors of H°. The 
number NV must, of course, depend on &. 

Using the expressions (2.15) and (2.17) and the 
relation (5.1), a Hamiltonian H* takes the form 


k N 
HY=HY+ DL WwW) Bu*bi Bi”. (5.2) 
i, j=l v=) 

Equation (5.2) permits the determination of the eigen- 
values and eigenfunctions of H* by inspection. In fact, 
if y is such that (y,°w)=0 (v=1, 2, ---, N) then from 
(5.2), H*~=HY. This shows that each eigenfunction 
¥-° of H® not used in the relations (5.1) is an eigenfunc- 
tion of H* with the same energy £,°. The remaining 
eigenfunctions of H* must be of the form 


(5.3) 


v=L ww. 


When this expression for y is inserted in (5.2), the 
equation H*)/= Fy leads to the equivalent algebraic 
system, 

N k 

+2 v-{ = Bis*b; 8 jut (E, — E)6,,} = 0, 

y=) i,7=l 


(u =1,2,--- N). (5.4) 


Thus the determination of the eigenvalues and eigen- 
functions of the Hamiltonian H* is reduced to a matrix 
eigenvalue problem. 

When all of the eigenvalues of H* determined above 
are ordered in the usual way according to magnitude 
and multiplicity, then the lower bounds are obtained 
from the inequalities 

EF<E;, 


(t=1, 2, ---). (5.5) 


Often relations (5.1) are obtained with p,=y,° from 
a recursion relation among the functions y,°. In these 
cases the Vth order Rayleigh—Ritz upper bound com- 
putation based on the trial functions ¥,°, 2", ---, yy? 
leads to an eigenvalue problem closely related to that 
stated by (5.4). In fact, the coefficient matrix displayed 
in (5.4) differs from that of the Rayleigh-Ritz matrix 
only in the terms for which yw and » are both greater 
than k. 

The method of this section is applicable in the 
estimation of the eigenvalues of the spheroidal wave 
equation,” anharmonic oscillators," and many other 
similar examples. 


VI. SUM OF TWO SOLVABLE HAMILTONIANS 


In those cases in which H is decomposable into two 
Hamiltonians, 


H=—+H’, (6.1) 


yns in this case have been made by W. 


© Numerical applicatic 
Bérsch-Supan 
1 See Sec. VIT. 


AND D.. W. 


FOX 


each of which has bound states before the appearance 
of continuous spectrum, it is quite easy to use the 
methods of the previous sections singly or in combina- 
tion to obtain lower bounds. Here we have 

HW? . ENS, (= 1. 2, coed (6.2) 
and 

Hy = E,, (= ee es F (6.3) 
We suppose that E,’>0.” 

A first procedure uses the method of truncation of 
Sec. III without modification. We take p;=y,’ 
(i=1, 2, ---, &). Then since H’p,= Ay ,/=E'y,’, the 
only terms to be computed in (3.18) and (3.23) or 
(3.29) and (3.30) are 


(v9 ‘), 


A second procedure depends on truncating both H° 
and H’. That is, we replace H by the sum of the trun- 
cations of H® of order / and of H’ of order k. This will 
always give better bounds than those of the procedure 
just outlined. After truncation the eigenvalue equation 
becomes 


(§=1,2, +++, R5y=1,2,-75,0). OA) 


k 
(H+ Ey.) \W— Ev=—¥ a;(H’— Exss')Wi, 


i=] 


(6.5) 


where the constants a, satisfy the equations 


~ 
> ai (HW! — Fess Ws Wi) = (CH — Engr, W), 
i=! 

j=1, 2, -+-,k). 


(6.0) 
These equations are of the same form as (3.12), (3.13), 
and (3.14) and thus can be solved by the techniques of 
Sec. III. Again the only inner products to be calculated 
appear in (6.4). We note that Fy41°+ Fy.’ appears as 
the eigenvalue of infinite multiplicity. 
A third procedure uses truncation in order to obtain 
a special choice. We replace the Hamiltonian H by the 
sum of H® and the mth order truncation of 1’, which for 
convenience we designate by H,’. The eigenvalue 
problem 
A, = (P+H,'P* yy 


ky, (6.7) 


in which P* is the projection on the span of pi, ps, «++, Pe 
with respect to the inner product [y,¢],=(¥,H,’¢), 
gives lower bounds. It is now easy to use the special 
choice 


H,'pi=v?, (i=1,2, ---, b). (6.8) 


In fact, the elements p; are given by 


vi —L We’ Po’ 
2 Wie | 
p= ———-+ . (6.9) 
: o=l EK, Eau 1 
2 Tf E,’<0, we replace H® by //°—c and H’ by H'+c, where c 
is a real constant greater than — /;’, and proceed as above. 
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The solution of the eigenvalue problem for H,* is then 
obtained from the results of Sec. V. Here N=k and 
Biv=by (4, v=1, 2, +--+, k). Those eigenvalues that cor- 
respond to eigenfunctions y of the form 


k 
v=L wy” (6.10) 


v=l 


are obtained from the solution of the algebraic problem 


E 1 (E2—E)intb,}=0, (u=1,2,-+-,k) (6.11) 
l 


where 6,, is an element of the matrix inverse to that 
with terms (y,°,p,). These inner products have the 
form 


Gon n 1 
"43 (—-—— 
‘ o=l “a un+1 


) (Po' yr") (Wy Wo’ ), 


(vy, p= 1,2, -+-,). (6.12) 
We note from this that the only inner products to 
enter the computations are (y,",y.’) (=1, 2, ---, ; 
y=1, 2, ---, &). Further, each y, for »>k remains as an 
eigenfunction of H,* with the corresponding eigenvalue 
E,°, and the continuous spectrum of H/,* is the same 
as that of Hf. 


VII. APPLICATIONS 


In this section we present several examples that 
illustrate the methods of Secs. II and V. The calcula- 
tions are of quite limited scope, for the most part having 
been carried out by the authors on a desk calculator; 
nevertheless, the numbers may have some interest of 
themselves. 


A. Helium Atom 


The procedures of Secs. HI and IV can be used to 
obtain lower bounds to ground- and _ excited-state 
energies in many-electron atomic systems. However, 
here we limit ourselves to a simple hand computation 
for a lower bound to the ground-state energy of the 
helium atom. Our result gives the best lower bound so 
far obtained directly by intermediate problems. 

We restrict ourselves to S states of parahelium. The 
Hamiltonians H® and H’ in atomic units are given by 


HY = —1AW—4Aw— (2/r)¥—(2/r2)¥, (7.1) 


and 


H'p= (1/r)y, (7.2) 


where r; and r. denote the position vectors of the 
electrons, r;=/r;! (¢=1, 2), rro=|ri—re!, and A, is 
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the Laplacian operator in the coordinates r; (¢=1, 2). 
The lowest part of the spectrum of H consists of ordered 
bound states,’ F;< Fo<--- 

As is well known, the lowest ordered eigenvalues of 
H® are given by 


E§=—2(1+1/7*), (¢=1, 2, --- (7.3) 


with the corresponding eigenfunctions, 
y/=(1 4dr) Rio(r71)Rio(r2), 
W2= (1/4arv2)[ Rio(r1) RR io(r2) + Rio(r2)Rio(n1) |, 


(7 2 3 


95 


(7.4) 


where Rj, is the normalized hydrogen radial wave 
function for zero angular momentum. Between —2 and 
zero, H° has infinitely many bound states in addition to 
continuous energy levels which extend from —2 to 
infinity. 

We consider first the lower bounds given by the 
operator H' for two choices of p;. For p; given by 
(7.5) 


pi= (a ‘ea lritre) | 


Eq. (3.18) becomes 


The lower bound for /:), given as the smallest root of 
(7.6), is maximized for a near 1.5. For a=1.5 we have 
—3.29<F,, —2.5<E (7.7) 


a “89 (7 
For p; given by 


pi= (6 1 )rye78 sch (7.8) 


Eq. (3.18) becomes 


2!8[ 88/(2+ 8)” 1—2)5{ 


—4— I 


Here the optimum lower bound is found near B=/5. 

For B=+/5 we find 

—3.03<F,, —2.50<F;, (=2,3,--- (7.10) 

We improve these bounds by solving the eigenvalue 

problem for the Hamiltonian H??= H?°+H’'P?, where 

” denotes the projection (2.11) on the span of the two 
vectors 


pi=[(1.5)3/e Je 5 (7.11) 


’ (7.12) 


po=[5/5)/a Irie expl — (5)! (ri +92) J. 
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Equation (3.18) becomes 


1.057078102 0.002938082 ' 
0.937500000-+—— rs 
—4-—E —3—E 


0.439983816 
—20/9-—E 


1.018593688 0.004393440 
888014669+ ‘ i‘ 


—4—E —$-E 


! 


0.013788862 |! 
2. . | 
—20/9-—E 
We determine the lower bound to £; as the first root 
of (7.13) and obtain 
— 3.0008 < Fy. (7.14) 


The combination of (7.14 
bound gives 


with a well-known upper 


— 3.0008 < E, < — 2.9037. (7.15) 


In order to obtain a useful lower bound for £, it would 
be necessary to consider at least the Hamiltonian H*:*. 

In an earlier paper’ the solution of a third-order 
intermediate problem by use of a special choice of the 
elements p; gave the poorer estimate — 3.0637 < F). One 
expects that calculations using the method of Sec. IV 
will yield further improvements. 


B. Anharmonic Oscillator 


We treat the well-known problem of estimating the 
eigenvalues of an anharmonic oscillator. Our procedure 
here is the generalized special choice of Sec. V. We 
consider the ordinary differential equation 


—dy/dxr+aytey=hy, (7.16) 


where «>O and y is square integrable on the infinite 
interval For simplicity we restrict our 
attention to the symmetry class of even solutions. 

We take 


—o<*4< @, 


Hy — Py /dx?+xy (7.17) 


H'p= ex). (7.18) 


The even solutions of H°~=Fy are the well-known 
linear oscillation eigenfunctions 


¥P=C, exp(—27/2)H2:-2(x), (t=1,2,---), (7.19) 


where C,=2'-*{(2i—2)! 9“ and H,(x) is the mth 
Hermite polynominal. The corresponding eigenvalues 
are 

Ef’=4-—3, (4#=1,2,---); (7.20) 
so that we have the rough lower bounds 


4i—3<E;, (i=1,2, ---). 


| 0.888014669-+-— + 


0.978279740+ 


AND D 


1.018593688 0.004393440 


—4-E —3-E 
0.013788862 
-20/9-—E 
0.981510355 0.006569699 
—1-F 5— Ff 


0.011919946 


— 20/9— fk: 


The generalized special choice, 


N 
H'pi=L Bi, (i=1,2,---,k) (7.22) 
can be satisfied by taking p;=y,° and using a recurrence 
relationship among the Hermite polynomials. In fact, 
we have 
xy P= (21—2)(27—3) (27—4) (27-5) (C 

+ (27—2)(2i—3)(41—5) (C/C; 

+ 3(87?—12i+5)¥.°+3 (47-1) (Ci/Cu iWin” 
’ y 0 


F76(Ci/Cipo)Pize”, (7.23) 


k+2. The 8; matrix of 


ay 4 


so that .\ 
and is given for 7,v 


5.1) is symmetric 
, 5 by 


2 


3 6v2 21/6 0 0 
6v2 39 28v3 Oy 10 0 
Bi=4)2,/6 28v3 123 $,/105 |. 
QO 6/10 224/30 604/14 
LO 0 4/105 435 


224/30 (7.24) 
S55 


O00 14 


For k=3 the lower bounds are determined by (5.4) 
from the eigenvalues of the linear system 


¥ v.{(40—-3-E Oru 1 hyp? 0, u=1, 2, 
van) 


where 
3 6v2 
6v2 39 
21/6 28v3 
0 OV 10 
L O O 


24/6 0) QO | 
28v3 64/10 0 | 
123. 224/30 44/105 
22/30 192 24y/ 14 
4/105 24/14 48 


(try) . (7.26) 


When the eigenvalues of (7.25) are ordered with the 
eigenvalues 21, 25, 29, which persist from H® to 
form the ordered sequence £,'</ 
inequalities 


-, we have the 


ES®<E;, (4=1, 2, 
Upper bounds given by the Rayleigh Ritz procedure 


based on the trial functions y;°, W.", -, Ws’ are the 
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ordered eigenvalues of 


5 


a,{[4v—3—E]6,,+6€8,,}=0, (u=1, 2, 3, 4, 5). 


v 


(7.28) 


We note again that the Rayleigh—Ritz matrix differs 
from the matrix displayed in (7.25) by the 2-by-2 lower 
right-hand corner only. 

Our numerical estimates for the first five eigenvalues 
are listed in Table I. 

Figure 1 shows our estimate for £, together with 
those of first and second order perturbation theory.” 


TABLE I. Upper and lower bounds for eigenvalues of an anhar 
monic oscillator. For each value of ¢« from 0 to 1.0, the Rayleigh 
Ritz upper bounds are listed above and our lower bounds below. 
The lower bounds marked with an asterisk are those which persist 
from the base problem. 


€ Ey E> E Ey E; 
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0.0 1.000000 
1.000000 


1.065286 
1.065278 


1.118293 
1.118255 


164055 
.163987 


.204848 
204738 


241957 
.241746 


308110 
307324 


338096 
336760 


366442 
364349 


393371 
390301 


5.000000 
5.000000 


5.748178 
5.746596 


.278820 
.260404 


6.979830 


400376 
258083 


~~ 


694107 
505763 


“I~ 


.965074 
732038 


~=~ 


8.218847 
7.942661 


8.459408 
8.141353 


8.689663 
8.330586 


9.000000 
9.000000 


11.10038 
10.95333 


2.48016 
2.22585 
13.67853 
13.25990 


14.82828 
14.03037 


15.96821 
14.55430 


17.11054 
14.90630 


18.25889 
15.15526 


19.41390 
15.34432 


20.57519 
15.49781 


21.74203 
15.62953 


13.000000 - 
13.000000 


17.51524 
16.17279 


21.87339 
16.90845 


26.41021 
17.64313 


31.03013 
18.63119 


35.69220 
19.88068 


40.37815 
21.00000* 


45.07885 
21.00000* 


49.78925 
21.00000* 


54.50637 
21.00000* 


59.22833 
21.00000* 


17.000000 
17.000000 


30.94592 
21.00000* 


45.99933 
21.00000* 


61.16365 
21.00000* 


76.36088 
21.00000* 


57225 


1. 
1.00000* 


9 

2 

106.7910 
21.31832 


122.0141 


22.87292 


137.2399 
24.49895 

152.4676 
25.00000* 


167.6966 
25.00000* 


To the scale of this graph our upper and lower bounds 
are indistinguishable. Figure 2 shows our upper and 
lower bounds for £2. 


C. Radial Schrodinger Equation 
As our final example we give an application to a 
radial Schrédinger equation. Our example demonstrates 
a useful modification? of the method of truncation 
developed in Sec. III. 
18 See, for example, FE. C. Titchmarsh, Eigenfunction Expansions 


{ssociated with Second-Order Differeniial Equations Clarendon 
Press, Oxford, (1958), Part IT. 


QUATION 


07 08 O9 10 


Fic. 1. 


Estimates for the first eigenvalue of 
an anharmonic oscillator 


We consider the equation 
— dy /dx?—2[(1—e~**) /x p= Ep 


on the interval 0<x*< © for a and z real and positive. 
The potential —z(1—e~**)/x behaves like the Coulomb 
potential —z/x for large values of x, while near the 
origin it approaches —az. Furthermore, the potential 
differs from that of the hydrogenic wave equation by 
the positive term ze~*?/x. 

In our treatment of (7.29) we are interested in the 
bound states only. We fix the energy & and take the 
charge z as the eigenvalue. The numerical results of such 
calculations (done in sufficient detail) may be inverted 
to give energy eigenvalues as a function of charge. The 
advantage of taking z as the eigenvalue is that it 
eliminates the continuous spectrum. 

We put E=—x? and introduce the transformations 


(7.29) 


g(t)=C V(b), (7.30) 


t= 2x, 


so that (7.29) becomes 


dfdg\ (+1 
——j — J+ ¢ 
dt dt 4f 
where n= 2/2kx. Equation (7.31) is an eigenvalue problem 
of the form 


w(1—e-#"*) 9, (7.31) 


HW p=ynI—K)¢, 7.32) 


d ( deo {+ 
E %% = l ) + 
dt\ dt - 


where 


oO.s 6 07 as 09 10 ‘ 

€ 

Fic. 2. Upper and lower bounds for the 
second eigenvalue of an anharmonic oscillator. 
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TABLE II. Lower bounds for eigenvalues of a radia] 
Schrédinger equation. 


u;! k 


~ 


1.000 
1.234985 
1.251726 
1.000 
1.248252 
1.258266 
1.000 
1.249540 


1.258725 


380424 
394445 


3.349294 
3.420742 


wwwnrmthvnNre 


4.000 


and 
(7.34) 


A suitable family of functions on which to define (7.31) 
are those functions which vanish at the origin, are 
square integrable, and for which H° gis square integrable. 

We note that 0<(¢,AK¢)<1 for normalized ¢; also, 
H® has known eigenvalues and normalized eigenfunc- 
tions, 

(i=1, 2. ---) 

and 


¢2= (H/i)L/ De", (i=1, 2, ---) 

where L,’ is the first derivative of the ith Laguerre 
polynomial. Equation (7.31) has a pure point spectrum 
ui <pe:++, diverging to infinity, and it satisfies 


wi <u i, 2, ++) 37) 
We may proceed in direct analogy with our previous 
theory and introduce the eigenvalue problems 


H'°g=yn(I—KQ*)¢, (7.38) 


where H'° has been previously defined by (3.1) and O* 
denotes a projection on arbitrary vectors p;, po, «++, px 
with respect to the inner product [y,¢]=(y,K¢). If 
we denote the ordered eigenvalues and eigenfunctions 


of (7.38) by wu! * and ¢,'*, respectively, we have 


wi*<u; (i=1,2,---) 


and y,'* are monotonic in both / and &. 
In the solution of (7.38) we choose 
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TABLE ITT. Upper bounds for eigenvalues of a radial 
Schrédinger equation 

Ry 


R, 


Be 
2.416443 


M4 


6.091083 


and (3.16), that 


— 
l 

Ke-—d(¢." Kee) ¢:' 
y= ~~ Chae 


l+1-—u 
Here the values of a; and uw are found as solutions of the 


algebraic system 


lL (gy ,K Pi 
> 


;} 
— 


. 
0=>) ai) (¢;,Ke)+nu 
i=l 


y—p 

I 
(Ko;,Ke)—dX (6K oi) (K ¢;,¢,") 

vl (7.41) 

+y 
l+1—yp 

As before, the multiplicity of each root is just the 
number of linearly independent solutions to the alge- 
braic problem (7.41), and w:;.° appears as an eigenvalue 
of infinite multiplicity. 

For our example we have fixed the value of @ and 
chosen kx=a/2 so that E=—a’/4. We have computed 
our lower bounds from (7.41) for several values of / 
and k. Since, in each case considered (7.41) has /+k 
distinct solutions, there is no need to consider the 
equations analogous to (3.20) and (3.23), which would 
tell when a value y,° persists as an eigenvalue of (7.38). 
The computations, carried out on a desk calculator, 
yielded the results given in Table II. 

Upper bounds obtained by solving a fourth-order 
Rayleigh-Ritz problem based on the trial functions ¢,", 
2", ¢3°, and ¢4 give the values listed in Table ITI. 

The lower bounds uy; 
bounds provide the following estimate: 


7 and the Rayleigh-Ritz upper 


1.2587 a<23<1.2590 a, 


2.3944 a<22<2.41 
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Analytical Formula for Continuous Absorption Coefficient of the 
Hydrogen Negative Ion 


T. Tietz 
Department of Theoretical Physics, University Léd£, Lédz, Poland 
(Received March 3, 1961) 


In this paper we derive an approximate analytical formula for the continuous absorption coefficient of 
the hydrogen negative ion. This formula gives results comparable to those obtained by Chandrasekhar, 
who used an eleven-parameter ground-state function and the dipole velocity matrix element. Our numerical 
results are compared with the corresponding numerical calculations of Geltman. 


T is well known that the continuous absorption 

coefficient of H~ is of great astrophysical interest. 
This coefficient has calculated by several 
authors,-” the most accurate numerical calculations 
being those of Chandrasekhar and of John. The 
previous theoretical calculations have been carried out 
with many-parameter ground-state wave functions: 
Chandrasekhar and Elbert used a Hart and 
Herzberg 20-parameter ground-state wave function and 
a Hartree approximation for the continuum wave 
function. The simplest calculation concerning the total 
continuous absorption coefficient x, for H~ are given by 
Geltman,*® but Geltman’s considerations do not give an 
analytical formula for x,. The purpose of this note is 
to derive without much trouble, by a simple assumption, 
an approximate analytical formula for «,. It is known 
that the total continuous absorption coefficient x, for 
H-, according to Geltman, can be written in the form 


32m? ky tk A - 
goxirdr| , (1) 
3 k ; 


been 


+ Oo 
cs, 


where dp is the Bohr radius, @ is the fine structure 
constant, and gp is the normalized ground state function 
which fulfills the following Schrédinger equation : 


[V?—2V (r)+2Eo]¢o=0, (2) 


where V(r) is the spherical potential and 2E)=k,?; Eo 
is the bound state having an energy equal in magnitude 
to the accepted electron affinity of the hydrogen atom. 
k? appearing in Eq. (1) is k?=2E,, where Ey is the 
continuum state energy. 

1C. K. Jen, Phys. Rev. 43, 540 (1933). 

2H. S. W. Massey and R. A. Smith, Proc. Roy. Soc. (London) 
Al17, 155, 472 (1936). 

°H. S. W. Massey and D. R. 

1940). 

*R. E. Williams, Astrophys. J. 96, 438 (1942). 

5 L. S. Henrich, Astrophys. J. 99, 59 (1943). 

®S. Chandrasekhar, Revs. Modern Phys. 16, 301 
Astrophys. J. 100, 176 (1944). 

7S. Chandrasekhar, Astrophys. J. 102, 223 (1945); 102, 395 
1945). 

8S. Geltman, Phys. Rev. 104, 346 (1956). 

9S. Chandrasekhar, Astrophys. J. 128, 114 (1958). 

10S. Chandrasekhar and D. D. Elbert, Astrophys. J. 128, 633 

1958). 

1S. J. Smith and D. S. Burch, Phys. Rev. 116, 1125 (1959) 

2T, L. John, Monthly Notices Roy. Astron. Soc. 121, 41 

1960) 


Bates, Astrophys. J. 91, 202 


(1944); 


Between the frequency v, Eo, and E;, as is known, 
there exists the relation Ey>—E,=hv. The Schrédinger 
equation given by (2) is written in atomic units for 
length (Bohr radius) and energy (2 rydberg units). 
The continuum wave function ¢;, as we know, may be 
expanded in terms of Legendre polynomials as 

2 1'(2/+1) 


=>, 
cmd kr 


P(cos0)X,(r,k). (3) 


The partial wave X; in Eq. (1) is the wave which 
contributes to the dipole matrix element in the p wave. 
In order to obtain an analytical expression for *, we 
must have an analytical function for go and X,. There- 
fore, we adopt for V(r) the following potential 


(+) 


where 8 and a are constants. Our potential is compared 
in Table I with the Hartree field, 


Vul(r)=—e?"(14+1/r). (5) 


Table I shows that our resultant potential (4), if we 
adopt for the constants 6, a the values a=2.3 and 
b=2.5, agrees well with V(r) if r is not too large. 

Our approximate potential V(r) has the advantage 
that with it one can solve exactly the Schrédinger 
equation (2) and obtain the ground-state wave function 
¢o and its eigenvalue Eo. For go we obtain 


Po= (No/2y/m)e*"[1—e-*" l/r, (6) 
where Vo is the radial normalization constant, 
No=[2ko(kota) (2ko+a) ]*/a. (7) 


The eigenfunction ¢ 9 for the ground state corresponds 
to an eigenvalue Eo, where 


2b—a*\? 
2\E ( ) : (8) 
2a 


The best value for the electron affinity of the hydrogen 


atom is the Pekeris'* value. As we want to compare 


our considerations with the corresponding results of 


13. L. Pekeris, Phys. Rev. 112, 1649 (1958). 
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Geltman, we adopt for the electron affinity of the 
hydrogen atom Henrich’s® value 0.747 ev. The Pekeris 
value for the electron affinity of the hydrogen atom 
will change our absorption coefficient negligibly. Using 
Henrich’s value as the binding energy of the 1s level in 
the Schrédinger Eq. (2) for our approximate potential 
4) we see from Eq. (8) that if 5=2.5 the constant a 
must change its value slightly, from 2.3 to a=2.01407. 
If we adopt the values a= 2.01407 and 6=2.5, we have 
the advantage that we obtain exactly Henrich’s value 
for the electron affinity of the hydrogen atom, 0.747 ev. 
This small change of the constant @ does not change 
appreciably the values of our potential given in Table I. 
As k,? is very small, the 1p phase shifts 7; will be very 
small, so we do not make a great error if we adopt for 
x, the solution of the Schrédinger equation for V =0, 
which is known and can be written in the following 

form: 

sinkr 
x =——— coskr. (9) 
kr 


Substituting ¢o given by Eq. (6) and X, given by the 


last formula in the expression for the total continuous 
absorption coefficient x,, Eq. (1), we obtain after simple 
calculations the following analytical formula: 


6494 /a0\" k 3 
Ky=>=— of yi (k Ta (2k +) ( . ) 
3 a k2+h 


kot+ Re 272 
<|1-( ) . (10) 
(ko+a)*+F? 


Since in atomic units the unit of energy is e?/a9=27.23 
ev, in our case ky? =0.054866. Taking into consideration 
the corresponding values of our constants, we can write 


x, as follows: 
k 3 
xky= (10—"? cm? 0.44137 ) 
0.054866-+ 


0.054866+ 2? \ 27 
x} 1- ( ) » 85) 
5.05488-+82 


TasBLe I. Comparison of the potential given by Eq. (4) with 
the Hartree potential of the hydrogen atom. 


e*7(1+1/r) be~*"/(1—e-°") 





+n 
12.354 
2.511 
1.157 
0.472 
0.279 
0.169 
0.0862 
0.0405 
0.0254 
0.00798 
0.00252 


—- © 
9.006 
2.378 
1.104 
0.454 
0.271 
0.166 
0.0830 
0.0425 
0.0275 
0.00943 
0.00330 
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TABLE II. Comparison of our continuous absorption coefficient 
of H-, Eq. (11), with the corresponding numerical results of 
Geltman. 


x, (107)? cm?) 
Our values Geltman’s values 





0 16533 0 
0.005 15158 
0.01 13994 
0.015 12996 
0.02 12131 
0.03 10706 
0.04 9581 
0.05 8669 
0.06 7916 
0.07 

0.08 

0.10 

0.12 

0.16 

0.20 

0.30 

0.40 

0.60 

1.00 


In Table II we have a comparison of our x, with the 
values of x, obtained numerically by Geltman, with the 
corresponding wavelengths given. Table II shows that 
our values for x, agree well with the corresponding 
results of Geltman. Our results are a little larger than 
Geltman’s results and therefore correspond better to 
Chandrasekhar’s results as shown in Fig. 2 of Gelt- 
man’s® paper. 

Smith and Burch" have shown in Fig. 3 of their 
paper that Geltman’s numerical results are in good 
agreement with the experimental results. The results 
of Geltman agree better with the experimental results 
the longer the wavelength, but deviate at shorter 
wavelength. The same sort of accuracy holds for our 
formula (11). If we take into consideration the more 
recent experimental and theoretical results of John,” 
given in Table I and Fig. 1 of his paper, we see that 


TABLE III. Comparison of the values of ¢o(r) in our 
with Geltman’s numerical values 


Our results Geltman’s re 
0.4562 
0.2546 
0.1553 
0.1007 
0.06964 
0.03722 
0.02218 
0.009260 
0.004347 
0.002343 
0.001136 
0.0006139 
0.0003337 
0.0001046 


0.428 
0.266 
0.171 
0.108 
0.0689 
0.0364 
0.0216 
0.00903 
0.00425 
0.00210 
0.00109 
0.000584 
0.000321 
0.000100 





ABSORPTION COEFFIC 
Geltmants maximum of x, is more accurate than our 
corresponding maximum given by Eq. (11). 

In Table III we have a comparison of our bound- 
state function ¢, Eq. (6), with the corresponding 
function of Geltman. Table III shows that crudely the 
results are similar. We see that the above given con- 
sideration gives just the value of the electron affinity 
of the hydrogen atom given by Henrich, while the 
analytical formula obtained for the total continuous 
absorption coefficient is very simple and its degree of 
accuracy in comparison with Geltman’s results is a 
good one. 

Geltman has simplified extensively the calculation of 
Chandrasekhar by adopting the cut-off Coulomb po- 
tential but the solutions obtained for the discrete and 
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continuous spectrum do not give an analytical expres- 
sion for the total continuous absorption coefficient. 

Concerning Eq. (1) we must make it clear that this 
equation implies the use of a special form for the bound 
and continuum two-electron wave functions, as well as 
the dipole length form of the matrix element. Since 
the continuum functions used in this paper do not 
satisfy the Schrédinger equation with V(r) given by 
Eq. (4), different results will be obtained with the 
dipole velocity and acceleration forms of the matrix 
element. A check on the self-consistency of this calcu- 
lation would be the spread in results with all three 
forms of the dipole matrix element. The other two 
could also be obtained analytically without much 
trouble. 
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Theory of Bound-State Beta Decay* 
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The theory of beta-decay processes in which an electron is created in a bound atomic state is developed 
in the allowed approximation. The correlations and total decay rate are calculated with the renormalized 
VV —A theory and the results are valid for atoms of arbitrary electronic configuration. The relative prob- 
ability of bound-state to continuum-state decay is shown to be independent of nuclear matrix elements; 
some bound-state decay rates are presented that were calculated by making use of this fact. The possibility 
of experimentally detecting bound-state decay is also briefly examined. The beta decay of nuclei in stellar 
interiors is discussed and a number of examples are presented for which bound-state decay is more likely 
than continuum-state decay under the conditions that obtain in stellar interiors. 


I. INTRODUCTION 


HE usual theory of beta decay assumes that the 

transformation of a neutron into a proton is 
accompanied by the creation, in continuum states, of 
an electron and an antineutrino. This assumption 
ignores decays in which an electron is created in a 
previously unoccupied bound atomic state. 

We shall develop, in the allowed approximation, the 
theory of the usually ignored decays in which a neutron 
transforms into a proton, an antineutrino is produced 
in a free state, and an electron is created in a bound 
atomic state.' It is important to realize that the bound- 
state decay process does not take place through the 
capture into an atomic orbit of an electron initially 
created in a continuum state; the direct creation of an 
electron in a bound state is more probable than the 
capture process. 

The relative frequency of bound-state to continuum- 
state decays can be estimated with ta phase-space 
argument that does not depend on the formal theory of 

* Supported by the National Science Foundation. 


‘In terrestrial experiments, the daughter atoms are almost 
always neutral and hence difficult to detect. 


weak interactions. The phase-space volume available 
for continuum state decays is represented by the 
function /(Z,W ),? where the dependence on Z indicates 
that the Coulomb correction has been included. For 
bound-state decays, the analogous corrected phase space 
volume is the square of the neutrino’s momentum times 
the square of the modulus of the electron’s wave func- 
tion evaluated at the nuclear surface. The relative 
frequency of bound-state to continuum-state decays is 
approximately equal to the ratio of the phase-space 
volumes when these volumes are corrected for the 
electron density at the nuclear surface. Thus the relative 
frequency of bound-state to continuum-state decays is 


Pp/Te~g?|¥(R)|2/f(Z,Wo) 


~ (Wo—1)?(aZ)?/n*f(Z,Wo). (1) 


This ratio depends sensitively on the nuclear energy 
release, Wo; the atomic number, Z, of the daughter 
nucleus; and the principal quantum number, , of the 
lowest unoccupied atomic orbit. 

The possibility of bound-state decays was first 


2 We use here units in which h=>m=c=1. The function f is 
most familiar in the combination log ft. 
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pointed out by Daudel ef ai.,* in 1947. They examined, 
with the original Fermi (vector) theory, the prob- 
ability of creating an electron in the K shell and 
suggested that bound-state decay would be most 
important in the stars. Their work properly applies 
only to completely ionized atoms.‘ The theory of 
Daudel ef al. was used by Sherk® to evaluate the bound- 
state decay probability for tritium and recently 
Galzenati et al.* have calculated the bound-state decay 
rate for the neutron. 

The present treatment applies to atoms of arbitrary 
electronic configuration and includes the possibility of 
decay into excited states of the final atom. We use, in 
Sec. IT, the renormalized ) — A theory to determine the 
various correlations and the total decay rate. We 
present, in Sec. III, some simple examples and examine 
the possibility of detecting bound-state decays. In Sec. 
IV, we discuss the beta decay of nuclei in stellar in- 
teriors and show that for some nuclei bound-state decay 
is more likely than continuum-state decay under the 
conditions that obtain in stellar interiors. 


II. GENERAL THEORY 


We consider an initial state consisting of nucleus 
with charge Z—1 surrounded by N atomic electrons, 
and represent this state by the vector 


Z—1, N, 7; ). 


We make no restriction on the form of the repre- 
sentative of this state vector; the electron and nuclear 
states will be specified by the two sets of quantum 
numbers y and &, respectively. The final electron states 
will be described by a complete set of eigenstates of an 
appropriate Hamiltonian, which, in practice, will usually 
be the Dirac Hamiltonian with a nuclear field —Ze*/r. 
The final states of the system will be represented by 


| f)=|Z, N+1, 7’; 5; R’), 


where # specifies the properties of the antineutrino that 
is created. 

The weak interaction producing the decay is assumed 
to be 


.= (Gy V2) (WpYa! 1—xys)Wn) 


X (eval l+ys)¥,)+H.c., 
where 
r=C4/Cry. 
We write 


e= 2b Ge’ So+ D_- 2e'S-+ positron operators, (3) 


7R. Daudel, M. Jean, and M. Lecoin, J. phys. radium 8, 238 
(1947); Compt. rend. 225, 290 (1948); R. Daudel, P. Benoist, 
R. Jacques, and M. Jean, ibid. 224, 1427 (1947). 

*See Secs. II and III for a discussion of this point. 

5 P.M. Sherk, Phys. Rev. 75, 789 (1949). 

*E. Galzenati, M. Marinaro, and S. Okubu, Nuovo cimento 
15, 934 (1960) 
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where a,' and a,* create electrons in bound and con- 
tinuum states, respectively. In the usual theory of 
beta decay, the four-component spinors ¢, are chosen 
to be continuum eigenfunctions of the Dirac Hamil- 
tonian for an electron in the Coulomb field of a nucleus 
of charge Z.’ The necessity for including the bound-state 
operators in (3) becomes clear when the incompleteness 
of the continuum Coulomb eigenfunctions is considered. 

If the bound-state decay rate is calculated in the 
usual way, one must evaluate 


> OZ, N+1, y’| as*|Z, N,v) (4) 
There will in general be an infinite number of non- 
vanishing terms in this summation due to the lack of 
orthogonality between the eigenfunctions of the initial 
and final Hamiltonians.* This difficulty can be avoided 
by expanding the initial electron state in terms of 
eigenstates of the final Hamiltonian. The bound-state 
decay rate can then be written 


2r 
r=—>- 

h i 

x(Z, N, y""|Z—1, N.4 

x(Z, N+1, 7’; 9; k’| Hu| Z, N, y')* 


~ 


¥* (Z, N, y”|Z—1, N, v)* 
ce 


y 


X(Z, N+1, vy’; 9; k’| He| Z, Nyy”) 


K5(E(y”; k)— E(y'; 6; R’)). (5) 


" indi- 


The asterisk on the summation over y” and yy’ 


cates that only those states for which 
E(y"";k)= 


are to be included. 

It will usually be convenient to describe the final 
electron states by the complete set of Slater deter- 
minants (rank N+1) formed from the one-particle 
solutions of the Dirac equation with an external 
Coulomb field —Ze?/r. With this choice of final Hamil- 
tonian and basis vectors, the cross terms in (5) arise 
from the energy degeneracy of the one-electron Dirac 
eigenfunctions with respect to the spin-orbit quantum 


number? 
for 1 


(/ j+? 


k= (7) 
es 


for = j—}. 


In Eq. (7), dis the orbital angular momentum associated 
with the large component of the Dirac spinor. We make 
the usual assumptions of allowed beta decay: (1) The 
leptonic current is evaluated at the nuclear surface; 


7 In order to include screening corrections, an average field due 
to the atomic electrons is sometimes used. See J. R. Reitz, Phys 
Rev. 77, 10 (1950) and references cited therein 

* One can show that this lack of orthogonality causes no com 
plications in the pure continuum-state theory of beta decay. 

°M. E. Rose, Relativistic Electron Theory (John Wiley & Sons, 

Inc. New York, 1961), p. 158. 
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and (2) the nucleons are treated nonrelativistically. 
Inserting the definitions of y, and H, in Eq. (5), the 
evaluation of the decay rate can be carried out in the 
usual way. We obtain: 


(aZ)*(mc)> Wo , “ 
=Gy* ( -1) 7 oor 


82° hic mc" reget? 


xXd2,(Z, N, y""|Z—1, N, y)*(Z, N, "| Z— 


b 2 ao\” 
«(14 a) (7) 
Wo— mc? e 
M M?—1/(I[+1) 
xo ve R)| A+( )o+( Je] 
I I(2I—1) : 


K (1 +y5)by.y7(R), (8) 


1, N,4 


’ 


where b=binding energy of created electron, /=unit 
vector in the direction of the initial nuclear spin, 
M=projection of the initial nuclear spin, m= mass of 
the electron, R=nuclear radius, Wo=nuclear energy 
release, and!” 


A= 67,rAYi—e-g)+(1+}e-9), 
B=x(M,\o (9+): 1426; rx(1)o) 
“KU 1+1)'(@—4@)- [ 


wioPA(3G-le-Il—G-@). 
/ | 


The spinor wave function ¢,,,, represents the electron 
that must be added to |Z, .V,y‘) in order to form the 
state |Z, V+1, y’); the value of @(R) is given in the 
appendix. The quantities (Ms) and A are the usual 
parameters that occur in the literature; they are also 
defined in the Appendix. The binding energy 6 is 
retained in Eq. (8) because it is important for heavy 
completely ionized atoms which can exist in stellar 
interiors. 

If we choose the Dirac Coulomb Hamiltonian as the 
zeroth-order final-state Hamiltonian, the only inter- 
ference terms that survive the transition from Eq. (5) 
to Eq. (8) are terms in which y” and y’” differ only by 
the sign of x-for the created electron. This interference 
contribution has little practical effect, since for y” #y'” 
the expression 


M M—U(T4+1)\ > 
by.N(R] 4+( )o+( Je] 
I 1(27—1) ) 


X(1+ys)by ye (R) (11) 


10 We use the definition of reduced matrix elements that has 
been suggested by E. J. Konopinski: 


I'M'|Samt| IM) =(U'M'Jm|IM)(Sy). 


[his definition simplifies certain formulae in the theory of beta 


1 0 
contributes only if «’” is different from x’’, in which case the one 
in (1+-¥5) does not contribute. 


, . : a , 
decay. In the spinor matrix element (8), eae a = 


, 
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is pure imaginary." By correctly choosing the phases 
of the basis vectors, the main contribution of the inter- 
ference terms can be shown to be zero. 

The usual allowed selection rules are manifest in 
Eqs. (8) and (10) and the correlation coefficients have 
a familiar form. For initially unpolarized nuclei, only 
the term involving A is present. The total bound-state 
decay rate for experiments in which no attempt is made 
to observe the direction of the nuclear recoil and in 
which the nuclei are initially unoriented is 


Gy"?(aZ)®(mc)*® 4 Wo 2 
Ip ( > i) cz, 
rh" MIC 


€=6,,r1P+2\(e)’, 


where 


and 


‘ym ) 


ago 3 
x( ) oy» "(R)(1+y5)by.4(R). (14) 
LZ 


The ratio of the number of bound-state to the 
number of continuum-state decays is therefore 


(15) 


Ip 1t(aZ)* (— ) 
—] 
Te f(Z,Wo)\me 


This ratio is independent of nuclear matrix elements and 


of the value of x=C.4/Cy. This independence of nuclear 
parameters enables us to calculate the bound-state 
decay rate of a particular nucleus provided we know 
empirically its continuum-state decay rate. The quan- 
tities that are most important in determining the 
magnitude of the ratio '3/Ie occur as factors multi- 
plying = in Eq. (15); these factors are identical with 
the ones found by the phase-space argument given in 
the Introduction. 

Note added in proof. The interference between terms 
having different values for the sign of A can be elimi- 
nated by assuming that atomic ground states are non- 
degenerate and using parity arguments. This simplifies 
Eq. (14) if the Dirac Coulomb Hamiltonian is chosen 
as the zeroth-order Hamiltonian. 


III. SIMPLE EXAMPLES 


The results of the preceding section are most simply 
applied to atoms that initially possess no bound elec- 


trons. For such atoms, = can be written 


b : ao\” 
y E (14 ; )x(=) oe" m60(R) (16) 
y! Wo— mc é 


1 See Appendix I for a proof of this fact. 
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This simplified form of = can be used for many astro- 
physical applications. 

Equations (15) and (16) can also be used to calculate 
the relative number of times a neutron decays by 
emitting a neutral hydrogen atom and an antineutrino 
instead of emitting a proton, a free electron, and an 
antineutrino. We find 


I'p/Tc=4.2XK 10°, (17) 


where 20°% of the bound-state decay probability is due 
to decays into the excited states of the hydrogen atom.” 
The most favorable case for laboratory detection of 
bound-state decay is the H® — He’ transition for which 
W,—mc?=0.035 mc? and f=2.8X10-*. The tritium 
bound-state decay rate is easy to calculate since 
nonrelativistic wave functions are adequate to deter- 
mine the decay probability to two parts in 10* [(aZ)?]. 
One can derive a general formula for the overlap inte- 
grals (Z=2, n, x= —1'Z=1, n=1, cx=—1) and, there- 
fore, > can be computed as accurately as desired. We 
obtain 
4.3 10~2 


6.9X 10™° 


Pe / Ty 
(18) 
Excited states contribute about 22% to this ratio. 

A recent series of ingenious experiments performed 
at Oak Ridge National Laboratory™ suggests a possible 
approach to the problem of detecting bound-state 
beta decay. The Oak Ridge group used a mass spec- 
trometer in combination with electric and magnetic 
fields to measure the charge on daughter nuclei from 
the He® to Li’ dec ay. A direct utilization of their experi- 
mental arrangement is not possible since an electric 
field was used to remove the charged nuclei from the 
region of decay, but future modifications may make 
possible the detection of bound-state decay. 

The ratio (18) has also been computed by Sherk® 
who used the original theory of Daudel ef al.’ Since the 
original theory did not take into account either the 
nonorthogonality of initial and final electron eigen- 
functions (Eq. (4 jor the contribution of excited States, 
our results differ appreciably from those of Sherk.” 
Moreover, we have ignored the final state electrostatic 
interaction between the two electrons in the He’ atom, 
since one can show that the ratio 'g/I'¢ is independent 
of the choice of basis functions if the electron’s binding 
2 Our result (17), even ignoring the contribution of excited 
states, differs by a factor of ¢ (neutron) /4 from the recent calcu 
lation of E. Galzenati et al. cited in reference 6. These authors 
used an experimental value for Ic and a theoretical value for 'g 
that was calculated assuming x= —1. Hence, they did not take 
advantage of the fact that ['s/I'c is independent of nuclear 
matrix elements. Galzenati ef al. also discuss the probability of 
bound-state decay for A and K particles 

3 T. A. Carlson, C. H. Johnson, and Frances Pleasonton, Bull 
Am. Phys. Soc. 6, 227 (1961). I am grateful to Dr. Carlson for 
preprints of their work and for an informative private communi 
cation on the experimental detection of bound-state decay. 

4 The numerical disagreement is not large since the effect of 
the several calculational differences is partially cancelled by the 
fact that Sherk low a value for the decay energy, UW 


used too low 
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TABLE I. The relative probability of bound-state to continuum 
state decay for some nuclei when assumed completely ionized. 
The ratios were calculated using nonrelativistic wave functions. 


ui 


Isotope (units of me? 


eC 
1451” 
23 Ni® 
a Nb 
saRul 
aPd'™ 
«Ag? 
esEulss 
760s)! 


energy is neglected. Sherk, following the suggestion of 
Daudel et al., took account of the final state electron 
electron interaction by using a screened hydrogeni 
wave function. He determined the screening parameter 
by minimizing the total energy. The wave function 
found in this way has a Z.4, of 1.688, which yields an 
electron density at the origin of about 0.6 the unscreened 
value. This screening method is incorrect since it 
over-emphasizes the region of space in which the 
electrons are close together. 


two 


IV. ASTROPHYSICAL APPLICATIONS 


The current theories of element formation in stars" 
assume that the appropriate nuclear reactions occur 
at very high temperatures, consistent with models of 
stellar structure The temperatures 
assumed are so high that even the heavier nuclei are 
stripped of electrons, and thus bound-state decay to 
the K shell is possible for heavy nuclei. In the calcu- 
lation of the relative abundances of elements produced 


and_ evolution. 


by nuclear processes in the interior of stars, the decay 
rates that are expected for ionized atoms should be used. 
These calculated decay rates can differ by orders of 
magnitude from the rates measured under normal 
terrestrial conditions.!® 

Several examples of the ratio 'g/Ie are given in 
Table I for completely ionized atoms. Nonrelativistic 


wave functions were used in the calculations and are 


‘6A more correct procedure is to modify 
Schrédinger equation for Z=2 
electron in the Is orbit of H 

r)=—elyp(r)|?. 

16 FE. M. Burbidge, G. R. Burbidge, W. A 
Revs. Modern Phys. 29, 547 (1957 

17 A. G. W. Cameron, Ann. Rev. Nuclear Sci. 8, 299 

18 The decay rates for completely ionized Pb?’ and Pu™! differ 
by three orders of magnitude or more from their normal terrestrial 
values. These nuclei were not included in Table I because their 
decays are probably first parity forbidden and because relativistic 
effects are important for such high Z. In calculating the decay 
rate for nuclei with such high Z, it is important to realize that 
the maximum beta-ray energy that is measured in the laboratory 
is Wo—mc?+AB, where AB is the difference in binding energies 
between initial and final atomic states. The quantity AB is much 
larger than VV mc for Pb?’ and Pu?” for example, M. S 
Freedman, F. Wagner, Jr., and D. W. Engelkemeir, Phys. Rev 
88, 1155 (1951). 
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accurate to terms of order (aZ)*."° The case of Ru!® is 
instructive since the half-life for a completely ionized 
Ru’ atom is 8 times shorter than for a neutral atom. 
The decay of Cs via two beta groups, which have 
maximum energies of 0.086 Mev and 0.652 Mev, gives 
rise to an interesting phenomenon that is not illustrated 
in Table I. The Cs decay occurs via the higher energy 
transition in 80% of the terrestrial decays, but the 
lower and higher energy transitions occur about equally 
often if the Cs atom is stripped of electrons. A similar 
situation obtains for Te. 

The isotope Sm?® is particularly interesting since the 
half-life of this isotope has been used to determine the 
time scale for the neutron capture 
(s process) in the region 63 <A <209.'* This estimate 
is somewhat in error since the terrestrially measured 
half-life was used; the ratio 'p/l'¢ obtained from Eqs. 
(15) and (16) for Sm'® is 3. It is likely, however, that 
Sm!*! is first parity-forbidden, in which case one cannot 
apply Eqs. (15) and (16) without further justification. 
There are a number of other first parity-forbidden 
transitions for which the ratio I'g/I'e¢ obtained from 
Eqs. (15) and (16) is large, for example, Ce, Pm™’, 
Tm"™, Au™, Hg, and Pb*”.!* The author is currently 
investigating the bound-state decay probability for 
forbidden transitions. 


slow process 


V. CONCLUSION 


We have developed the allowed theory of. bound- 
state decay for atoms of arbitrary electronic configura- 
tion and have calculated the probability of bound-state 
decay for some simple examples by making use of the 
fact that the relative probability of bound-state to 
continuum-state decay independent of nuclear 
matrix elements. We have also demonstrated the im- 
portance of bound-state decay for nuclei in stellar 
interiors. 


is 


19 We have also neglected the difference between the maximum 
beta-ray energy measured in the laboratory and Wo—mc?. This 
approximation is valid for the cases we consider in Table I but 
it is not always justified. 
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APPENDIX 


i(R) are of the form? 


xr x 
( : ~(1+ca-?) ), (Al) 
+7 fxs" 0 


c= —if(R)/g(R). 


The wave functions @,, 


where 


We have used the fact that f is proportional to g for 
small r and that 


u 


O° xX." = —x_2". 


The explicit forms of the real functions f and g are 
given in reference (9). The part of ¢(R) that involves 
a does not contribute to the allowed decay rate. Thus 


8x—1 
(R)= ; 
0 


0) 
Q, 1(R( 
ifx 


Pn (A2) 


and 


(A3) 


) 


It is easy to see that expression (11) is pure imaginary 
if the forms (A2) and (A3) for the wave 
functions. 

The quantities 


(M s 


are used 


Ms 


and A are defined as foilows: 


WT (I+1)—I' (+1) +2)/(U+1). (A4) 
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An investigation of the nuclear level structure of Na™ for 
neutron energies in the range from 630 to 860 kev revealed the 
presence of 73 levels distributed throughout the range. Each of the 
two previously known large peaks was found to be composed of a 
set of levels. These levels are attributable to values of J up to 7 
for the first peak and up to J =6 for the other one. No s-wave levels 
were identifiable in this region and it is doubtful that any p-wave 
levels are present. A set of parameters was determined for the 
levels by a best fit to the data. These levels were then grouped 
with those up to 630 kev to obtain a combined total of 230 levels 
up to 860 kev. The parameters of these levels show the following 


1. INTRODUCTION 

ECENTLY, it has been found possible to extend 

the study of the nuclear energy levels of Na* to 
higher energies than were reached before and reported 
in two previous papers, the first of which' covered the 
region up to 350 kev and the second? the levels between 
350 and 630 kev. These investigations revealed a large 
number of levels in Na**. This large level density may 
then be expected to continue on above 630 kev and, if 
so, the two large peaks reported some years ago by 
Stelson and Preston’ in the region between 0.60 and 0.85 
Mev should be composed of clusters of narrow levels. 
The widths of these two peaks appear to be too wide in 
comparison with the peak heights observed to fit the 
theory. The reduced widths corresponding to large 
minimum values of / associated with the large values of 
J exceed by large factors the sum rule given by Lane 
et al.* The existence of clusters of levels of relatively 
small widths can be revealed if it is possible to attain 
neutron energy spreads comparable with the spreads 
used below 630 kev. Initial measurements in the region 
of the two large peaks show that it is feasible to resolve 
narrow levels in this region by use of the present neutron 
counting equipment and techniques described later. The 
present paper is, then, concerned first with an investiga- 
tion of the level structure of Na™ in the region from 630 
to 860 kev, i.e., the type of levels that form the two 
large clusters. A further concern is a comparison of the 
distributions of the parameters of all of the levels of 
Na™ up to 860 kev with the predictions given by theory. 
All energies quoted refer to incident neutron energies in 
the laboratory system unless otherwise noted. 


2. EXPERIMENTAL METHOD 


The method of measurement and the techniques used 
are the same as those used for the study of the reso- 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

'C. T. Hibdon, Phys. Rev. 118, 514 (1960). 

?C. T. Hibdon, Phys. Rev. 122, 1235 (1961). 

* P. H. Stelson and W. M. Preston, Phys. Rev. 88, 1354 (1952). 

‘A. M. Lane, R. G. Thomas, and E. P. Wigner, Phys. Rev. 98, 
693 (1955). 


distributions: (a) an approximate exponential distribution for the 
level spacings, (b) an approximate exponential or Porter-Thomas 
distribution for the neutron widths with a tendency to favor the 
latter, and (c) a distribution of the angular momenta which agrees 
with the theoretical distribution given by Bloch. Reasonable 
values of the strength functions were obtained for s- and p-wave 
levels (0.035 and 0.27, respectively) but the values for / 2 2 appear 
to be much too large. A plot of the number of levels having 
energies < £, as a function of /, shows fluctuations about a linear 
trend, with no bending away from this trend at high energies to 
indicate a general missing of levels. 


nances in sodium in the region from 350 to 630 kev,? and 
other publications.'® Hence, only a brief outline of the 
method is given here. The Li’(~,7) reaction is used to 
produce nearly monoenergetic neutrons of variable 
energy. Protons of well-defined energy are produced by 
the 5-Mev Van de Graaff accelerator. After acceleration, 
the protons are analyzed by a 17° deflection in a mag- 
netic field and then by a 90° electrostatic analyzer! 
having a radius of 40 in. To define the proton beam, the 
electrostatic analyzer has entrance and exit slits of 30 
and 40 mils wide, respectively. In addition to these 
vertical slits, a horizontal slit 0.125 in. wide has been 
placed a few inches before the entrance to the electro- 
static analyzer, a second similar slit just before the 
vertical exit slit, and a third one just ahead of the 
lithium target assembly. These slits allow very little 
vertical movement of the proton beam on the lithium 
target. The proton energies are determined as before! by 
the voltage across the plates of the Argonne precision 
electrostatic analyzer, which is calibrated by taking the 
Li’(p,) threshold to be 1.881 Mev. 

In order to obtain small neutron energy spreads, thin 
lithium targets are used. These targets are evaporated 
in vacuum onto the 10-mil tantalum end cap (diameter 
~2.7 in.) of the rotating target assembly. During 
evaporation, the thickness of the lithium is checked at 
frequent intervals by measuring the yield of neutrons 
produced by a beam of protons from the accelerator. For 
this purpose, the proton energy used is close to 2.07 Mev, 
since the neutron yield is nearly independent of energy 
in this region. A new target is evaporated daily from 
lithium metal having an isotopic content purporting to 
be 99.99% Li’. The target is cooled by a blast of air. To 
calibrate the energy and to obtain an estimate of the 
target thickness, a new rise curve is run daily. All of the 
present measurements were made by use of neutrons 
emitted in the direction of the proton beam. The 
feasibility of measurements in this energy region de- 
pends on the capability of the shield to hold the back- 
ground to an acceptable level and on the neutron energy 


5C. T. Hibdon, Phys. Rev. 108, 414 (1957 
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spread that can be achieved. The entrance aperture of 
the collimator through which the neutrons reached the 
neutron counter had a diameter of 0.3 in. and was 
located about 11 in. from the source of neutrons. By use 
of this equipment, it was found that a very good 
counting rate, with an unexpectedly low background, 
could be obtained for lithium targets with thicknesses 
ranging between 0.6 and 0.8 kev. Flat-detection meas- 
urements were first made over the entire region by use 
of a graphite scattering sample, 6 in. long, placed in the 
counter as shown in Fig. 1 of reference 5. Lucite was 
used above about 800 kev to obtain a slightly higher 
counting rate. Measurements made each day overlapped 
those from the previous day in order to obtain a check 
on the energy. Only small variations in the energy were 
encountered. At times, no detectable variations oc- 
curred. Some regions were repeated from day to day 
when slightly thinner lithium targets were deposited. 
Because of the narrowness of many of the peaks, the 
entire region was restudied by self-detection in order to 
resolve the peaks better. For these self-detection meas- 
urements, a sodium-scattering sample 0.80 in. thick was 
used. The same transmission samples of high-purity 
sodium metal used for the previous measurements up to 
630 kev were also used for the present measurements. 
These samples range in thickness from 0.1 to 3.0 in. and 
are arranged in sample-containing wheels in such a way 
that the total thickness can be varied up to 4.5 in. to 
maintain a transmission of about 50 to 60%. The back- 
ground was found to be unaffected by these wheels. 

The effective over-all neutron energy spread, although 
estimated by the rise curve at threshold, is still unknown 
in the present energy region. It is expected to increase 
with neutron energy but no well-isolated narrow level 
was found in this region to provide a good indication of 
the energy spread. However, the degree to which the 
many overlapping and interfering levels are resolved 
indicates that the spread is less than might have been 
expected. The widths of some of the narrowest levels, 
such as Nos. 158, 160, 177, 191, 201, 217, and the low- 
energy wing of No. 181 indicate that the effective energy 
spread is considerably less than 1 kev. The data shown 
in the various figures are the raw data with no correc- 
tions applied other than the following: (1) The data at 
each energy are normalized by comparison with the 
count in a BF; (enriched to 96% B") long counter 
placed 50 in. from the neutron source at an angle of 30° 
with respect to the direction of the proton beam. (2) A 
correction is also made for the background, which is 
obtained by removing the scattering sample from the 
counting equipment.® 


3. EXPERIMENTAL RESULTS 


The general features of the neutron cross-sectional 
data in this region are exhibited in several figures in 
which open circles are used to indicate data obtained by 
flat detection and solid circles the data by self-detection. 
Up to 860 kev, the average level spacing of the 231 
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levels (the 73 levels discussed in this paper plus the 158 
below 630 kev, including the bound level at —30 kev) is 
about 3.9 kev. As suggested by Stelson and Preston,’ the 
large peak just above 700 kev is composite. The present 
results show that a peak in the cluster results from the 
overlapping of several levels with high values of J. The 
large peak previously reported near 780 kev’ consists of 
a number of relatively wide levels. The large width and 
high J values of some of these levels result in the 
formation of a peak in this cluster of levels. 

In this region there appear to be no s-wave levels 
identifiable by their asymmetrical shapes and the 
presence of deep minima on their low-energy sides. For 
Na*‘, the values of J are 1 and 2 for s-wave levels and, in 
the present energy range, the single-level theoretical 
peak heights range between 2.4 and 3.5 b (including the 
potential scattering) for this type of level. The peak 
heights of the levels which form the two large clusters 
exceed these values by large factors. Around 750 kev in 
the region between the two large clusters of levels, the 
peak heights of the levels are about double the possible 
heights of s-wave levels. Further, the spacing of these 
levels is ample to permit one to resolve a deep minimum 
on the low-energy side of an s-wave level in this region 
if any exists. The only other region where s-wave levels 
might be expected is around 850 kev. But here again, the 
observed peak heights of the levels are about twice the 
possible heights for s-wave levels and the level spacings 
are ample to observe any deep minima associated with 
s-wave levels. 

One interesting feature of the data is the distribution 
of the levels—whether they occur at random or at 
regular intervals. A knowledge of this distribution is 
useful both for practical purposes and in connection 
with the theory of nuclear structure. Figure 1 shows the 
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Fic. 1. Number of levels of Na* with energies 
of the neutron energy £,. 
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number of levels with energies < /, plotted as a func- 
tion of the neutron energy E,, for all of the levels of Na* 
up to 860 kev. It was expected that a general missing of 
levels might set in as one progressed to higher energies 
because of the increase in the spread in energy of the 
neutrons. However, the plot in Fig. 1 shows no down- 
ward curvature in the high-energy region to indicate a 
general missing of levels. Instead, the plot shows fluctu- 
ations about an almost straight line. These fluctuations, 
which occur throughout the energy range, presumably 
are attributable in part to a missing of some very 
narrow levels and in part to a random occurrence of the 
levels that would occur for any appropriate model of the 
nucleus. 

In this region, the interactions of the neutrons with 
sodium are taken to be due primarily to elastic scat- 
tering. It was shown, mainly in the second paper” of this 
series, that the competing processes such as (n,p), (,a), 
and (n,y) are negligible in this region. However, inelastic 
scattering of neutrons may not be completely negligible 


TABLE I. Summary of the levels of Na* (from 630 to 860 kev) 
and | are probable values obtained as a best fit to the data. The 
peaks of the levels is given by NV,. The sample thickness for flat 
for the narrow ones. 
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between 700 and 800 kev, where the highest value?'® of 
the inelastic scattering cross section is about 300 mb. 
The peaks (Fig. 2 of reference 6) in the inelastic scat- 
tering cross section correspond to the peaks of the 
clusters in the present measurements and show widths 
comparable with the widths of the clusters. Undoubtedly 
the inelastic scattering is, then, distributed among the 
many small peaks of the clusters and not localized in a 
few. Thus it appears that the inelastic scattering process 
may be omitted in the present analyses. 

Prominent peaks of Na™ in the low-energy region 
may be reflected as spurious peaks at higher energies 
because the neutron beam from the lithium target con- 
tains a second group of low-energy neutrons that arises 
from the formation of the residual nucleus Be’ in the 
430-kev excited state.! However, in the present meas- 
urements, these spurious peaks can occur only in the 
region above about 640 kev. Then the first levels (Nos. 
42 and 43)! that are likely to cause spurious peaks are 
located at about 205 kev and would be expected to show 


derived from neutron reactions with Na*. The parameters J, I 
sample thickness used for self-detection measurements at the 
detection is the same as V, for the wide levels and up to 50% more 
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spurious peaks near 742 kev, but no discernible peak 
occurs at this energy. When the main group of neutrons 
has an energy of 770 kev, the low-energy component has 
an energy of 242 kev. Therefore, the 242-kev resonance, 
the widest level revealed in Na*‘ by the present study, 
might be expected to re-appear as a spurious peak at 770 
kev, but no detectable peak occurs at this energy. The 
only other possibility is the s-wave level at 302.5 kev! 
but no corresponding spurious peak occurs at 820 kev. 
All other peaks appear to be too small to produce de- 
tectable spurious peaks. One cannot unambiguously 
rule out the possibility of spurious peaks due to the 
second group of neutrons at the higher values of the 
energies. However, a shift of at least 2 kev would be 
necessary for the spurious peaks to coincide with ob- 
served peaks, but these peaks are too large to be 
accounted for by the expected fractions’ of low-energy 
neutrons. For the present work, these fractions appear 
to amount to no more than about 2.5%.’ Spurious peaks 
would hardly be distinguishable, then, in the presence of 
so many peaks in Na”. 


4. ANALYSES OF THE RESONANCE LEVELS 


It is desirable to know something about the nature of 
the levels that form the two large clusters and the levels 
in the wings of these clusters. Therefore, an attempt has 
been made to determine what variety of levels would 
account for the behavior of the data, i.e., to determine a 
set of parameters of the many levels that provide a best 
fit to the data and that give a reasonable account of the 
peak heights. The large level density and the consequent 
narrow spacings with overlapping and interfering wings 
of the levels prevent one from resolving the levels well 
enough to lead to an accurate determination of the 
parameters of the levels. However, it was found that the 
levels are sensitive to the widths used and neighboring 
levels become distorted in shape when the widths of one 
or two levels are varied appreciably. Therefore, a set of 


Se 
650 
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Fic. 2. Neutron total cross section of sodium from 628 to 680 
kev. Open circles show data obtained by flat detection ; solid circles 
data by self-detection. Curve A is a multiple-level plot of the 
s-wave levels that extend into this region. It includes the potential 
scattering. Other curves shown by broken lines are theoretical 
plots for the best fits of the appropriate levels. 


7 A. B. Smith (private communication). 
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parameters of the many levels that account for the data 
has been determined and is given in Table I. The 
method of analysis is outlined later but first a value of 
the potential scattering o, that is reasonably close to the 
true value must be known. This value cannot be de- 
termined directly from the present data because there is 
no region free of the wings of the many levels nor is 
there an s-wave level whose minimum would provide 
some indication of the value of the potential scattering. 
For reasons presented in the two preceding papers,'? the 
value of a, is taken to be given by 


p= > 1(21+-1)4a% sin*d;. 


The method of analysis is the same as that used in the 
region below 630 kev.' For some levels, estimated 
parameters were used to obtain single-level plots which 
approximately fit the data. The parameters were re- 
peatedly revised until a best fit to the data was obtained. 
Because of the density of levels, many single-level and 
multiple-level plots were considered simultaneously in 
order to take into account the effects of overlapping and 
interfering wings of a group or groups of levels. The 
plots which provide the best fit to the data are shown in 
the appropriate figures. It is usually more convenient to 
begin the analyses with the s-wave levels. However, no 
s-wave levels are recognizable in the present data, but 
the wings of the s-wave levels at lower energies extend 
into this region. Their multiple-level contribution plus 
the potential scattering is shown along with the data by 
curve A in Figs. 2-6. This curve is a little above the 
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Fic. 3. Neutron total cross section of sodium from 678 to 730 
kev. Open circles show data obtained by flat detection; solid 
circles data by self-detection. Curve A shows a multiple-level plot 
of the s-wave levels that extend into this region. It includes the 
potential scattering. Curves B, C, and D are theoretical plots for 
the best fits obtained for the appropriate levels. 
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Fic. 4. Neutron total cross section of sodium from 726 to 784 
kev in the region between the two clusters of peaks having large 
values of J. Open circles show data obtained by flat detection; 
solid circles data by self-detection. Curve A shows the multiple- 
level plot of the s-wave levels that extend into this region. Other 
curves shown by broken lines represent the best fits obtained for 
the appropriate levels. 


potential scattering and provides the background upon 
which the levels of this region sit. The many tedious 
calculations needed were performed by the Applied 
Mathematics Division on the IBM-704 computer. The 


values of the parameters given in Table I are the ones 
for which the computer program gave the best fit to the 
experimental points as determined by a visual compari- 
son. The equations on which the program is based are 
given in reference 8, p. 182. Equation (2) is used for 
multiple-level plots and Eq. (3) for single-level plots. 
The variation of the width I’, with energy is included in 
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Fic. 5. Neutron total cross section of sodium from 778 to 828 
kev. Open circles show data obtained by flat detection; solid circles 
data by self-detection. Curve A shows the multiple-level plot of 
s-wave levels that extend into this region. Other curves shown by 
broken lines represent the best fits obtained for the appropriate 
levels 
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accordance with I',=2Pry? so that the wings of the 
levels may be extended as far as required. The factor P; 
is the penetrability factor given by Po=x, P=" 
(x?+1), etc., with «= R/X. A method is under study for 
correlating the data obtained by flat- and self-detection 
and the neutron energy spread in an effort to obtain an 
analytical determination of the correct value of J for 
narrow levels. The method is quite involved and when 
completed will be given in a separate paper. An ap- 
proximate form which is valid at the peaks of levels, has 
been applied to the narrow levels of this region and 
agrees with the J-value assignments. In applying this 
method, corrections were made for the wings of neigh- 
boring levels. 


A. Analyses of the Resonance Levels 
from 630 to 760 kev 


The peaks observed during the present measurements 
can be conveniently divided into two groups: (1) The 
first group comprises the peaks from 630 to about 760 
kev, i.e., the region centering around the first cluster of 
high peaks, and (2) the second group includes the 
cluster of high peaks from 760 to 860 kev. Consider first 
the region from 630 to 760 kev, which is shown in 
Figs. 2-4. This region shows a trend toward high values 
of J, and in the neighborhood of the peak of the first 
cluster, which is just below 700 kev, some of the highest 
values of J occur for Na**. Figure 2 shows the region of 
the low-energy wing of this first cluster of high peaks. 
The theoretical curve for peak No. 138 shown by a 
broken line was obtained for a value of J/=3 and a 
width of 1.80 kev (/= 2). A value of J = 3 can be assigned 
to No. 141. The curve shown for this level was obtained 
for a width of 2.20 kev (/= 2). The curve shown for No. 
149 was obtained by use of the parameters J=4, 
I’, = 2.00 kev, and /=2. These three peaks were chosen 
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Fic. 6. Neutron total cross section of sodium from 824 to 860 
kev. Open circles show data obtained by flat detection; solid 
circles data by self-detection. Curve A shows a multiple-level plot 
of the s-wave levels that extend into this region plus potential 
scattering. Plots for the best fits to peaks Nos. 197, 204, and 206 
are shown by broken lines 
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Fic. 7. Analyses of the levels of Na* from 628 to 680 kev. The 
points shown were obtained by subtracting the broken curves in 
Fig. 2. Curves shown by broken lines are theoretical plots obtained 
by use of the parameters given in Table I. The lines showing 
possible peak heights are for single-level peak heights for /> 1. No 
curve includes the potential scattering. 


first because their peak heights appear to be the least 
affected by nearby levels and their wings are as well 
defined as the wings of any of the peaks. By subtracting 
the resonance contributions of these three levels and 
curve A from the data in Fig. 2, one obtains the curves 
shown by solid lines in Fig. 7. The self-detection data 
indicate a range in the values of J from 2 to 4 for the 
levels in Fig. 7. Relatively deep valleys occur between 
peaks Nos. 139 and 140 and between 142 and 143. The 
multiple-level plot shown is for a value of /=2 for the 
widths given in Table I. The following noticeable 
features are useful aids in determining the parameters of 
the next five peaks, Nos. 144-148: (1) the value of J 
appears to be 3 for all of these peaks, (2) a deep mini- 
mum between Nos. 144 and 145 denotes mutual inter- 
ference, (3) no deep minimum occurs between any other 
pair of adjacent peaks, and (4) the widths of Nos. 146 
and 148 are larger than the widths of the remaining 
three peaks. Hence, a smaller value of / must be assigned 
to these latter two peaks than to the other three. The 
depths of the minima are insufficient to confirm mutual 
interference between adjacent pairs of peaks Nos. 145 
through 148. Therefore, two multiple-level plots can 
account for these five peaks: (1) a multiple-level plot for 
Nos. 144, 145, and 147, and (2) a multiple-level plot for 
Nos. 146 and 148. These plots, shown in Fig. 7, were 
obtained by use of the parameters given in Table I. The 
next group beginning with No. 150 must include the 
levels through No. 155. However, one must also take 
into account the extensive low-energy wings of the pair 
of levels Nos. 156 and 157 shown in Fig. 3. Then, in 
Figs. 7 and 8, the group comprising Nos. 150-155 ex- 
hibits the following features: (1) the levels are somewhat 
more closely spaced than in the previous group, and this 
produces a strong overlapping of the many wings, (2) no 
deep minima occur between the peaks, and (3) ap- 
parently the widths of these peaks do not differ by a 
large amount. Because of the strong overlapping of the 
wings and the lack of any apparent mutual interference 
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Fic. 8. Analyses of the levels of Na* from 678 to 730 kev. The 
points shown were obtained by subtracting the dashed curves in 
Fig. 3. Theoretical plots for the best fits are shown by broken lines. 
Possible single-level peak heights for various values of J are shown 
by solid lines for /> 1. No curve includes the potential scattering. 


between adjacent levels, it is more difficult to assign 
values of J. However, by trial and error, it was found 
that the following scheme provides the best approach: 
assign (1) a value of J=2 to Nos. 150, 152, and 154 for 
a value of /=2, (2) a value of J=3 to Nos. 151 and 153 
for /=2, and (3) a value of J=4 to No. 155 for /=3. The 
theoretical plots shown in Figs. 7 and 8 were obtained 
from the values of J and the widths given in Table I. 
The data in Fig. 3 show a cluster of high peaks which 
exhibits the largest values of J observed in Na*. The 
degree to which these peaks are resolved indicates a 
strong overlapping of the many wings and, from the 
number of peaks, one sees that the average width of the 
levels is of the order of 3.0 kev or less. ( nly one pair of 
adjacent peaks, Nos. 156 and 157, shows a relatively 
deep intervening minimum. Apparently, the overlapping 
wings of neighboring levels contribute very little to the 
peak heights of these two levels. Therefore, their 
parameters were estimated and then adjusted until a 
reasonably good fit to the data was obtained. A mul- 
tiple-level plot is shown by curve B in Fig. 3 for a value 
of J=6 for widths of 1.90 and 1.70 kev, respectively, for 
Nos. 156 and 157. It is to be noted that the minimum 
value of / is 4 for a value of J/=6. The corresponding 
reduced widths are, then, extremely large. The parame- 
ters for Nos. 162, 164, and 165 were also determined by 
trial and error. The multiple-level plot shown by curve 
C was computed for /=6 for the widths shown in 
Table I. The observed height of peak No. 165 is a little 
above the corresponding theoretical single-level height 
for J=7 but below the value for J=8. A level of this 
apparent width is expected to be almost completely re- 
solved to its true height. However, the observed height 
appears to exceed the true height because wings of 
nearby levels elevate the peak of No. 165 considerably 
and, when these wings are taken into account, the 
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height will be reduced by about 1 to 1.5 b. Therefore, 
the value of J is taken to be 7. Curve D in Fig. 3 shows 
a single-level plot for a width of 3.0 kev. For a value of 
J=7, the minimum value of / is 5, and this leads to an 
excessively large reduced width for a neutron width of 
3.0 kev. 

Curves shown by solid lines in Fig. 8 were obtained 
by subtracting curve A and the resonance components 
of curves B, C, and D from the data in Fig. 3. No deep 
minima occur between successive peaks in the group 
Nos. 158-161 to indicate mutual interference. Either 
these levels are narrow and the valleys between them 
poorly resolved or the widths are sufficiently large that 
the overlapping wings of the levels elevate the valleys to 
such an extent that one can expect to resolve them very 
little more even by use of neutrons of smaller energy 
spreads. The spacings of these levels are comparable 
with the spacing between Nos. 156 and 157 where a deep 
valley was resolved. Therefore, one expects relatively 
large widths for the four levels under consideration and 
correspondingly shallow valleys between the levels. Be- 
cause of these widths, one expects that the observed 
heights of these peaks are near the true heights. Possibly 
the peaks of Nos. 158 and 161 could be increased by 
small amounts by use of neutrons of smaller energy 
spreads. The overlapping wings elevate these peaks 
above their true heights and this must be considered. 
The amount of these contributions can be determined 
by simultaneous consideration of the plots of all these 
levels. These plots are shown in Fig. 8. A single-level 
plot is shown for No. 158 for J=5 and a width of 2.60 
kev (J=4) and for No. 160 for J=5 and a width of 
4.10 kev (/= 3). The multiple-level plot for Nos. 159 and 
161 was computed for widths of 3.40 and 2.50 kev, 
respectively, for J=4 (/=2). 

A single-level plot is shown in Fig. 8 for peak No. 163 
for a value of J=6 and I,=1.70 kev. No mutual 
interference with Nos. 162 and 164 is indicated by the 
depths of the minima. Therefore, a larger value of / is 
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Fic. 9. Analyses of the levels of Na™ from 726 to 780 kev. Points 
shown were obtained by subtracting the broken curves in Fig. 4 
Plots for the best fits are drawn as broken lines. Possible single 
level peak heights are shown by solid lines for />1. No curve 
includes the potential scattering. 
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assigned to No. 163 than to Nos. 162 and 164. The last 
group of levels in Fig. 8 can be accounted for by J =4 for 
Nos. 166 and 169 with widths of 2.30 and 2.70 kev, re- 
spectively, and J=6 for Nos. 167 and 168 with widths 
of 2.20 and 2.70 kev, respectively. A multiple-level plot 
is shown for Nos. 166 and 169 and single-level plots for 
the other two levels. 

The data for the remainder of the levels in the range 
from 630 to 760 kev are shown in Fig. 4. Mutual inter- 
ference between adjacent pairs of levels is not immedi- 
ately recognizable because there are no deep minima 
between the levels to indicate it. By trial and error a set 
of parameters was determined for Nos. 170, 171, 173, 
and 178. These parameters are listed in Table I and the 
plots obtained with them are shown in Fig. 4. By 
subtracting curve A and the resonance part of these 
plots from the data, one obtains the curves shown by 
solid lines in Fig. 9. The plot shown for No. 172 was 
obtained by the parameters J/=4 and I’,=2.50 kev 
(/= 2). It was found that levels Nos. 174 and 176 (/= 2) 
could be attributed to /=2, No. 175 to /=3, and Nos. 
177 and 179 to J=1. The plots shown in Fig. 9 were 
obtained by use of the widths shown in Table I. These 
plots give a reasonable account of the data when the 
contributions of the overlapping wings are taken into 
account. 


B. Analyses of the Resonance Levels 
from 760 to 860 kev 


Part of the data for the second group of levels is 
shown in Fig. 4 and the remainder in Figs. 5 and 6. The 
region centered around 780 kev comprises a cluster of 
peaks with high values of J. Some levels in the cluster 
have relatively large widths. A number of fairly wide 
levels also occur in other parts of the region outside of 
the cluster of high peaks. No minima anywhere in the 
data shown in Figs. 4-6 are sufficiently deep between the 
levels to enable one to recognize mutual interference 
between adjacent pairs of levels by inspection. In Fig. 4, 
one sees that the low-energy wing of No. 181 is suffi- 
ciently revealed to obtain an estimate of its width. The 
peak height indicates a value of J/=5. However, this 
value of J may be too large because the wings of 
neighboring levels, especially Nos. 183 and 184, may 
elevate the peak of No. 181 to such an extent that a 
value of J=4 is applicable. Because of their relatively 
large widths, Nos. 183 and 184 appear to be resolved to 
their true peak heights, which correspond to a value of 
J=5. There appears to be no way to determine the 
widths of these two peaks other than by trial and error, 
which involves a considerable amount of revision of the 
parameters. Their widths and heights are approximately 
equal and this indicates mutual interference. However, 
the valley between them is far too shallow to confirm 
mutual interference, and one would expect to resolve it 
to a much lower value unless another peak is located in 
the valley. For either a single- or multiple-level analysis, 
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a third peak No. 183A always appears between Nos. 183 
and 184. Therefore, a multiple-level plot for Nos. 
183 and 184 best accounts for the data. The plot shown 
in Fig. 4 is for J=5 and the widths shown in Table I. 
One sees, then, that the peak of No. 181 is not suffi- 
ciently affected by the wings of Nos. 183 and 184 to 
assign a value of /=4. Therefore, a single-level plot is 
shown in Fig. 4 for J=5 and ’,,=1.80 kev (J=4). By 
subtracting curve A and the resonance contributions of 
Nos. 181, 183, and 184 from the data, one obtains the 
curves shown in Figs. 9 and 10. The peak heights and 
widths of Nos. 180 and 182 appear to be comparable. 
Therefore, a multiple-level plot shown in Fig. 9 for 
J=3 (l=2) and T,,=2.00 and 1.90 kev, respectively, 
appears to agree with the data. A single-level plot is 
shown for No. 183A for J=1 and a width of 1.30 
kev (/=2). 

Figure 5 shows the high-energy side of the cluster of 
high peaks. No deep minima occur between the peaks. 
There are a number of widely spaced levels and one 
would expect to see deeper minima between them than 
was observed, but the data indicate the presence of 
small peaks in these valleys. Peak No. 186 appears to be 
sufficiently removed from neighboring peaks to obtain 
the value of J directly from the data. Its height is 
slightly above the corresponding height for a value of 
J=6 but well below the corresponding value for J= 7. 
No significant increase in height was obtained by self- 
detection. Therefore, the value of J is taken to be 6. The 
single-level plot shown by a broken line in Fig. 5 was 
obtained for a width of 2.60 kev. The minimum value 
of 1 is 4. 

Peaks Nos. 187, 188, and 189 exhibit nearly equal 
heights, which slightly exceed the corresponding single- 
level peak heights for J/=5. Apparently, no mutual 
interference occurs between adjacent pairs of these 
levels because no deep valleys were observed between 
them, but this does not rule out the possibility of mutual 
interference between Nos. 187 and 189. Moreover, the 
wings of adjacent levels elevate the peaks of Nos. 187 
and 189 somewhat but No. 188 is too far removed to be 
affected appreciably by them. The amount of the 
elevation of Nos. 187 and 189 appears to be sufficient to 
indicate a value of J/=4 for these two peaks, in whieh 
case mutual interference may be expected. Then the 
peak height of No. 188 is little affected by the wings of 
187 and 189 because it is located near the minimum 
between these two peaks. By trial and error, it was 
found that this approach produced the best results. 
Therefore, the single-level plot for No. 188, Fig. 5, is 
drawn for J/=5, I',,=2.40 kev, /=4. Numbers 191 and 
192 are the widest levels in this region and appear to be 
well resolved. Their peak heights correspond to the 
single-level theoretical peak height for J=4. One, then, 
expects mutual interference between these two levels. 
However, variations in the valley between these two 
peaks indicate the presence of a small peak, No. 191A, 
which prevents one from observing a deep valley 
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Fic. 10. Analyses of the levels of Na*™ from 778 to 830 kev. 
Points shown were obtained by the subtractions made in Fig. 5. 
Plots for the best fits are shown as broken lines. Possible single- 
level peak heights are shown by solid lines for />1. No curve 
includes the potential scattering. 


attributable to mutual interference. A multiple-level 
plot for Nos. 191 and 192 provides the best agreement 
with the data. This plot is shown in Fig. 5 for /=4 and 
the widths listed in Table I for 7=2, which is the mini- 
mum value of /. By subtracting the resonance contribu- 
tions of Nos. 186, 188, 191, and 192 plus curve A from 
the data in Fig. 5, one obtains the curves shown by solid 
lines in Fig. 10. The single-level plot shown for peak 
No. 185 was obtained for J/=3 with a width of 3.60 
kev (l=2), which, together with the wings of other 
nearby levels, accounts for this peak. The multiple-level 
plot for Nos. 187 and 189 is shown in Fig. 10 for 
J=5 (l=3) and the widths listed in Table I. Peak No. 
190 appears to be attributable to J=3 and the single- 
level plot shown was obtained for a width of 2.00 kev. 
The residual peaks Nos. 186A, 190A, and 191A appear 
to be attributable to /=1 and the plot shown was ob- 
tained by use of the widths given in Table I. The 
following plots account for the group of peaks Nos. 193 
196: (1) a multiple-level plot for Nos. 193 and 196 for a 
value of J=2, (2) a single-level plot for No. 194 for a 
value of J=4, and (3) a single-level plot for No. 195 for 
a value of J=3. The remaining parameters are given in 
Table I. 

The remaining data are shown in Fig. 6. Peak No. 197 
rises to a height just below the height corresponding to 
J=4. Wings of nearby narrow levels do not appear to 
affect this peak sufficiently to make J=3 a preferable 
assignment. Therefore a single-level plot is shown for 
J=4 and a width of 2.10 kev (/=3). A multiple-level 
plot is shown for Nos. 204 and 206 for J/=2 and widths 
of 2.80 and 3.00 kev, respectively. By subtracting the 
resonance contributions of Nos. 197, 204, and 206 plus 
curve A from the data in Fig. 6, one obtains the curves 
shown in Fig. 11. By trial and error, it was found that 
the following assignments account for these peaks: (1) a 
single-level plot for No. 198 for J=3, (2) single-level 
plots for Nos. 199 and 200 for /=2, (3) a multiple-level 
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Fic. 11.. Analyses of the levels of Na™ from 824 to 860 kev. 
Points shown were obtained by subtracting the dashed curves in 
Fig. 6. Plots for the best fits are shown as broken lines. Possible 
single-level peak heights for a number of values of J are shown by 
solid lines for /> 1. No curve contains the potential scattering. 


plot for Nos. 201 and 203 for J=3, (4) a single-level 
plot for No. 202 for a value of J/=4, and (5) a single- 
level plot for No. 205 for /=1. The widths are given in 
Table I. 

A total of 73 levels were observed in this region and, 
when combined with the levels! observed up to 630 kev 
and the bound level at —30 kev, amount to 231 levels 
up to 860 kev. Table I gives a summary of the parame- 
ters of the 73 levels in this region as determined by the 
analyses. Table II gives the number of levels assigned to 
each value of J for all levels of Na** up to 860 kev and 
their distribution among the various values of J. The 
parameters given in these tables are those that appear 
to give a best fit to the data. There appears to be no 
means by which one can distinguish clearly between 
values of / for />0. One might expect a sizable number 
of levels to be attributable to p-wave neutron interac- 
tions. But, if the values of the reduced widths are taken 
to be meaningful, p-wave levels are unlikely because the 
largest neutron width observed, 4.10 kev, corresponds 
to a reduced width of less than 8.9 kev for this type of 
level. On the other hand, many levels are attributable 
to high values of J corresponding to large values of / and 
hence to excessively large reduced widths. Possible 
values of J were computed by the method used for the 
levels of Al?*. Then, if one invokes the Wigner limit® and 
attempts to compare the reduced widths with this limit, 
it is found that many reduced widths exceed this limit 
by large factors. For the neutron widths found, these 
large reduced widths are inescapable. Then, unless it can 
be shown that these peaks, assignable to high values of 
J and /, consist of a number of very narrow levels, the 
Wigner limit serves no purpose. Possibly, this limit is 
really valid only for s- and p-wave levels at low energies. 
Still, no analyses can be performed unless some value of 
l is assigned. Therefore, the lowest values of / consistent 
with the data were assigned. This produces some incon- 
sistencies because of the high values of / associated with 
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some values of J and because of assignments made in 
keeping with the presence or absence of evidence for 
mutual interference. The peak heights, widths of levels, 
and depths of valleys between peaks do provide strong 
arguments for various values of /. In principle, angular 
distribution measurements could aid in determining 
better values of /. However, in the presence of so many 
overlapping and interfering wings of the levels, clear 
conclusions could hardly be anticipated. Further, ac- 
ceptable counting rates for the small neutron energy 
spreads needed may prove difficult to obtain. 


5. DISTRIBUTIONS OF THE PARAMETERS OF 
THE LEVELS 

It is desirable to compare the distributions of the 
parameters of the levels with the predictions of nuclear 
theory. Because of the large density of levels and the 
consequent overlapping of wings of levels and the 
generally narrow widths of levels, many of the levels 
cannot be resolved sufficiently to determine their 
parameters accurately. The parameters determined rep- 
resent values obtained by a best fit to the data. There- 
fore, these parameters may be sufficiently inaccurate to 
introduce irregularities into the distributions. Neverthe- 
less, the comparisons are made on the basis of the 
parameters that have been determined. All of the levels 
of Na*™ up to 860 kev are included. (See references 1 and 
2 for tabulations of the levels up to 630 kev.) Only the 
values of the parameters obtained in the analyses were 
used; no corrections were applied for neutron energy 
spread, nor have any corrections been attempted to take 
account of missed levels. 


A. Neutron Widths 


The reduced widths of the levels, obtained from the 
neutron widths by the relation’ y?=I,/(2P,), were 
found to fluctuate violently among the levels of Na™. 
Several years ago Scott? proposed that the distribution 
of reduced widths is exponential. A first study by 
Harvey et al.° and by Hughes and Harvey" with low- 
energy neutrons showed that the distribution is roughly 
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exponential in form. Porter and Thomas” assumed that 


TABLE II. Distribution of the angular momentum J among the 
levels of Na™. The relative numbers are the ratios of the densities 
of levels to the density for J=1. All resonance levels of Na* up to 
860 kev are included 


J 0 4 


Number of 27 5 5 24 
levels 
0.50 O83 0.44 0.18 


Relative 0.02 


numbers 


» J]. M. C. Scott, Phil. Mag. 45, 

J. A. Harvey, D. J. Hughes, R rter, and I 
Phys. Rev. 99, 10 (1955) 

'' DP. J. Hughes and J. A. Harvey, Phys 


2. E. Porter and R. G. Thomas, Phys. Rev 


Pilcher, 


Rev. 99, 1032 (1955 
104, 483 (1956). 
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Fic. 12. Distribu- 
tion of the reduced 
neutron widths of 
Na*. The histogram 
shows the experi- 
mental data for all 
known virtual levels 
up to 860 kev. For 
v=2, the resulting 
exponential curve is 
for C=230 in Eq. (1). 
The curve for »v=1 
shows the Porter- 
Thomas distribution 
for 81 x~# exp(—4$zx). 





NUMBER OF LEVELS PER INTERVAL 


the correct distribution of the reduced widths is one of 
the class of x? distributions of the form 


y=C(4v)— (dvx) te 7, (1) 


where «= y*/(7")av, Y’, and (y*)ay refer to a particular J 
and parity. The quantity v refers to the number of 
degrees of freedom” and C is a constant. Then, y repre- 
sents the number of reduced widths per unit interval 
Ax. For a value of v=2, Eq. (1) reduces to the expo- 
nential distribution given by Scott.? The value »=1 
gives the Porter-Thomas distribution.” A further study 
by Porter and Rosenzweig" indicates that the vaiue of 
v=1 is at least approximately correct. 

The present data for Na™ are shown by a histogram 
in Fig. 12 in which the number of reduced widths per 
unit interval Ax is plotted against «. To obtain this plot, 
the reduced widths were first separated into sequences, 
each belonging to a given J and parity, and the mean 
spacing was computed separately for each sequence. 
The several sequences were then combined into a single 
distribution. For comparison, the theoretical distribu- 
tions given by Eq. (1) for values of y=1 and 2 are also 
shown in Fig. 12. The curve shown for y=1 was ob- 
tained from the expression 81a~! exp(—}x) and the 
curve for y=2 from the expression 230 exp(—x). The 
data represented by the histogram in Fig. 12, then, 
show some irregularities but these irregularities are not 
as pronounced as would be expected if many of the 
parameters of the levels were grossly inaccurate. Al- 
though the distribution of the neutron reduced widths 
follows the general trend of the chi-squared distributions 
given by Eq. (1) for values of y=1 and 2, it does not 
obey either of these distributions exactly. The general 
trend appears to agree slightly better with the Porter- 
Thomas distribution than it does with the exponential 
distribution. However, the exponential and Porter- 
Thomas distributions differ too little to make a clear 
choice possible. 


3 C. E. Porter and N. Rosenzweig, Ann. Acad. Sci. Fennieae 44, 
1 (1960). 
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B. Level Spacings 


During recent years, a considerable effort has been 
devoted to trying to establish the shape of the distribu- 
tion of the individual level spacings relative to the mean 
for levels of the same spin and parity. (See reference 8 
for a list of references to the original papers.) The 
simplest assumption is that the levels occur completely 
at random, which leads to an exponential distribution of 
the form 

N=k exp(—S), (2) 


where $= S/D. The quantity S represents the individual 
level spacing and D the average spacing. The quantity 
N is the number of spacings per unit interval AS and k 
is the total number of spacings. Recently, Wigner® pro- 
posed a different distribution. He pointed out that if one 
assumes a random distribution of Hamiltonian matrix 
elements the levels of the same spin and parity repel 
each other. The probability that there exists a level at 
a distance S from a given level is not independent of the 
distance; for small values of S it is proportional to S. If 
the same law also holds for large values of S, the proba- 
bility of finding the next level at a distance S becomes 
proportional to SdS. On this basis, Wigner surmised 
that the complete distribution is given approximately 
by 
V = kn (48) exp(—jrS?). (3) 
To see whether or not the present data show a re- 
pulsion between levels, the observed levels were sepa- 
rated into sequences, each belonging to a given spin and 
parity, and the mean spacing was computed separately 
for each sequence. These sequences were then combined 
into a single group. The combined distribution is shown 
by the histogram in Fig. 13. For comparison, the theo- 
retical distributions given by Eqs. (2) and (3) are also 
included in Fig. 13. Although the experimental distribu- 
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Fic. 13. Distribution of the level spacings of Na**. The histogram 
shows the data for all virtual levels up to 860 kev. The two curves 
show the exponential distribution and the distribution given by 
the Wigner surmise. 
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Fic. 14. Distribution of the level spacings of some sequences of 
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for J=1*. The histograms show the data for the sequences 











tion is not in complete agreement with either theoretical 
distribution, its general trend is similar to the expo- 
nential distribution. The two theoretical distributions 
differ markedly in their predictions concerning the level 
spacings. The exponential distribution predicts a large 
number of small spacings compared with the mean, 
while the Wigner surmise predicts a small number and 
a most probable spacing near the mean. The disagree- 
ment of the data with the Wigner surmise may have 
come about because of several reasons: (1) limitations 
in the experimental method that prevent one from fully 
resolving the levels, (2) the consequent inaccuracies in 
the parameters of the levels determined by the analyses, 
and (3) uncertainties in the values of /. The parameters 
thus determined may then be equivalent to a somewhat 
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Fic. 15. Distribution of the level spacings of some sequences of 
Na*. (a) Sequence for J =2 Sequence 


) Sequence for J =2* i 
for J=3-. The histograms show the data for the sequences 


random set. Further, by combining all of the sequences 
of spacings into a single distribution, one may have 


introduced an additional random trend among the 
spacings. To examine this question, a histogram was 
made for some of the individual sequences. These plots 
are shown in Figs. 14 and 15. Plots for the exponential 
distribution and the Wigner surmise are also included 
with the series of histograms for the appropriate number 
of spacings. These plots for the individual sequences 
also show distributions similar to the exponential distri- 
bution rather than the Wigner surmise. 


C. Angular Momenta 


The number of virtual nuclear levels of Na* up to 860 
kev is given in Table II for each value of the total 
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angular momentum J and the distribution among the 
various values of J is given by the relative numbers. 
One sees, then, that the values of J range from 0 to 7. 
In an earlier paper? a comparison was made with the 
theoretical distribution for the levels up to 630 kev. It 
is desirable now to show the comparison for all values of 
J up to 860 kev. The expression for the density of levels 
as a function of the total angular momentum J and the 
excitation energy U, as derived by Bloch“ from the 
single-particle model, is 


p(U,J)=p(U) {exp[ —J?/20? | 


—exp{—(J+1)?/207]}}, (4) 
where p(L’) is the density of all levels and is given by 
[ol (967)? }“ exp[a(2U/36)*], (5) 


where 6 is the average single-particle level spacing of the 
nucleons. Some authors replace the quantity 20° by ar, 
where 7 is the so-called nuclear temperature and a (a 
constant equal to 3.2 for Na®‘) can be obtained for any 
atomic weight by use of an expression given by 
Cameron.'® The relative densities of levels for different 
values of J can be computed by use of Eq. (4). Plots of 
these relative numbers for various values of ¢ are shown 
in Fig. 16. The experimental data for the relative num- 
bers in Table II are shown by solid circles. For compari- 
son, the data'* up to 630 kev are also included and are 
shown by open circles. The present data indicate a value 
of o=2.15 corresponding to a nuclear temperature of 
about 2.9 Mev compared with a value of o=1.8 and a 
nuclear temperature of about 2 Mev obtained from the 
data up to 630 kev. The values of o and 7 up to 630 kev 
may be closer to the true values than the ones obtained 
for all of the levels up to 860 kev. Data in the region 
from 630 to 860 kev cover the region of two clusters of 
many levels, and a large fraction of these levels exhibit 
the largest values of J observed in Na*™‘. This introduces 
a disproportionate number of large values of J into the 
distribution without including a large number of lower 
values anticipated at higher energies. The region of 
energy'® above 860 kev, as shown in BNL-325, shows 
that the neutron cross section decreases with energy to 
comparatively low values. Then, if this region could be 
included, a large number of low values of J would be 
expected. Hence, the distribution would shift toward 
the distribution found for the data up to 630 kev and 
would lead to lower values of o and 7 than were obtained 
from all of the data up to 860 kev. 


p(U) 


'4C. Bloch, Phys. Rev. 93, 1094 (1954). See also H. A. Bethe, 


Revs. Modern Phys. 9, 69 (1937); J. M. B. Lang and K. J. 
LeCouteur, Proc. Phys. Soc. (London) A67, 586 (1954); T. D 
Newton, Can. J. Phys. 34, 804 (1956). The expression for p(U’,/) 
is sometimes given in the approximate form 
p(U)[(2J +1) /20?] exp[— (J +4)?/20?]. 

5A. G. W. Cameron, Can. J. Phys. 37, 244 (1959). 

‘6 Neutron Cross Sections, compiled by D. J. Hughes and R. B 
Schwartz, Brookhaven National Laboratory Report BNL-325 
Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), 2nd ed. 
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Fic. 16. Distribution of the angular momenta among the 
resonance levels of Na*. Experimentally determined points are 
shown by open circles for data up to 630 kev and by solid circles 
for all of the virtual levels up to 860 kev. The curves are plots of 
the relative numbers obtained by Eq. (4) for values of c= 1.8, 2.0, 
2.1, and 2.2. 


The experimentally determined density of all levels is 
p(U)=260 Mev. Then, for a mean value of U=7.4 
Mev and the value of c=2.15 obtained from the dis- 
tribution of the angular momenta, one obtains 6~0.40 
Mev from Eq. (5), compared with an expected theo- 
retical value!’ of about 0.50 Mev. 


D. Strength Functions 


The value of the strength function is obtained by the 
expression (y*)ay/D, the ratio’’* of the average reduced 
neutron width to the average level spacing, where the 
reduced neutron width y?=I,/(2P,) and the level 
spacing are averaged for a given value of J. Up to 630 
kev, a value® of 0.045 was obtained for the strength 
function for s-wave levels (J=0). Since no additional 
s-wave levels were identified between 630 and 860 kev, 
the value of the strength function, if it is to be computed 
for the entire region up to 860 kev, is reduced to 0.035. 
No additional p-wave levels (J=1) were clearly identi- 
fiable between 630 and 860 kev. Then, if this strength 
function is also to be computed for the entire region up 
to 860 kev, its value is decreased from 0.37 up to 630 kev 
to a value of 0.27. However, it should be noted that the 
p-wave strength function would amount to 0.36 if all 
levels between 630 and 860 kev were considered to be 
p-wave levels and combined with the previous p-wave 
levels up to 630 kev. This comes about because the re- 
duced widths for p-wave levels in this region, as com- 
puted from the neutron widths determined by the 
analysis, are very small. The values of the strength 
functions for s- and p-wave levels are in agreement with 
the model proposed by Feshbach e7 al.'* who predict a 
maximum for the strength function for p-wave levels 
and a minimum for s-wave levels in the region of A= 25 
for a nuclear well depth of about 40 Mev. Further, the 


17 A. A. Ross, Phys. Rev. 108, 720 (1957 


18 H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954 
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sum rule of Lane et al.‘ suggests that the sum of the 
reduced widths of a given group of levels in an energy 
interval comparable with the spacings of giant reso- 
nances for a given value of / should not exceed h?/ (uR?). 
The fact that the sum for the p-wave levels is between 
0.3 and 0.4 of this limit indicates that the present 
narrow energy interval is near the maximum for the 
p-wave strength function. The strength function for 
d-wave levels (J=2) might be expected to be of the 
same order of magnitude as for s-wave levels since the 
levels are of even parity. However, up to 630 kev, the 
strength function for d-wave levels was found to be 
about 100 times as large as the value for s-wave levels. 
For the entire energy region up to 860 kev the strength 
function was found to be 3.9. If all levels from 630 to 
860 kev are assumed to be d-wave levels and combined 
with the levels assigned to /=2 below 630 kev, the 
strength function is 4.5. For the f-wave levels (J=3) up 
to 630 kev, the strength function was found to be 75. 
For the levels between 630 and 860 kev, it was found to 
be 57. When all of the levels up to 860 kev were attrib- 
uted to /=3, the strength function was found to be 70. 
A peak in the value of the strength function for f-wave 
levels might be expected in the region of the peak for 
p-wave levels, but it should not be expected to exceed 
the height for p-wave levels by such a large factor. For 
the ten levels to which a value of /=4 was assigned, the 
strength function is 60. One, then, sees that reasonable 
values of the strength functions were obtained for the s- 
and p-wave levels but excessively large values were 
obtained for all other values of /. If all of the levels up to 
860 kev other than s-wave levels could be considered to 
be p-wave levels, irrespective of the corresponding 
values of J, the p-wave strength function turns out to be 
0.5 for the neutron widths obtained from the analyses. 
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Fic. 17. Distribution of the bound nuclear energy levels of Na 
as a function of the excitation energy U. Curve A was obtained 
from Eq. (6) (times a factor of 1.8) for a value of 5=0.50 Mev and 
curve B for 5=0.60 Mev. The arrow indicates the binding energy, 
6.956 Mev. The two points near 8 Mev were obtained from the 
neutron resonance levels by use of the two nuclear temperatures 
discussed in the text. 
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E. Excited Nuclear Levels 


The density of the virtual levels of Na*‘ observed up to 
860 kev is large and at first sight appears to be much too 
large in comparison with the density of the known 
bound levels. However, only 20 bound levels’ are known 
up to about 4.75 Mev and above this energy apparently 
no measurements have been made. Figure 1 shows a plot 
of the number of virtual levels with energies < F, asa 
function of the neutron energy £, for all of the observed 
levels up to 860 kev. Since only a small fraction of the 
bound levels have been resolved, it is not known whether 
or not the plot in Fig. 1 would join on smoothly with a 
similar plot of the bound levels. One can relate the 
number of bound levels to the number of virtual levels 
by an expression for the total number of levels up to an 
excitation energy U’ (expressed in the center-of-mass 
system). The total number of levels in the energy 
interval from U’; to l’s is given by the expression 


vv)= f ownae, 


where p(U) is the density of all levels in the energy 
interval. The theoretical number of levels depends on 
the form of p(U’), which is known to have an essentially 
exponential behavior and a number of expressions have 
been given for it. The expression given by Bloch," Eq. 
(5) in the present paper, will be used here. Then the 
integral, Eq. (6), reduces to the form 


a~x 
VU 2¢( Ines ax+ } 
; »><2! 


where x= U!, C=[o(96mr)!]"', and a= x[2/ (36) }!. The 
quantity o is proportional to the nuclear temperature 
(assumed to be constant for each nucleus) and 6 is the 
average level spacing of the individual nucleons in the 
nucleus. Equation (7) cannot include the ground level, 
whose excitation energy is U=0O, the 
logarithmic term. However, it was shown previously” 
that the value of .V(U) from Eq. (7) is a small negative 
number when U is as low as 0.10 kev (c=0.50 Mev); 
and therefore the lower limit for U’; amounts to a small 
correction. Then, Eq. (7) should reflect the distribution 
of all excited nuclear levels above the ground level for 
the proper values of o and 6. A family of curves for 
various values of o and 6, when compared with the 
experimentally observed levels, can be expected to indi- 
cate the proper values of o and 6 for the various nuclei. 
Many of the bound levels of nuclei have not been re- 
solved as yet but for the ones that have been, the data 
favor a value of 6 of about 0.50 Mev for the odd-odd 
nuclei in the region of A near 25. About 100 bound levels 


because of 


of Al?* have been resolved, so that this nucleus provides 


1? P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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the best means of evaluating 6. (See Fig. 19 of reference 
2.) It was pointed out previously’? that for odd-odd 
nuclei the curve given by Eq. (7) falls below a plot of 
the number of bound levels with energies <U as a 
function of the excitation energy U for values of 6 of 0.50 
and 0.60 Mev and that smaller values of 6 lead to much 
steeper curves. However, if the value of V(U) from 
Eq. (7) is multiplied by a constant of the order of the 
value of o, the equation appears to agree with the 
distribution of the bound levels of odd-odd nuclei (for 6 
near 0.50 Mev) in the low-energy region where most of 
the bound levels are known (cf. Figs. 19 and 20 of 
reference 2). 

Figure 17 shows a plot of the known bound levels of 
Na**. Curves A and B show plots of Eq. (7) (multiplied 
by 1.8) for6=0.50 and 0.60 Mev, respectively. Erickson*’ 
has shown that the number of levels up to an excitation 
energy U’ is given by the product of the nuclear temper- 
ature and the density of levels, i.e, V(U)=7p(U). By 
use of this relation, the two points shown in Fig. 17 by 
solid circles near 8 Mev were obtained from the neutron 
resonance levels for nuclear temperatures of 2.0 and 2.9 
Mev. These points are near curve A, which corresponds 
to 6=0.50 Mev. 

Figure 18 shows a plot of the known bound levels of 
two neighboring odd-odd nuclei of Na*™, viz., Na and 
Al’*, This plot shows that the bound levels of these two 
nuclei also follow the same trend as Na™ and Al?® (Fig. 
19 of reference 2). A number of plots for other odd-odd 
nuclei all show a similar trend up to 3 or 4 Mev. Above 3 
or 4 Mev many of the bound levels apparently have not 
been resolved. On the basis of the behavior of the bound 
levels up to a few Mev and the points given by the 
neutron resonances near 8 Mev, one expects some such 
curve as A in Figs. 17 and 18 to reflect the shape of the 
distribution of the nuclear levels for the proper values of 
o and 6. One cannot include in Fig. 17 a point for each 
of the 230 virtual levels of Na®*. However, the point 
shown near 8 Mev in this plot indicates that a much 
higher percentage of the virtual levels are being located 
by present techniques than are resolved in the region of 
the bound levels. Some further observations pertaining 
to the distribution of the nuclear levels and the behavior 
of the values of o and 6 are given in reference 2. 


6. DISCUSSION 


The results show that present counting equipment 
can achieve a neutron energy spread small enough to see 
levels having widths comparable with the widths of 
levels in the low-energy part of the kev region. The re- 
sults also show that the two large peaks observed by 
Stelson and Preston* in the region between 600 and 850 
kev are clusters of levels. A large number of levels were 
observed all along in the data, even in the wings of the 
two large peaks and in the valley between them. In this 
region, the data show no peaks identifiable as s-wave 


20 T. Erickson, Nuclear Phys. 11, 481 (1959). 
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Fic. 18. Distribution of the bound nuclear energy levels as a 
function of the excitation energy U in two of the odd-odd nuclides 
adjacent to Na*™. Solid circles show the locations of the known 
bound levels of Na* and open circles the locations of the bound 
levels of Al?*. Curves A and B are explained in the text. 


levels. In comparison with the possible theoretical peak 
heights, the observed peaks are too high for s-wave 
levels. The nearest approach to the possible heights 
occurs in the region around 850 kev, where the lowest 
peak heights were observed. Here, even if one makes the 
highly unlikely assumption that a, is as large as 3.0 b, 
the observed peak heights of the levels are still well 
above the possible theoretical heights for s-wave levels. 
Besides, no deep minima were observed between levels 
although the level spacing is ample. 

An attempt was made to determine the type of levels 
found in this region. Because of the limitations noted in 
Secs. 4 and 5, it is not claimed that the parameters were 
determined with certainty. In order to determine the 
best possible values of the many parameters, each level 
was studied by self-detection. The various figures show 
the lowest minima between peaks and the highest peak 
values obtained by both flat- and self-detection meas- 
urements. Data obtained by self-detection proved to be 
of considerable help in determining the parameters of 
the levels. The values of J assigned are the largest that 
agree with the data by taking into account the wings of 
overlapping and interfering levels. As previously noted, 
there appears to be no definite means by which one can 
distinguish clearly between possible values of J. The 
analyses show no level with a width greater than 4.10 
kev corresponding to a maximum reduced width of 8.9 
kev for a p-wave level. Then, if the values of the re- 
duced widths are meaningful, they show a strong 
preference for values of />1. If all levels are assumed to 
be attributable to /=2, the corresponding reduced 
widths range from about 30 to 130 kev. One, then, might 
wish to attribute all levels to d-wave interactions. How- 
ever, two compelling reasons prevent this assignment: 
(1) It would conflict with the data because mutual 
interference would occur for all levels having common 
values of J. Common values of J are attributable to a 
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number of pairs of adjacent levels and to some series of 
consecutive levels for which no deep minima were ob- 
served between levels. (2) One must assign high values 
of J toa number of levels. For /=5, the minimum value 
of J is 3, for J=6, the minimum value is 4, etc. More- 
over, the range in the values of / is small for any value of 
J, being the largest for /=3. This range can be further 
restricted. Because of the very low values of the reduced 
widths, one assumes that no p-wave levels are present. 
This removes the value /=1 from the ranges of values 
of /. Then, if one imposes the restriction that only the 
smallest value of / consistent with the data is to be 
assigned to each level, no more than two possible values 
of / for each value of J need be considered. Because of 
the very large reduced widths corresponding to the large 
minimum values of / associated with large values of J, 
some inconsistencies occur. One might try to remove 
these inconsistencies by one of two methods: (1) Assign 
the minimum values of / to those levels having high 
values of J and progressively larger values of / to levels 
of smaller widths irrespective of the values of J. This 
method would fail because the reduced widths become 
excessively large. Further, for small values of J, the 
upper limit for / is too low. (2) Resolve the wider levels 
into groups of narrower levels and hence to higher 
values of /. This would multiply the difficulties because 
reasonable values of the reduced widths would not 
occur. Then, for values of /2 3, the sum rule‘ mentioned 
in the introduction is still violated. In order to avoid 
this violation, the widths of the levels must be so small 
that the levels would not have been observed by present 
For small values of /, the sum rule and the 
expressions for the penetrability factors and for the re- 


techniques 


ly 


duced widths appear to be valid; but for larger values of 


in the present energy region, there appears to be no 
means by which one 


th 


can reconcile these expressions with 
1e data. Further difficulties were also noted in the 
Values of the strength 


function obtained for s- and p-wave levels appear to be 


section on strength functions. 


reasonable and are in accord with the predictions of 
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theory.'® For larger values of /, very large values of the 
strength functions were found because the reduced 
widths become excessive. 

Apropos the large values of the reduced widths for 
large /, Lane”! has recently evaluated the reduced widths 
for many levels. In Table XIII of his report, reduced 
widths were evaluated for two values of / for one level of 
Na* and his value of the reduced width for /= 2 exceeds 
by a factor of 10 the value for /=1. 

The differential neutron cross-section measurements 
made by Lane and Monahan” in the vicinity of the two 
large peaks near 710 and 790 kev observed by Stelson 
and Preston* are not inconsistent with a high density of 
levels and large values of /. Their results indicate a 
considerable amount of interference between levels of 
opposite parity. They see more evidence of resonance 
structure corresponding to high values of / in the region 
of the second large peak near 790 kev than in the region 
of the first large peak. This is because of their large 
neutron energy spread of about 25 kev and the distribu- 
tion and type of levels which form the two large clusters 
of peaks. The present data show the presence of two 
similar relatively wide levels near the peak of the 
cluster near 780 kev, whereas in the first cluster, which 
shows a peak near 710 kev, the level spacing is larger for 
relatively wide levels. 
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Energy levels of Li? are examined in the Li® cluster plus neutron configuration. The main purpose is to 
determine whether a positive-parity level does exist at 6.54 Mev as indicated by some experiments. Our 
results show that the formation of such a state is not favored by the fundamental nucleon-nucleon inter- 


action which yields the deuteron binding energy and explains the s 
of the **Py state has also been computed. The resultant value of 


experimental value of —31.7 Mev. 


I. INTRODUCTION 


HE present investigation is an attempt to deter- 

mine by a theoretical calculation whether there 
exists a broad positive-parity level at around 6.5 Mev 
excitation in either Li’ or Be’.' At the present moment, 
there seems to be some experimental evidence both 
for and against its existence. In an analysis of the 
Li®(p,a)He*® reaction, Marion et al.2 contended that a 
broad peak observed in the total cross section was due 
to the presence of a (3/2+4-) state. On the other hand, 
Hamburger and Cameron’ searched for this level in the 
reaction Li®(d,p)Li’ and found that the previous obser- 
vation of a level at 6.54 Mev excitation by Levine et al. 
might arise from a contaminant in their experiment. In 
of this conflicting information, it thus 
worthwhile to carry out a theoretical calculation to 
determine whether a reasonable nucleon-nucleon inter- 
action could allow for the formation of such a positive 
this energy in Li’ 


view seems 


parity state around excitation 
and Be’. 

From the this 
positive-parity state, if it exists, should have either an 
alpha cluster plus a triton cluster configuration or a Li® 
cluster plus a neutron configuration. The former would 
vield a (1/2+) state while the latter would give rise 


3/2+-) level. At present, there does not seem to 


viewpoint of the cluster model, 


toa (3S 
be any experimental information which reveals the 
cluster nature of this level. However, a theoretical cal 
culation’ based on the alpha cluster plus triton con- 
figuration produced definitely the result that a two- 


t Submitted (by F.C.K.) in partial fulfillment of the require 
ments for the Ph.D. degree at the Florida State University 
* Work partially supported by the U. S. Office 
Research 
1 All experimental data are taken from the compilation of 
F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 (1959 
B. Marion, G. Weber, and F. S. Mozer, Phys 104, 
1402 (1956). 
3k. W 
1960). 
4S. H. Levine, R. S 
97, 1249 1955 
5K. Wildermuth and Th. Kanellopoul 
1958); 9, 449 (1958 59); CERN Report 
6 The cluster model is basically sin 
ating group structure proposed by J 
1083, 1107 (1937) ] 
L. D. Pearlstein, Y. C 
Phys 18, 23 (1960 


Naval 


of 


Rev 


Hamburger and J. R. Cameron, Phys. Rev. 117, 781 


Bender, and J N MeGruer, Phys Rev 
is, Nuclear Phys. 7, 150 
59-23 (unpublished 

ilar to the method of reson 
\ Whee ler Phys Rev 32, 


Tang, and K. Wildermuth, Nucleat 


. 


and p-wave scattering data. The energy 
27.2 Mev is in fair agreement with the 


body interaction which gives the correct deuteron 
binding energy and explains the nucleon-nucleon s-wave 
and p-wave scattering data does not favor the forma- 
tion of a positive-parity level in this configuration. Thus, 
we are left with only the alternative of a Li® cluster plus 
neutron configuration (i.e., an alpha cluster plus a 
broken-up triton cluster configuration) for this state in 
Li’. Based on the experience from previous cluster 
model calculations,® we firmly believe that if the result 
again indicates the nonexistence of such a state, then 
the chance of finding a positive-parity state around an 
excitation of 6.5 Mev by experimental means should 
be very slim indeed. 

To lend further support to the present belief that the 
2—) level at 7.47 Mev in Li’ is not a member of the 
°F doublet but of the term *4P5,2,9 we have also computed 
the energy of this level in the Li® cluster plus neutron 
representation. A previous calculation’ using the same 
method as employed here but in the alpha cluster plus 
triton cluster representation indicated that a (5/2—) 
level can indeed exist in that representation at around 
5.6 Mev." However, the same calculation also revealed 
that this level should have a large level width (approxi- 
mately 1 Mev) which clearly contradicts the experi- 
mental finding of a rather sharp level.! Thus, from this 
calculation alone, one should be able to conclude that 
the 7.47-Mev level in Li’ does not have the nature of an 
alpha cluster plus a triton cluster. Therefore, it seems 
interesting to test whether another (5/2—) level can 
form with a Li® cluster plus neutron configuration, and 
if it does, how close would its energy agree with experi- 


&, 


ment. 

In the next section, a brief description of the two- 
body force and of the method of calculation will be 
presented. Section III is devoted to the numerical 
IV, we will 


discuss and summarize the results of this investigation. 


analysis of the problem. Finally, in Sec. 


SL. D. Pearlstein, Y. C. Tang, and K. Wildermuth, Phys. Rev. 
120, 224 (1960); also, Y. C. Tang, K. Wildermuth, and L. D. 
Pearlstein, ibid. 123, 548 (1961 

+ J. M. Soper, Phil. Mag. 2, 1219 
\. Fujii} Phys. Rev. 105, 652 (1957 

Similar conclusions have also been attained by S. Meshkov 
and C. W. Ufford, Phys. Rev. 101, 734 (1956); J. B. Marion, 
Nuclear Phys. 4, 282 (1957); D. Kurath, Phys. Rev. 101, 216 
1956). This level, owing possibly to its large width, has not been 


experimentally detected so far 


1957); J. B. French and 
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Il. METHOD OF CALCULATION 


To get the total energies for the *Ps5)2 and *S3/2 states 
in Li’, we make use of a variational method. For the 
trial function, we use 


W = A[y (1234; 56; 7)E(e,7) ] 
= A[Wo(01,02,03) ¢o(os)x1(Ridx2(Re)E(o,7) ], (1) 


where 


@.% 
¢ (ones) =exp( “52 »?), 


i=] 


a 6 
¢o(os)=exp{ —- Dp? }, 


? j=5 


xi(R:)x2(R2) = Ri" R2” exp(— 38:R2— (3/7)82R:") 
y 4 V tym (Q)) V toma (Q2 > 


i=1, 2, 3, 4. 


a r,—R,, 
oj=rj—Ra, j=5, 6. 
Ro=}(ntrmtertrm), Ra=}(tst+rs), 


1=R,—Ra, R, 4(2R,+Ra)—r:. 


In Eq. (1), &(o,r) describes the total spin and isotopic 
spin function for the system and A denotes the complete 
antisymmetrization of the wave function with respect 
to the exchange of all pairs of particles. The functions 
¥o(01,02,03) and ¢o(o5) describe the internal structure 
of the a cluster and the deuteron cluster, respectively, 
while x,(R:) and x.(R:) describe the two relative 
motions between the clusters. We choose this particular 
form for the trial function, since it has been found ex- 
perimentally that the (5/2—) level has a large reduced 
width for the decay into the Li® plus neutron channel." 
Also, the constants in the wave function describing the 
relative motions are chosen to have those particular 
values such that in the limit a=8;=s, the trial function 
goes over to the usual shell model wave function for the 
configuration (1s)*(1p)* in a harmonic oscillator poten- 
tial of width parameter a. 

To simplify calculations, the L-S coupling scheme will 
be assumed. This is probably a fairly valid assumption, 
since the results of the intermediate-coupling calcu- 
lations indicated that for the light nuclei in the beginning 
of the 1p shell, the intermediate-coupling scheme is 
near the L-S limit.” 

The two-body force that we shall use in this inves- 
tigation is an equivalent two-body central force of the 
Serber type that can explain the binding energy of the 
deuteron and the s-wave and p-wave nucleon-nucleon 
scattering data fairly well. It has the explicit form" 

V 4;= — Vo exp(—x«r,?) [w+ Py") +8(P.;°— Pi;7)], (2 
"J. B. Marion, Nuclear Phys. 4, 282 (1957 
21). Kurath, Phys. Rev. 101, 216 (1956 _ 


‘3K. Lederer, Diplomarbeit, Munchen, 1957 (unpublished), 
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with 


Vo=68.6 Mev, x=0.416f-?, w=0.41, 0=0.09, 


and P;;", P,;7, and P;;’ denote the space, spin, and 
isotopic spin exchange operators, respectively. 

Since it is well known that an equivalent central 
force of the type (2) will not give the correct alpha- 
particle binding energy and rms radius correctly, it is 
again necessary to adopt the subtraction procedure 
which has been used in similar calculations done 
previously.’"* To describe briefly, what we do is to 
separate the total energy into two parts: the interaction 
energy between the clusters and the internal energies 
of the clusters. To calculate these energies we use the 
Serber force given by Eq. (2) for the interaction energy 
and the internal energy of the deuteron cluster and 
adopt the experimental value for the internal energy of 
the alpha cluster. It should be stressed here that this 
procedure is certainly somewhat ambiguous, especially 
when the mutual penetration of the clusters is appreci- 
able. However, since we expect that in light nuclei, the 
clusters would normally be quite far apart, this pro- 
cedure probably will not introduce serious errors. If one 
wishes to do a more exact calculation, then it is indeed 
necessary to use a more realistic two-body force 
complete with tensor component, hard core, and so 
forth. This latter force is however very le dious to work 
with; hence, for our investigation which is at best only 
of an exploratory nature, we shall merely use the simple 
force of Eq. (2). 

The expression we shall minimize is 


E= { vevdr / f wevar, 


where 


H=> TAF. Vii, 


i=1 i 


with 7; referring to the kinetic energy of the 7th particle 


and V;; denoting the two-body potential. Explicit 
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Fic. 2. Interaction energy as a function of the separation param 


eter for the alpha-deuteron configuration. 


expressions for the normalization factor, the expectation 
value of the kinetic energy operator, and the expectation 
value of the potential energy operator are given in 
Appendix I. The variational parameters in our wave 
function are a, 3;, and 8». From previous calculations,’ ** 
we have found, however, that in the variational process 
the optimizing value of the width parameter for the 
alpha cluster does not differ much from the value for a 
free alpha particle. So, in our calculation, we shall fix a 
to give the correct alpha particle rms radius and shall 
vary only 8; and {) freely to get the minimum value for 
the energy. 

The choice of the values for » and 7 in the trial wave 
function will be done in exactly the same way as has 
been explained in previous papers,’:* namely, we shall 
use ,=2, 1,=0, m,=0, n.=2, 1,.=0, me=O0 for the 
4939 state and #,=2, /;,=0, m,=0, n.=1, L=1, mo=1 
for the “P35,s state. 


III. NUMERICAL ANALYSIS 


Numerical 
IBM-650 
notation 


computations are carried out on an 
computer. For convenience, we use the 
y=xk/a, %=Bi/a, X.=P2/a. 


As mentioned earlier, we shall keep y fixed at 0.96, a 
value which corresponds to the width parameter of a 
free alpha particle. The other two parameters, x; and 
%2, will be varied to give the minimum value of the 
expectation value of the Hamiltonian. The results for 
the™*Ps,.and 3,2 states are discussed below separately. 

(i) “P52 state. The interaction energy of the neutron 
relative to the Li® cluster as a function of x is plotted 
in Fig. 1 for three values of the parameter x,=0.6, 
0.8, and 1.0. To this energy, we must further add the 
internal energies of the deuteron and alpha clusters and 
the interaction energy of the deuteron cluster with 
respect to the alpha cluster (Fig. 2) to obtain the total 
energy of this state as a function of x; and x». Since the 
interaction energy plotted in Fig. 2 is computed only 
with the nuclear part of the two-body interaction, a 


PLUS NEUTRON CONFIGURATION IN 


Ba 


Coulomb contribution estimated to be around 0.8 Mev 
must still be added. Furthermore, we must remember 
that there is also a spin-orbit effect in this state, which 
in principle can be computed by inserting a two-body 
spin-orbit force into Eq. (2). This latter computation 
is, however, immensely tedious; hence, in our present 
investigation, we merely estimate it to be about —1 
Mev from the experimental ?P splittings in He® and 
Be! With all those energies taken into account, we 
can then minimize with respect to x, and x. The 
resultant total energy thus obtained is —27.2 Mev, with 
the variation parameters x+,=0.86, x.=0.80. Comparing 
with the experimental value of —31.7 Mev for this 
state,' we must concede that our calculated value seems 
to be a rather poor upper limit. However, we should 
point out that the major part of this discrepancy comes 
from the assumption of a single width parameter for 
both the alpha cluster and the deuteron cluster. Indeed, 
the total energy for the ground state of Li® calculated 
under the same assumption is only —29.3 Mev, while 
the experimental value is —32.0 Mev. Thus, we expect 
that if a more realistic deuteron cluster wave function 
had been used, our result would much 
improved. 

(ii) 43,2 state. The interaction energy of the neutron 
with respect to the Li® cluster as a function of x is 
plotted in Fig. 3. We note that these curves possess no 
minima, which indicates the nonexistence of a positive- 
parity state in the Li® cluster plus neutron configuration 
with the term 7483). 


have been 


IV. DISCUSSION 


The most interesting result of this investigation is 
perhaps that a positive-parity level cannot be formed 
in the Li® cluster plus neutron configuration. Together 
with the previous finding that also the alpha cluster 
plus cluster configuration cannot properly 
describe a positive-parity resonant state, we are thus 
inclined to doubt the existence of such a state at 6.54 


triton 
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Fic. 3. Interaction energy as a function of the separation 
parameter for the neutron with respect to the Li® cluster in the 


4493/2 configuration of Li’. 


4P. D. Kunz, Ann. phys. 11, 275 (1960). 
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Mev in Li’. Actual confirmation of this would of course operator, we have 
come only from more careful experiments, but from a 
the viewpoint of the cluster model, the occurrence “ a (> T, si fi ty(1234; 56; 7)é(, 
positive-parity state at an excitation energy as low as \2 
6.54 Mev would be hard to explain. 
As has been explained in the last section, the rather 
poor value of —27.2 Mev for the calculated energy of 
the 4s 2 state is a consequence of an inadequate choice 
of the Li® cluster wave function. To see in a crude = (h?/2m)[12a+ (2 
manner how much this result could be improved if a 
better trial function had been used, we subtract from 7! h* 
this energy the energy of a free Li® nucleus to get the 
separation energy of the neutron. This comes out to be 
2.1 Mev, which compares quite favorably with the 
experimental value of 0.22 Mev.! 
Finally, we like to emphasize again that the present 
investigation is only of an exploratory nature. To 
perform a more careful analysis, one not only has to 
improve the trial wave function as mentioned above, 


aie 


3 
ie 


but also needs to employ a more realistic two-body 
interaction.'’° This latter improvement is especially 
important, since the present procedure which involves 
a separation of the total energy into internal energies 


2m 


fo 1234; 56; 7 ¥(1234 56; 7)dr 
R 


\ 


and interaction energies is somewhat arbitrary and 
might inject an uncertainty up to about 2 Mev into x 


the results. 


APPENDIX I 


(=D 


©* (1234; 56; 7 


' 
‘. 
4. 
\ 
\ 


The normalization factor is easily shown to have the 
form 
x 


Finally, the expect 
operator is 


Fi ; fec1284; 5657 HN 
| y 


"1 +bB,) P13" = i 


isotopic spin coor- 


er space variables only, with wilV;+bB 
°— Py? — P57? + Pris’ Poe” 
"Pop t2P iz’ Pris’ 


= 


2P 17" Ps’ P26" W 


with 


and so as ; , ees Wo = 12F 2+ 6F 15+-3F 174+ F 5; 
For the expectation value of the kinetic energy , , , | i 
W = 12F o54+32F 2+ 2F 5—6F 1: 


>To take into account the hard-core part of this interaction Ws = 6F o3+12F i. +-5F o5 T 2F is T 
properly, one needs to introduce into the trial wave function a 
hort-range correlation factor of the form discussed in reference 8. W3=12F wt 6F is t+ 3F et LF; 





US NEUTRON CONFIGURAT 


= 16F 3+ 2F 7+ 2F 37+ OF 12— 2F 15, B= 2Feg-+2F e— Foe 
p= 2F 364 8F opt BF 13— 5F 17— SF 26 + 8F 6 2F 15 B,=4F y—F yi, 
+4 PF op t4F 2+ 2F 4, 9 By=4Fis—8F 34+ 2F uF yz, 

6= OF st 12F io— Por SF a6 + QF ist AF ort AP 35, 35 = FiztFog— Fys—4F 03-4 F 15 +- 2F 16— 2F 15+ 4F 05 
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— 2F 1s— 2F 59— 2F 7+ 4F 27, 


{Fag +4F7—4F is—F 51, 
QF z+ 4F 16— 2F 7— 2F 51 4F 26 +4F 6 +4F 0, 
QF 7+ 4F ist 4F 25— 2F +4 F1— 8F 35—4F 13 
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Once-Forbidden Beta Spectrum of TI’’"+ 


D. A. Howe AND L. M. LANGER 
Physics Department, Indiana University, Bloomington, Indiana 
(Received June 9, 1961) 
The beta spectrum of 4.2-min TI?** was investigated in a 47 scintillation spectrometer. The source was 
in secular equilibrium with the 2.6X10® year Bi?’ parent. The electron distribution was observed to have a 
nonstatistical form which could be fitted with a once forbidden pseudovector shape factor. No necessity 
for the inclusion of any pseudoscalar contribution was observed. The energy release in the Tl?°* decay is 


1.571+0.010 Mev. 


INTRODUCTION 


DETAILED study of the TP? beta spectrum has 
been made in a 47 scintillation spectrometer. A 


A 


nonstatistical distribution was observed which could be 


fitted with a pseudovector shape factor. The energy 
release in the dec ay of T° was found to be 1.5710.010 
Mev. 

The beta decay of Tl?5 to Pb*® is described as a 
0O- — 0+ According to the V—A_ law,'® 
only the pseudovector A) coupling can appreciably 
influence the decay. If a pseudoscalar coupling were 
to exist, this would also contribute, and many 
transition as tests of 


transition. 


also 
authors have used the 0~ — 0* 
this point.*" It will be shown that the nonstatistical 


+ Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission 
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shape of the Tl**® beta spectrum can be explained in 
terms of a pure pseudovector shape factor with no 
pseudoscalar contribution. Indeed, it would be an error 
to include the pseudoscalar interaction without also 
considering higher order terms in the pseudovector 
contribution. 

Originally, this study was undertaken in order to 
determine the energy released in the Tl*°® decay with 
greater accuracy. The knowledge of the end point is 
important in locating the energy levels of Bi?!’. One 
°. the 5-day RaE isomer, decays by 8 
emission to Po?'®, Po?!” alpha decays to Pb”’®. The total 
energy release in this branch is 6.460-+0.006 Mev. The 
2.6X 10°-yr isomer of Bi'® decays by a emission to TI], 
TP® decays to Pb**. At the work was 
started on this problem, it believed that the 

+.930+0.010)-Mev a group of Bi?® (2.6 10° yr half- 
life) decayed to the ground state of Tl°®. The end point 
of the TI°* 6 spectrum had been reported as 1.51+0.01 
Mev."' The end point of the Tl** 8 spectrum had been 
reported as 1.51+0.01 Mev." Thus the total energy 
released in this branch was 6.440+0.020 Mev. Since 


state of Bi®! 


time when 


Was 


the energy released in the two branches was the same 
within the experimental errors, it was not clear which 
of the two isomers is the ground state of B®. An 
accurate determination of the end-point energy of the 
8 spectrum of Tl’? would possibly remove this uncer- 


D. Alburger an iedlander, Phys. Rev. 82, 977 (1951). 
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tainty. During the course of this investigation, it was 
shown by Golenetskii et a/."" that the a spectrum of 
Bi’ is complex and that all the @ transitions go to 
excited states of T]”® (Fig. 1). In particular, the most 
intense a group (4.930+0.010 Mev) is in coincidence 
with 260-kev gamma rays. Thus the energy released 
in the Bi (2.6X10° yr_ half-life) — Tl — Pb** 
branch is larger by 260 kev than was previously thought. 
The energy released in the 2.6X10°-yr Bi?” branch is 
6.761+0.017 Mev and that of the 5-day RaE branch 
is 6.460+0.006 Mev. Therefore, 5-day RaE is the 
ground state of Bi% and the 2.6X10*-yr half-life 
isomer of Bi?’ is an excited state located 301420 kev 
above the ground level of Bi?”. 

Earlier investigations" report that Tl°* decays with 
a half-life of 4.23 min. The same authors report no 
gamma rays and that the beta spectrum has a statis- 
tical shape above 600 kev. Even so, it will be shown 
that the data of Alburger and Friedlander are better 
fitted by the shape factor reported in this paper. 
Because the half-life is so short, it is difficult to measure 
the shape of the beta spectrum by conventional 
methods. 

The method employed by Alburger and Friedlander 
is to produce T] in a reactor from T]”® and transfer 
the source to a magnetic spectrometer. This procedure 
has several disadvantages. Since the half-life is so short, 
no chemical separation can be performed. Thus the 
source is thick and may contain impurities. Also, the 
activity decays so rapidly that there is not enough time 
to measure the complete spectrum with a single source; 
several bombardments must be made in order to cover 
the entire energy range. Some method must be used 
to normalize all of these runs to the same source strength. 

2S. V. Golenetskii, L. I. Rusinov, and Yu. I. Filimonov, J. 
Exptl. Theoret. Phys 
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The method used in this experiment is to analyze the 
beta spectrum from T]*® in secular equilibrium with 
the 2.6X10*-yr half-life isomer of Bi’. In any con- 
ventional magnetic spectrometer, a source of long-lived 
Bi” of sufficient intensity would be too thick for 
definitive spectrum shape measurements. If instead a 
scintillation spectrometer with 100 % transmission is 
used, a source strength of about 10 muC would be suffi- 
cient. This amount of Bi?’ can be spread as a thin source 
over an extended area. One difficulty with this method 
is that the a particles from Bi®”° and Compton electrons 
from the associated gamma rays will be detected by the 
scintillation spectrometer. It will be shown that these 
do not influence the spectrum above 600 kev. 


APPARATUS 


In the present experiment, all spectrum measure- 
ments were made with a 4m beta-ray scintillation spec- 
trometer similar to that described by Johnson et al." 
The major differences are that 5-in. photomultipliers 
and 3.5-in. diameter X}-in. plastic scintillators are 
used. Early tests with DuMont 6364 photomultiplier 
tubes and NE102 plastic scintillators showed a resolu- 
tion of 40 % for the Cs" internal-conversion line in this 
experimental arrangement. Tests with a small Nal (TI) 
crystal indicated that the main source of line broadening 
was the nonuniformity of response of the 6364 photo- 
cathode. The use of a logarithmic spiral light pipe gave 
more uniform illumination of the photocathode regard- 
less of the origin of the light pulse in the scintillator 
and improved the resolution considerably. It was then 
found that EMI 9579B photomultiplier tubes have 
very uniform photocathodes. The use of these tubes 
greatly improved the resolution and eliminated the 
necessity for the cumbersome light pipes. Indeed, the 
resolution of the system was found to be better without 
the light pipes, which introduce some loss of intensity 
because of imperfect transmission in the optical system. 
The final resolution was 18 %. 

Figure 2 shows a block diagram of the 4m beta-ray 
scintillation spectrometer used in this experiment. Both 
photomultipliers received light from each event observed 





Fic. 2. A block diagram of the scintillation spectrometer. ‘The 
source is located between the two scintillators 


“R. G. Johnson, O. E. Johnson, and L. M. Langer, Phys. Rev. 
97, 1031 (1955). 
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by the scintillators. The pulses from the two photo- 
multiplier tubes are combined in a linear addition 
circuit. The summed pulse goes through a linear 
amplifier and is then analyzed by a 100-channel pulse- 
height analyzer. The photomultiplier tubes were found 
to be more stable with positive high voltage. In addi- 
tion, it was found that the resistor chain shown in Fig. 3 
gave better resolution and stability than the voltage 
networks previously used at this laboratory. 

The two high-voltage supplies were adjusted for 
minimum width of the 624-kev internal conversion line 
and were monitored with a potentiometer throughout 
all experimental runs. 

The scintillation counters were completely enclosed 
by a lead shield 2 in. thick. This was lined on the inside 
with a §-in. layer of steel. 


EXPERIMENTAL MEASUREMENTS 


A sample containing about 50 mg of bismuth which 
gave a total of 8.0X10* alpha disintegrations per min 
was obtained from I. Perlman. The sample had been 
made by Bi?(n,y)Bi?" for other studies on Bi?” and 
rigorously purified.'® This gives 8.0 10* beta particles 
per min distributed over the entire spectrum of T]*°®. 
The source material was spread over a large area 
(~20 cm*) in order to reduce the source thickness as 
much as possible. The Bi?" source was made into a 
series of concentric rings of 2.5-in. maximum diameter 
on a backing of }-mil Mylar, covered with a thin 
(~20 yg/cm?) layer of Zapon. An insulin solution was 
was used to define the source and aid in spreading it 
uniformly. The source was then covered with a layer 
of }-mil Mylar for symmetry and to protect the source 
from damage and the plastic scintillators from con- 
tamination. 

Because this method of source distribution was new, 
it was necessary to check the calibration and linearity 
of the spectrometer. Sources of Cs’ and Bi’ were 
prepared in an identical manner to that used for the 
TI* source. The 624-kev internal conversion line of 


Fic. 3. The voltage divider used with the EMI 9579(B 
photomultiplier tubes. 
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Fic. 4. Fermi-Kurie plot of a typical Y" run. Curve A shows 
the linearization provided by the application of the unique once 
forbidden shape factor. 


Cs'*7 and the 976-kev internal conversion line of Bi?” 
were used as calibration points. A similar source of Y* 
was prepared. The beta spectrum of Y* has a once- 
forbidden unique shape. Figure 4 shows the Fermi- 
Kurie plot obtained for the Y” spectrum. It is clear 
from the curve having the S=q’?+A;p? shape factor 
applied that a once-forbidden unique spectrum is 
observed. Here, g is the neutrino momentum, # is the 
electron momentum, and ), is a slowly varying function 
of the electron energy W, which has been tabulated by 
Kotani.'® In addition, the Y" end point is very close to 
the Tl® end point and can be used as an additional 
calibration point. As a check on the stability of the 
spectrometer, the Y* spectrum was measured before 
and after each measurement of the Tl*°® spectrum. 

Figure 5 shows the Fermi-Kurie plot of Tl°*. The 
excess counts at low energies are the result of Compton 
electrons from the gamma rays and alpha particles 
which are also stopped in the scintillators. A calibration 
with Po” alpha particles showed that pulses from the 
Bi" alpha particles will not distort the spectrum 
above 600 kev. The second curve of Fig. 5 shows the 
effect of adding ?-mil Mylar (sufficient to stop all the 
alpha particles) to each side of the source. 

The background was reduced to approximately 10% 
of the beta counting rate by the shielding used. The 
background was subtracted automatically by the 100- 
channel analyzer. 


EVIDENCE FOR A 0--+0* TRANSITION IN TI?" 


s 201m 


The decay scheme of Bi®'™ _«, T??°® 8, Pb®6 is shown 
in Fig. 1. The spins and parities of the ground state and 
first-excited state of Pb”® are well established. The 
ground state of this even-even nucleus is 0+. The 
first-excited state has been established as 2+ by a—y 
angular correlation measurements’? made on Po, 
Measurement of the multipole order and the K/L ratio 

16 T. Kotani and M. Ross, Phys. Rev. 113, 622 (1959). 

17S. DeBeneditti and G. H. Minton, Phys. Rev. 85, 944 (1952). 
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Fic. 5. Fermi-Kurie plot of the Tl®* spectrum. The plot is 
unchanged above 600 kev when } mil of Mylar is added to each 
side of the source. This shows that the @ particles from Bi?! 
that are detected by the scintillators do not distort the spectrum 
above this point, and that the effective thickness of the source is 
not influencing the spectrum above 600 kev 


of the 803-kev gamma transition confirm this assign- 
ment.}* 

The ground state of Tl*°* must either be O- or 1-. 
If the spin of the ground state of Tl?°* were 1-, then the 


beta transition to the 2+ 


level of Pb”®® should have an 
ft value close to that for the transition to the ground 
state of Pb*. Each would be a AJ=1 (yes) transition. 
Using Wo=4.075 it is found that los 
If the decay were also to go to the first excited state 
of Pb”®* there would be 773 kev available. If the log ft 
were about 5.3 for this group, this transition should 
make up 11% of the de ays. If this were the case, the 
803-kev gamma ray should be observed. If the log /t 
this transition 
o of the decays, and the gamma ray 


ft=5.25 for TI. 


for the transition were as large as 7, 
would make up 0.2 ¢ 
should still be easily detectable. 

A strong Tl°* source was prepared by Tl*°(n,y)TP 
reaction and quickly transferred to a gamma counting 
chamber. A search a Nal(Tl) detector and 100- 
channel pulse-height analyzer of the gamma spectrum 
revealed no gamma ray above the bremsstrahlung 
spectrum. A gamma ray with 0.2% intensity would 
have been easily;detected. On the other hand, if the 
ground state of Tl a transition to the 2+ level 
would be once-forbidden unique, AJ=2 and 
would account for only 0.001% of the total decays. 
This is 
Thus, it 
TI* is probably 0 

On the basis of the nuclear-shell model, taking pairing 
interactions and the interaction with the nuclear surface 
into account, Kharitonov™ has calculated a doublet 
structure of levels for Tl* that leads to a s; proton hole 
and p, neutron-hole configuration for the ground state. 
Application of Nordheim’s strong rule gives the spin 
and parity as 0- for the ground state of TI”. 

’D. E 


K. Siegbahr 


with 


is 0 


yes), 


consistent with the gamma-ray observations. 


can be concluded that the ground state of 


Alburger, Beta and Gamma Ray Spectroscopy, ed. by 


Interscience Publishers, Inc., 1955), Ch. XXII 


AnD EE. mM. 1 


ANGER 


Studies of a—y coincidences” from Bi?" are con- 


sistent with the assignment of O- to the ground state. 


0---0' SHAPE FACTOR 


Experiments'* of the last few years lead to the 
V—1.2A interaction in beta decay. At the present time 
the only conclusion that can be made about the con- 
tribution of the pseudoscalar interaction, if it exists at 
all, is that its effect on the shape of the beta-ray spectrum 
appears to be small. 


Transitions of the type 0 — 0+ are once forbidden. 


The pseudovector coupling contributes appreciably 
only through the matrix elements (@-r) and (ys). If the 


pseudoscalar interaction exists, it will contribute 


through (ys). 
The pseudovector shape factor can be written 


Sx=K ib +b,\2+ dod | 


where the following definitions dre used: 


Ku=Ce(i fer ; 
A=—- fos /i for 


b 
b= Lot FqR(NoR)+ 59° R?(MoR 


b.= —2{No[1 


2/9)p R?, 
(4/9)@?R? | g M R°)}. 


and I 


radial wave fun 


The expressions Mo, A are the usual com- 
binations® of the 


through order R?: 


evaluated 


tions, 


MR? ~3(1—y)+aZR 
~laZ—R/(2y+1 


aZR/2 - 


IC (27¥+3)W+y7/ 


1 ) 
PPR 


where R is the nuclear radius measured in units of #2 me. 
The expressions 9, b;, and 6. contain terms that are 
usually omitted from the pseudovector shape factor” 
as it generally appears in the literature.' 
approximation is valid only for |A|<1. 
Substitution of the electron radial functions (3) into 
the shape fac tor (1) yields, correct through order R, 


The usual 


(Ky R*){4(1-—7 +1aZR r W)-+ tgRaZ 
+ (XR)*[3 (1+) — faZR(SW+1/W)—4gRaZ 
+(AR)[aZ+32R(p?/W)+3gR]}. (4 


9 F. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
1941). 


20 | J Konopinski (private communicatior 





ONCE FORBIDDEN 


Equation (+) can be expressed in the form 


Sa=(K4/R*?)T{(1+aW+6/W}, 
where the following definitions have been used: 
= — $aZR(AR)?/T, 
14L1+2/ARaZ+1/ (AR)? ], 
(3aZ+AR)?+ ZW oRAR). 
In Eq. (6) the approximation 
y ~1—4a2Z? (7) 


has been used. The first term of Tin Eq. (6), ($aZ+AR)?’, 
must be larger than 31 R(AR) for the neglect of still 
higher order terms (in R) to be valid. Also, one notices 
that a in Eq. (6) can only take on negative values; 
thus, only shape factors having negative slopes can be 
explained by Eq. (5). Because b/W is a small per- 
turbation to aW it will only determine whether the 
shape factor plot turns up or down at low energies. 
The terms that must be added to the shape factor 
1) if the pseudos« alar interaction exists are 


AS = K s[bs2+ (s+ bdE]+--:, 8 


Cp/MC,4, M is the nucleon mass, and Cp and 
C, the pseudoscalar and pseudovector coupling con 
stants. The coefficients 63, 6s, and 65 are functions of 
radial wave functions similar to those for bo, b;, and d».' 
The second term in (8), (bs+5A 
pseudover tor and pseudoscalar 


where & 


, arises from the inter 
ference between the 


interactions. 
ANALYSIS OF THE DATA 


Because of the finite resolution of the spectrometer, 
make certain corrections to the 
observed data. All spectrum measurements were cor- 
rected for instrument resolution by the method of 
Palmer and Laslett.2! The correction is small for all 


it is necessary to 


Fic. 6. Fermi-Kurie plots of the TP°® beta spectrum. Curve A 


shows that the pseudovector shape factor, S=1—0.1541 


().484/W, yields a linear Fermi-Kurie plot above 600 kev. Curve 


y=1). 


B is a conventional Fermi-Kurie plot (: 


21 J. P. Palmer and L. J. Laslett, U. S. Atomic Energy Con 
mission Bulletin ISC-174, 1950 (unpublished). 


Shape factor plot of T°® data 
9.0 show the stro1 


Curves for \=—8.7, 
g dependence of the shape factor 


experimental data except the last few points near the 
end point of the spectrum. For the data exhibited here, 
the correction was less than 1 ( throughout the body 
of the spectrum. This correction and the Fermi-Kurie 
(F-K) plot were calculated with the aid of an IBM 650 
computer. Fermi functions, F(Z,W), were calculated 
for each datum point by the computer. Figure 6 shows 
the Fermi plot obtained for one of the experimental 
runs on TI] 

An experimental 
shown in Fig. 7. 


shape factor Sg=A q’W pF is 
The value of the maximum energy Wo 
has been adjusted as a slight parameter in order to 
maintain a smooth behavior in the energy region near 
the end point. The experimental shape can be fitted by 
a shape factor of the form 


(9) 


where a and 6 are related by Eq. 6). Values of a and 
b for a best fit are 
—().154, b=—0.484. (10) 

The a and 6 given in Eq. (10) correspond to \= —8.8. 
These values are consistent with an end point Wo= 

4.075 moc’. 

The second curve of Fig. 6 shows the F-K plot of 
T°’ with this shape factor applied. 

Alburger and Friedlander" reported a statistical 
shape for TI®, A their data 
reveals that their F-K plot is indeed curved, but because 


close examination of 
of possible source thickness and _ the sparsity of data 
points they reported no deviation from a statistical 
shape. Their F-K plot is reproduced in Fig. 8. The 
second curve shows the result of applying the shape 
factor found in the present investigation [Eq. (10) ]. 
Thus, the data of Alburger and Friedlander are also 
consistent with the shape factor 1—0.154W —0.484/W. 
When this shape factor is applied, their end point 
agrees with the maximum energy found in the present 
experiment to within 5 kev. 
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Fic. 8. Fermi-Kurie plot of TP* data reported by Alburger and 
Friedlander. Curve B shows the conventional plot of the data. 
Curve A shows a plot after the application of the shape factor 
found in this investigation. The data now extrapolate to a higher 
end point in good agreement with the value found in the present 
study. 


CONCLUSION 


The beta spectrum of Tl*® has been measured and 
was found to have a nonstatistical shape. The data are 
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AND 


24, 
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fitted by a pure pseudovector shape factor 


S=1—0.154W —0.484/W. 
No pseudoscalar contribution is needed in order to fit 
the spectrum. 

With the measured energy release 1.571+0.010 Mev 
it is possible to make a better determination of the 
first-excited state of Bi?’. Using the energies reported 
by Golenetskii ef a/."* the long-lived metastable state of 
Bi” is found to be 30110 kev above the ground level. 
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\ value for the nuclear quadrupole 


values for eQg/h in the octahedral and tetrahedral sites in Y3Fes 
recent values for the atomic coordinates in these compounds. The value of Q°™ 


+0.4X 10-* cm’. 


INTRODUCTION 


HE Mossbauer effect! 
of the nuclear quadrupole coupling constant, 

eQq/h. This quantity is a measure of the interaction of 
the nuclear quadrupole moment, Q, with the second 
derivative of the electrostatic potential along a particu- 
lar crystal direction, g. Kistner and Sunyar* were the 
first to measure eQq/h of the excited nuclear state of 
iron 57, Fe*"™. The excited state has a nuclear spin, 
T, of 3 

In this paper an estimate of 0°" is made using the 
following published data for eQqg/i: measurements of Fe 
in both Fe.O; by Buchanan and Wertheim,’ and in the 
octahedral and tetrahedral sites in Y;Fe.(FeO,4)3; (YIG) 
by Alff and Wertheim.‘ In all of these cases the iron is 

'R. L. Mossbauer, Z. Physik 151, 124 (1958). 

20. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
(1960). ; aj 

3D. N. E. Buchanan and G. K. Wertheim, private communica 
tion (to be published 

‘C. Alff and G. K. Wertheim, Phys. Rev 122, 1414 
also, G. K. Wertheim, private communication 


enables one to obtain values 


and can thus possess a nonzero (). 


1961 


moment of the excited state of iron, Ce. 


bt 


ained using 


YIG) and in Fe,0 


is 0 publishe 1 
FeO ,)s 


, along with 


is definitely positive and 


in a +3 valence state. This simplifies the calculation 
since the outer electron configuration is a half-filled 3d 
configuration; thus the unperturbed core contribution 
to q is zero. The contribution to g then arises from the 


other ions in the lattice. One can then obtain gas follows: 


(Sn 


where y~ is the antishielding factor,® 


3 cos 6,- 
( 1) 
T° 
r; is the distance 
to the ith charge, 6; is the angle between the principal 
axis of the field gradient tensor and r;, e,; is the charge 
of the ith ion and the sum is over all the ions in the 
lattice except the one at r=0. The antishielding factor 
for Fet* has already been calculated.® The lattice sum 
is calculated on an IBM 704 using a program developed 
by Bersohn.? 
5H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev. 
93, 734 (1954): R. M. Sternheimer and H. M Foley, ibid. 102, 731 
1956); and R. M. Sternheimer, ibid. 84, 244 (1951). 
6G. Burns and E. G. Wikner, Phys. Rev. 121 155 
7 R. Bersohn, J. Chem. Phys. 29, 326 (1958 


1961). 
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TABLE I. Contributions to the unshielded field gradient, g,, at the Fet* (a) and (d) sites in YIG. 
The x-ray data of Geller and Gilleo" were used. 








Field gradient produced by 





Oxygen 96(h) (x= —0.0274, y= +0.0572, z= +0.1492) 
Iron 24 (d) (tetrahedral site)* 
Yttrium 24 (c)*® 
Iron 16 (a) (octahedral site) 
Total g, obtained by adding the contributions listed and 
dividing by the lattice constant, a cubed. 
a= 12.376 A; e=4.8029X 10-" esu. 


~ 4-256.910(—2e)® 


Field gradient at 


Fe (a) along (111 Fe (d) along (100 





+-255.680(—2e) 
— 167.723(+3¢) 
+167.723(+-3e) 
0.0(+3e) 
— 1.3019 10*4 esu/cm? 





* See reference 14. 


> To obtain gy of oxygen, etc., one must multiply +256.9 etc. by the charge (—2e) etc. and divide by the lat 


RESULTS 
Previous Calculations 


There have been two independent estimates of Q°’™ 
using Eq. (1) and early incorrect values of eQq/h for 
Fe.O;.2 Bersohn assumed that the difference in the in- 
ternal atomic coordinates between Fe.O3; and Al.O; 
would have a small effect on the lattice sum in Eq. (1). 
Thus, he applied the Al,O; results to FesO3.° However, 
q is sensitive to the internal coordinate and, as has been 
calculated,® one obtains a very small g for Fe,O; (4.23 
times smaller than for AlpO;) making Q*'™ very large 
(~—1X10-4 cm?). If one, however, considers the error 
in the x-ray coordinates’ used in these calculations, 
either a + or — value can be obtained for 0°" as has 
been pointed out previously.® The situation has changed 
since these calculations were made. The value of eQg/h 
in FesO3; has been remeasured and reinterpreted® so 
that it is larger and now positive in sign and the internal 
coordinates of Fe.O; have been re-evaluated by modern 
techniques.” Also, data exist for eQg/h for Fe** in two 
different sites in YIG‘* and structure of this material 
is known." 


Y;Fe, (FeO 4 ) 3 (YIG) 


Alff and Wertheim! have measured eQq/h for Fe*'™ 
in the octahedral (a) and tetrahedral (d) sites to be 
—22 Mc/sec and —18 Mce/sec, respectively. Geller 
and Gilleo" have measured the internal atomic coordi- 
nates of the ions in YIG. Using these x-ray data, the 
lattice sum of Eq. (1) is calculated and the result can 
be seen in Table I. Since there are 160 atoms in the unit 
cells, care was taken to use symmetry to reduce the 
number of calculations required. The point symmetry of 
the (a) site is 6 and that of the (d) site is 4, so one need 
carry out no more than ~{§ and ~} of 160 sums for 
the two respective sites. By dividing the above-quoted 
values of eQg/h by the lattice sum in Table II and by 
(1—y..), where y, = —6.17,® one obtains Q°*"= +0.325 


8 R. Bersohn, Phys. Rev. Letters 4, 609 (1960). 

9L. Pauling and S. B. Hendricks, J. Am. Chem. Soc. 47, 781 
(1925). 

10 1). E. Cox and G. Shirane (private communication). 

"SS. Geller and M. A. Gilleo, J. Phys. Chem. Solids 3, 30 (1957 


tice constant, a, cubed. 


< 10-4 and +0.562 10 
respectively. 

The values of g, in Table I are obtained by summing 
the contributions from the ions within a sphere with 
radius five times the lattice constant. Extending the 
radius to six lattice constants increases the values for 
gu in Table I by ~0.3%. The error in g, due to the error 
in the x ray coordinates of the oxygen ions was also 
considered. The x, y, 2 parameters were varied within 
the +0.0002 limit of error" to give the maximum q, 
for Fe(a). The qu increased by =z DC 2 Thus, the error 
in g. due to the convergence or the inaccuracy of the 
x-ray parameters is small. The model is a pure ionic one 
and neglects any covalent effects of the Fe** ions con- 
tributing to g as well as these effects contributing to 
charge distribution on other ions. Also neglected is the 
contribution to g due to the higher moments of the ions™® 
(i.e. dipole moment of the O~ ions). Nevertheless, the 
difference between values of 0°" obtained from the 
two sites is almost within the +20% error in the ex- 
perimental measurements.‘ Note that the contribution 
to g at Fe (a) arises only from the O- ions while all 
the ions contribute to g at Fe (d).™ 


4 cm? for the (a) and (d) sites, 


Fe,0O,; 


Buchanan and Wertheim*® have remeasured eQq/h of 
Fe®’™ in Fe,O; correctly taking into account the direc- 
tion of the internal field with respect to the principal 
axis of the field gradient tensor. At room temperature, 
they obtain eQg/h=+10 Mc/sec and at low tempera- 
tures, when the internal field is along the (111) direction, 
they obtain +8.5410% Mc/sec. The low temperature 
data gave a better fit.’ Normally, one would want to use 
the room temperature data since the coordinates of the 


2 After the lattice sum for YIG was carried out, using the atomic 
coordinates given in reference 11, a more recent paper by the same 
authors on the atomic parameters in YIG came to my attention 
[J. Phys. Chem. Solids 3, 30 (1959) ]. These new atomic param- 
eters are very close to the older ones and the g, that would result 
would be within the 2% quoted in the text. 

8G. Burns, Phys. Rev. 115, 357 (1959). 

4 The 24 (c) and (d) sites taken together form a cubic lattice 
with respect to the 16 (a) sites. However, the contribution from 
each lattice position is listed in Table I since it might be useful 
for other garnets which have ions with different charges in the (c) 
and (d) sites 
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ras.e II. Contributions to the unshielded field gradient, g., 
at the Fe* The uw and x values of Cox and Shirane 
by neutron diffraction were used." 


‘sites in Fe2O 
obtained 


Field gradient at Fe 
i gradient produced by along 111 


t+ (4,u, 0.8654(+3e)* 


6.2851(—2e 


+2.9240 108 esu/cm 


+256.9 etc. by the 
cubed. 


multiply 
mstant, a, 


ions were measured at room temperature. However, it 
is known that eQg/h of Al in Al,Os; is independent of 
temperature between 4.2° and 300°K." Similar results 
would be expected in the isomorphous compound Fe203. 
Since little change of eQg/ with temperature is thus 
expected and since the low temperature data gives a 
better fit the value used here is eQg/h=+-9.0 Mc/sec. 

Cox and Shirane” have measured the atomic coordi- 
nates of the ions in Fe.O3 using neutron diffraction tech- 
niques. Their results are undoubtedly more accurate 
than the very old x-ray results that were used pre- 
viously.*:* The lattice sum was carried out with the more 
recent data and the results can be seen in Table I. 
By dividing the above-mentioned value of eQg/h by 
sum in Table III and (1—y,),® 
+-().592 10 


he value for the one 


ain ' ‘cm’. 

Again, the lattice sum in Table II was obtained by 
summing the contributions within a sphere with a radius 
latti Extending the radius 


hive times the iattice constant 


one more lattice constant causes g to increase ~0.7%. 
\ much larger error is found when one considers that 
the parameter 


x=0.552+0.003 


des ribing the oxygen positions is 


Taking 0.555, one obtains 


Veigele, W. H. Tanttila, 1C. M. Verber, Bull. A 


5, 344 (1960 


BURNS 

Q*7™= +0.487 X 10-4 cm?. Adding +10% to this from 
the quadrupole measurements, one can obtain as small 
a value as Q®’™=+0.44X10™ cm?.! 


CONCLUSION 


The values of 0°’ obtained for the 16 (a) and 24 (d) 
sites in YIG and the 4 (c) sites in FesO3 are +0.33 
x 10-4, +0.56K10-", and 0.59X10-* cm?, respec- 
tively. When the limits of error of eQg/h in YIG and 
eQq/h and the atomic coordinates in Fe2O3 are con- 
sidered, one can obtain extreme values for 0°’ of 
+0.39XK10-"*, +0.45X10-, and +0.44X10™4 cm’, 
respectively, which almost overlap. This is as good as 
can be expected for this type of calculations where three 
different sets of data are considered. 

Thus, Q°'™ is definitely positive and 
cm’, 

Note added in proof. In a recent publication Abragam 
and Boutron [ Compt. rend. 252, 2404 (1961) ] have also 
pointed out that eQg/h must be positive in FeO; be- 
cause the spins are perpendicular to the ¢ axis at room 
temperature rather than parallel. They also obtain a 
value for 0°’ from Fe*? in FeF». 


+0410 
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16 Besides obtaining Q*'”" by dividing the measured eQg 
l-y- and by the calculated 7, one ¢ ould also obtain it by taking 
the ratio of the results in Fe2O; to those in AlsO; as was done in 
references 6 and 8. Instead of +0.59X 10-* cm? one would obtain 
0.34X 10-4 cm?. Although this method may eliminate some of the 
error due to the dipole and other moments on the O~ ior 
pounds the error due to the unce 
Unless one is more certain of the 
dividing the measured eQg/h by 


should give a reasonable value for Q 


1 it con 
tainties in the atomic coordinates 
\l,.O; x-ray data it appears that 
the calculate 1 .) and g 
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Ihe decays of Ta? and Lu!” to levels in Hf!”7 have been in- 
vestigated with beta-ray spectrometers, NaI(Tl) gamma-ray 
spectrometers, and fast coincidence and angular correlation tech- 
niques. Energy levels in Hf!”? have been characterized according 
to their energy (kev), the Nilsson asymptotic quantum numbers 
(Nn,A), the total angular momentum and its component along 
the symmetry axis (7,K), and the parity (7) as follows: 0[514 7/2, 
7/2—]; 112.97[514 9/2, 7/2—]; 249.7[514 11/2, 7/2- 


21.34[624 9/2, 9/247]; 447.9[624 11/2, 9/24; 420.95[642 3/2, 


321 
3/2 
4 

R 


+]; 488.8[64 


1 5/2, 3/2+]; 585.8[642 7/2, 3/24]; 509.0[512 
5/2—]; 60 ] 


) 12 7/2, 5/2—]; 746.04[633 7/2, 7/2+ 


2 2 
2 5. 45 


: 55 
848.2[633 9/2, 7/2+]; and 1058.38[503 7/2, 7/2—]. The levels 
at 447.9, 488.8, and 585.8 kev are tentative. The spins and parities 


]; 


INTRODUCTION 


NERGY levels in Hf!” at 113.0, 249.7, and 321.3 

kev have been studied extensively from the decay 
iy? 
been produced by Coulomb excitation.* The techniques 
used in the Lu!”? work have included angular correlation 
measurements, energy determinations with beta- and 
approximately 0.1°7 
accuracy, coefiicient measurements. 
Recently the ground-state spins of Hf'? and Lu'™ have 
been found’ to be 7/2. The parities are predicted with 
some confidence from theories of the ground state 
properties of nonspherical nuclei.* From these in- 
vestigations the properties of the first three excited 
states as shown in Fig. 1 seem well established. 


In addition, the first two excited states have 


gamma-ray spectrometers to 


and conversion 


In the electron-capture decay of Ta!” several more 
states in Hf!” are populated.?*° The decay properties 
of these states were studied in the present work by using 
beta-ray spectrometers, Nal(Tl) gamma-ray spectrom- 
eters, and angular correlation and fast coincidence 
techniques. The results are interpreted in terms of the 
theories of single-particle energy levels in nonspherical 
nuclei.” 

While this work was in progress similar results were 
obtained by Harmatz ef al." Their conclusions were 


1 P. Marmier and F. Boehm, Phys. Rev. 97, 103 (1955). 
2 Tor Wiedling, thesis, Uppsala, 1956 (unpublished) 
S. Ofer, Nuclear Phys. 3, 479 (1957). 

4K. Alder, A. Bohr, T. Huus, B. Mottelson, and 
Revs. Modern Phys. 28, 432 (1956 

5D. R. Speck and F. A. Jenkins, Phys. Rev. 101, 1831 
F. R. Petersen and H. A. Shugart, Bull. Am. Phys. Soc 
1960). 

6S. G. Nilsson, Kgl. Danske Videnskab. Mat.-fys 
No. 16 (1955). 

7K. Gottfried, Phys. Rev. 103, 1017 (1956). 

8 R. H. Lemmer, Phys. Rev. 117, 1551 (1960). 

9F. F, Felber, Jr., University of California Radiation Labora 
tory Report UCRL-3618, 1957 (unpublished). 

‘0B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 

" B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev. 
119, 1345 (1960 


\. Winther, 


1956); 


», 273 


Medd. 29, 


have been uniquely determined by angular correlation and internal 
conversion data for the levels at 746.0 and 848.2 kev, if we assume 
the spins and parities of the levels at 0, 113.0, 249.7, and 321.3 kev 
are correct as determined from earlier work. For the level at 1058.4 
kev the ft value is needed in addition to angular correlation and 
conversion data in order to determine the spin and parity uniquely. 
The spins of Lu’? and Hf!'"? have previously been measured 
directly as 7/2, and the Ta!” spin is expected to be 7/2 on the 
basis of other tantalum isotopes. The following half-lives were 
measured: 56.56 hr for Ta!’’, 0.32 nsec for the level at 113.0 kev, 
and 0.52 nsec for the level at 321.3 kev. The K/L electron capture 
ratio to the 1058.4-kev level and the 8+/K-capture ratio to the 
ground state determine the total decay energy to be 1166+6 kev. 


based almost entirely on conversion electron data ob- 
tained with permanent-magnet beta-ray spectrographs 
and on previously reported gamma-ray intensities.! 
The present work contains extensive data on transition 
intensities, gamma-ray multipolarities, and spins and 
parities. Several additional transitions were observed 
which indicate the presence of several new levels. 


SOURCE PREPARATION 

The reactions Lu(a,2)Ta'™” and Hf(p,7n)Ta!” were 
used in the Crocker Laboratory 60-in. cyclotron to 
produce Ta!”’, In the lutetium bombardments alpha 
particles of 34 Mev were used. Approximately 10 mC of 
Ta'’? were produced after 0.2 ma-hr. Protons of about 
11 Mev were used in the hafnium irradiations. With 
both Lu and Hf targets, four days were allowed for 
decay of the 8-hr Ta!”® before experimental work was 
begun on Ta!*’, In addition, the hafnium targets pro- 
duced Ta!® which added to the x-ray intensity, and 
Nb® from zirconium impurity in the hafnium. For these 
reasons the lutetium targets were preferable. 

The separation of tantalum was based on the favor- 
able distribution of certain tantalum-fluoride complexes 
in a two-phase organic-aqueous system.” The tantalum 
fraction was extracted from an HCI-HF or HoSO,-HF 
solution of the target material into DIPK (di-isopropyl 
ketone) across the phase boundary. After the DIPK 
was equilibrated with fresh 12V H,SO,0.4.V HF solu- 
tion as a wash, the tantalum was back-extracted from 
the organic phase with either water or a dilute HC] 
solution. Repeated cycles of this chemistry were made 
to give a radiochemically pure tantalum fraction. 

For scintillation spectroscopy, sources in small poly- 
ethylene tubes were prepared from aliquots of the final 
aqueous back-extractant. Beta spectrometer sources 
were prepared by solution evaporation on }-mil half- 
aluminized Mylar film for an axial focusing spectrometer 
and by electrolytic deposition of tantalum™® on 10-mil 


z2P.C Stevenson and H. G. Hicks, Anal. Chem. 25, 1517 (1953). 
8 W.G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956), 
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Fic. 1. Energy levels of Hf!” 
and parentheses. Spins and parities that are uncertain are enclosed 
lines which start (with a dot 


at the first level and end with arrow heads at the second level 


~ [514] 


populated by decay of Ta!”? and Lu!”?, Questionable levels and transitions are shown with dashed lines 


in parentheses. Transitions between two levels are denoted by vertical 
Energies are given in kev beside each 


level and for each transition between levels. Multipolarities are indicated in terms of the fractional intensity of the lowest order multipole 
present (0.4 M1 means 40% M1+60% E2). The proposed Nilsson quantum numbers are given iri square brackets for the lowest level 
in each rotational band. Half-lives are given where measured. Beta decays and electron-capture decays are indicated by slanted arrows 
with the intensities given in percent and log ft values underlined. Their classifications according to the selection rules of Alaga are 


given as allowed (a), first forbidden (1), first forbidden unique (1 
platinum wire for a constant-field permanent-magnet 
spectrometer. Approximately 35% of the Ta!” was 
deposited after running 15 hr at 0.14 amp. 

Lu’? was produced by neutron capture in Yb!76 
followed by beta decay of Yb'’?. Natural ytterbium 
oxide containing less than 20 ppm of lutetium was 
irradiated in the core of the Livermore Pool Type 
reactor. Irradiation of 103 mg of the ytterbium oxide 
for 106 hr over a period of two weeks produced about 
10 mC of Lu'’’. The flux was about 210" neutrons/ 
cm?-sec. 

After allowing the sample to decay for three days, 
carrier-free Lu’? was twice separated from the ytter- 
bium by means of a pH 2.75 ammonium lactate elution 


*), hindered (4), and unhindered (x 
at 85°C from ion exchange columns loaded with 200-400 
mesh Dowex-50X12 cation exchange resin. A Dowex- 
5012 column was used to absorb the Lu!” activity 
from the lactate solution after adjusting the pH to 1.2 
with HCl. After elution from this column with 9V HCl, 
the principal residue was found to be iron. This was 
separated by passing the eluate through a Dowex-1 X10 
anion exchange column (Lu'’? not absorbed). The 
remaining residue was removed by extraction of lute- 
tium from a pH 4.0 solution of 1M NaCOOH and 
=0.4M HCOOH into 0.4M TTA (thenoyl-trifluoro- 
acetone in benzene), followed by back-extraction into 
0.5N HCl. 

Virtually weightless sources for investigating con- 





DECAY OF TFa*?? AND 
version electrons of less than 100 kev were made by 
evaporating lutetium chloride from a tungsten filament 
onto 3-mil and 1-mil aluminum foils in vacuum. For the 
beta spectrometer, strong sources were made by 
evaporating an aqueous solution to dryness on alumin- 


ized Mylar film. 
APPARATUS 


A thin-lens beta-ray spectrometer having 0.8% 
momentum resolution and about 0.3% transmission was 
used for measurements of conversion electron energies 
and intensities up to the maximum decay energy (1166 
kev). This spectrometer utilizes a thin anthracene scin- 
tillation detector. Data are recorded automatically in 
momentum increments of }%. In addition, }% incre- 
ments of momentum are available during manual 
operation. For greater energy resolution the permanent- 
magnet 180° spectrometers of Hollander and the 
solenoidal field spectrometers of DuMond!® and 
Jungerman’® were used. These spectrometers gave 
momentum resolutions of 0.2%, 0.2%, and 0.05%, 
respectively. 

The gamma-ray spectrum was studied with NaI (TI) 
crystals 2 in. longX1{ in. in diam, mounted on RCA- 
6655 photomultipliers for our early experiments and on 
RCA-6810A photomultipliers during the later experi- 
ments. Energy resolution was about 8.5% at 662 kev. 
The last few dynode voltages of the 6810A tubes were 
stabilized by means of cathode followers used in a circuit 
similar to that described by Kane." In addition, the 
counting-rate-dependent gain drifts associated with 
Ag-Mg dynodes were eliminated by an electronic 
stabilizer circuit similar to one described by deWaard.'* 
With these control circuits the performance of the 
6810A tubes has been excellent. 

The fast-slow coincidence apparatus is shown in Fig. 
2. The linear amplifiers are of the modified Argonne type 
with delay line clippers at the input. The discriminators 
are RCL single-channel differential analyzers, and the 
multichannel analyzer is an RCL 256-channel pulse 
height analyzer. The coincidence circuit is of the type 
described by Bell et al.!8 When RCA-6655 photomulti- 
pliers were used, Hewlett-Packard wide band amplifiers 
were needed to drive the WE-404A limiter tubes of the 
coincidence circuit. Later, RCA-6810A_ photomulti- 
pliers were used to drive the coincidence circuit directly. 
The pulse width at the diode discriminator was usually 
clipped to about 2X10~* sec. Many diode types were 
tried for the fast discriminator, the best being the micro- 


4 W. G. Smith, University of California Radiation Laboratory 
Report UCRL-2974, 1955 (unpublished). 

16 J. W. M. DuMond, L. Bogart, J. L. Kohl, D. E. Muller, and 
J. R. Wilts, California Institute of Technology Report, CIT-16, 
1952; Atomic Energy Commission Report NP-4261 (unpublished). 

16 J. A. Jungerman, M. E. Gardner, C. G. Patten, and N. F. 
Peek, Nuclear Instr. (to be published). 

17 J. V. Kane, Rev. Sci. Instr. 28, 582 (1957). 

18H. deWaard, Nucleonics 13, 36 (1955). 

9 R. E. Bell, R. L. Graham, and H. E. Petch, Can. ]. Phys. 39, 
35 (1952). eames 
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Fic. 2. Block diagram of the fast-slow coincidence system. The 
resistor R and the circuit arrangement shown with dashed lines are 
used to convert the circuit to a fast time-to-height converter for 
short-lifetime measurements. 


wave diode IN23D and the Q6-100. The IN23D was 
used and was an important factor in obtaining good 
stability. To further improve stability the standing 
current in the 404A limiters was stabilized. 

The coincidence system is easily modified to a time- 
to-height converter of the type described by Sunyar”® 
by inserting the integration resistor R and the circuits 
shown in dotted lines. The charge left on the integrator 
capacitor (stray capacity) is proportional to pulse over- 
lap from the limited pulses of the two detectors. The 
system was calibrated by inserting various lengths of 
200-2 cable between one of the limiters and the shorting 
stub. Timing resolution obtained with pulses from a 
pulse generator inserted at the limiter grids was about 
3X10~ sec. The best obtained with Co gamma rays 
was about 6X10~" sec when RCA-6810A tubes and 
plastic scintillators were used. With NaI(TI) scintil- 
lators, 4X 10~* sec was typical for gamma rays of a few 
hundred kev. Drift in the position of the centroid of the 
converter distribution during a run of several hours was 
not detectable (=3X 10 


! second). 
EXPERIMENTS 
Electron Spectrum 


The spectrum of internal conversion electrons ob- 
tained with the thin-lens spectrometer is shown in Fig. 3 
and summarized in Table I. The energies measured by 
Marmier and Boehm! for the 113.0-, 208.4-, 249.7-, and 
321.3-kev transitions were used for energy calibration. 
Three sources of about 1 mC each were run and the 
results were averaged. Energies were determined with 
accuracies of 0.2-0.5%. Relative intensities were ob- 
tained from the areas of the peaks and are summarized 


2 A. W. Sunyar, Bull. Am. Phys. Soc. 2, 37 (1957). 
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Fic. 3. Spectrum of 


from a change in background due to adjustment of 
in Table I. These sources were the most intense that we 
were able to produce. Counting times ranged from 1 to 
20 minutes per channel, and each run lasted several 
days. Corrections have been applied for decay up to 4 
half-lives. 

As indicated in Table I, some of the lines were meas- 
ured with greater precision in the spectrometers of 
Hollander and Jungerman. The ThI line was used for 
energy calibration of Jungerman’s spectrometer. These 
spectrometers resolved the 421.0- and 424.7-kev 
doublet, which produced only a slightly broader than 


internal conversion electrons obtained in the thin-lens beta-ray spectrometer. 
for decay or for the spectrometer transmission. The ordinate scale is to be multiplied by the factors affixed 
two different sources are presented in the region of 1.6 to 2.1 amp. Other discontinuities, as at 1.52, 2.60, ar 
i the detector bias or from the decay correctior 


These data have not been correc ted 
Data from 
result either 


to the curves 


| 4.06 amp 


normal peak in our lens spectrometer. An unsuccessful 
search for the 421.0-kev line was made with our spec- 
trometer using a Lu!” source. This indicates that the 
log ft value to a possible 421.0-kev level is about 8 or 
larger. The gamma-ray energies in Table I are the best 
values obtained by averaging all our electron data, and 
the corresponding best values of the energy levels are 
given in Fig. 1. 

Subshell conversion ratios of L1/Ly;=0.215+0.015 
and Lin/L1=4.54+0.30 were measured in Jungerman’s 
spectrometer for the 113.0-kev gamma ray. 
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Intensities and conversion coefficients of gamma rays in the decay of Ta!” 
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Certain weak 


transitions 


observed only in the permanent magnet spectrograph are not included in this table. 


Hi! levels 
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plate exposed to a Lu(a,xn)Ta source at 8 to 12 days 
after irradiation. 
Gamma-Ray Spectrum 


The singles pulse-height spectrum obtained with the 
Nal(T]) scintillation spectrometer is shown in Fig. 4(a). 


obtained experimentally as a function of energy in the 
same geometry used for the Ta!’ experiments. Before 
the spectrum of Fig. 4(a) was analyzed to obtain the 


gamma-ray spectrum, numerous coincidence experi- 


ments were performed which clarified the positions of 
some of the poorly resolved lines. 
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Fic. 4. (a) Scintillation counter spectrum of the gamma rays following decay of Ta'’?. The data were obtained with the source at 
cm from a 1j-in. diam X2-in. long NaI(T]) crystal using 2.5 g/cm? of cadmium absorber. The absorber attenuation was 14.5 for 113 
kev, 1.92 for 208 kev, 1.27 for 425 kev, and 1.12 for 1058 kev. (b) Scintillation counter spectrum he gamma rays in coincidence with 
approx. 113-kev gamma rays. To improve statistics in this presentation the data from all angles of a 113.0-angular correlation run were 
summed. (c) Spectrum in coincidence with approx. 208-kev gamma rays. The results of a 208.4-angular correlation run were summed 
to give the spectrum presented here. The peak at about 825 kev is due to the 1058.4-kev gamma ray being scattered out of the gating 
crystal and detected in the analyzed crystal. The peak goes away as the angle of counter separation is changed toward 90°. (d) Spec 
trum in coincidence with gamma rays producing pulses in a gating channel of about 225 to 265 kev. This includes the 249.7- and 257.3 
kev gamma rays. (e) Spectrum in coincidence with gamma rays producing pulses in a gating channel of about 485 to 535 kev. These 
are mainly the 509.0-, 452.9-, 549.4-, 526.9-, and 492.5-kev gamma rays. (f) Spectrum in coincidence with gamma rays producing pulses 

n 


in a gating channel of about 550 to 650 kev. This includes mainly the 549.4-, 526.9-, and 598.5-kev gamma rays 


The difficult problem of analysis arises because of the the spectrum may reveal weaker gamma rays. This 
continuum of pulse heights in the Compton distribution procedure was carried out by hand on several runs and 
associated with each full energy peak. If the distribu- was also programmed for an IBM 650 computer. 


ions associated wi . S omine aint ~ : 
tions associated with the most prominent full energy # Hi. 1. West, Je., and B. Johnston, IRE Trans. on Nuclear Sci 
peaks are known precisely, then their subtraction from NS-7, No, 2-3, i111 (1960 
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In the IBM 650 analysis, the position (energy) of the 
most energetic photo peak was determined by the 
operator. A Gaussian curve was fitted to this peak by 
least-squares analysis; the number of points used in the 
curve-fitting was determined by the operator. From 
the area of this Gaussian, the expected Compton distri- 
bution (including a backscatter peak at about 200 kev) 
was computed by the machine and subtracted from the 
pulse height spectrum. This computation was an inter- 
polation based on the experimental pulse-height distri- 
butions obtained from several monoenergetic gamma 
rays. The entire procedure was repeated automatically 
for the gamma ray of next highest energy, and so on 
until all the peaks had been treated. Ideally, the re- 
mainder would then be zero except for statistical 
fluctuations. The effectiveness of this procedure depends 
largely on the accuracy of the Compton distributions, 
which must be determined experimentally in the same 
apparatus as that used for the unknown spectrum. An 
example of the results obtained from the unfolding 
procedure is shown in Fig. 5. 

After the intensities of the photopeaks were deter- 
mined the gamma intensities were obtained by dividing 
by the photopeak detection efficiencies. These efficien- 
cies were measured directly for the crystals, using 
gamma-ray sources calibrated by 4 beta counting. They 
are considered to have an absolute accuracy of +4%. 

Gamma-gamma coincidence experiments were carried 
out with each of the lines appearing in Fig. 4(a). The 
most pertinent of the coincidence experiments are shown 
in Figs. 4(b)—(f). Triple coincidence experiments were 
performed on the (113.0-208.4) gamma cascade to show 


TABLE IT. Weak electron lines observed only 
in the permanent magnet spectrometer. 


Electron 
energy 
kev) 


Remarks Interpretation 


K of 96.2 transition. 

K of 97.1 on basis of energy 
fit in decay scheme. 

Ly of 51.1,* not assigned in 
decay scheme. 

Lin of 51.1, not assigned in 
decay scheme. 

L; of 67.9 on basis of energy 
fit in decay scheme. Would 
be largely M1. 

Not assigned in decay scheme 

K of 160.4 on basis of energy 
fit in decay scheme. 

May be Ly’s of 125.8- and 
126.8-kev transitions, in 
which case they are M1 
and fit nicely into the 5/2 
and 9/2 rotational bands 
May be Ly and Ly of an 
E2 125.2-kev transition in 
which case the assignment 
is questionable. 


30.8 
7 | 


Weak and diffuse 
Very weak 


Weak 
Weak 


Weak, but well defined 


Very weak 


Very weak 


Very, very weak 
Very, very weak 


* Observed by Harmatz ef al. (reference 11). They assigned an energy of 
51.3 kev on the basis of only L1 conversion. 
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Fic. 5. An example of the IBM 650 computer “peeloff”’ analysis 
of scintillation counter data. The spectrum is from a singles run 
on Ta!’7, The computer was stopped at various times to show the 
progress of the analysis. Normally the computer proceeds through 
the whole analysis giving the area of prominent photo peaks. The 
residual spectrum is then examined for photo peaks of low 
intensity. 


possible weak gamma rays populating the 321.3-kev 
level. The positron intensity, (2.90.3) X10— per Ta!” 
decay, was determined from the (511-511)-kev coinci- 
dence rate due to annihilation radiation, using angular 
correlation to positively identify the radiation. In all 
coincidence experiments the crystals were unshielded 
except for }-in. Pb jacketed with jg-in. Cd which pre- 
vented scattering from one crystal to the other. The 
coincidence experiments were generally carried out at 
an angle of 54.8° (or the results corrected to this angle), 
since this eliminates angular correlation effects when- 
ever the correlation contains only the Po and P2 terms. 
Running times varied from a few minutes to a day. 
Checks on the position and width of the energy selector 
channel were made at the beginning and end of each run 
to guard against drift. For practical purposes the elec- 
tronic stabilizer completely eliminated all gain drifts 
whenever it was used (in later experiments). 

A gamma-ray summing coincidence experiment as 
described by Hoogenboom” was performed. It was use- 
ful in the search for levels populated in the decay to the 
ground state in a two-step cascade. In this experiment 
the heights of the coincident pulses are added, and the 
pulses in the analyzed crystal are accepted only when 
the sum corresponds to a given initial level. Significant 
data were obtained for the levels at 1058.4, 746.0, and 


*% A.M. Hoogenboom, Nuclear Instr. 3, 57 (1958). 
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Fic. 6. (a) Gamma-ray pulse-height distribution from the sum 
ming (Hoogenboom) coincidence experiment in which the sum of 
the gamma-ray energies is 1058 kev. Coincidences occur between 
pairs of gamma rays whose energy sum equals 1058 kev. The areas 
of pairs of these complementary peaks should be equal. The 
principal peaks are due to the (945.4-113.0) cascade and the 

549.4-509.0) cascade. The major part of the accidental coinci- 
dence spectrum has been subtracted experimentally. The dashed 
peaks are additional background calculated from accidental 
coincidence effects which were not included in the experimentally 
determined background. (b) Same as 6(a) but with the sum 
channel set at 746 kev. The solid peaks are the remainder after 
subtraction of calculated background (due mainly to the counts 
in the Compton distribution in coincidence with other photo- 
peaks). (c) Same as 6(b) but with the sum channel set at 606 kev. 
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605.5 kev. Since the Compton effect is strongly sup- 
pressed, weak transitions can sometimes be observed 
with this method. We were able to put upper limits on 
several possible transitions as shown in Table I and 
Figs. 6(a)—(c). As one attempts to use this method on 
lower-lying levels, spurious effects (such as the photo 
peak of one gamma ray adding with the Compton distri- 
bution of a second) become increasingly important, and 
hence data obtained on lower levels are not presented. 
In the above experiments such effects were corrected 
either by experiment or calculation or a combination 
of both. 

The L/ K-capture ratio to the 1058.4-kev level (which 
yields the total decay energy) was obtained from the 
gamma-ray spectrum in coincidence with A x rays. A 
comparison of the gamma intensity ratios with those 
observed in a singles spectrum gave 


+ 0.07, 


for the 1058.4-kev level. This gives a value of 1168+7 
kev for the total decay energy.” The value obtained 
from the positron intensity is 1162_;*", obtained from 
equations given by Moszkowski*! for allowed beta 
decay. 

All the results on gamma-ray energies and intensities 
are summarized in Table I. 


Lifetime Measurements 

The lifetimes of the 113.0- and 321.3-kev levels were 
measured using the fast coincidence apparatus.” 
Nal(T]) crystals 1 in. longX1} in. in diam were used 
to detect the 208.4- and 424.7-kev gamma rays. The 
113.0-kev transition was detected by means of its L- 
conversion electrons in a 3¥-in.X1-in. diam plastic 
scintillator. Co™ was used to determine the pulse height 
spectrum for prompt coincidences, with the energy 
channels set at the appropriate Hf'” energies. The life- 
times were determined from the shift in the centroids of 
the pulse height distributions. Typical data are shown 
in Fig. 7. 

The mean time delays of the 208.4- and 113.0-kev 
gamma rays relative to the 424.7-kev gamma ray were 
measured separately, giving (7.5+0.5)X10~" and 
(11.8+0.5)X10-" sec, respectively. A correction of 
about 10% was made for coincidences in the (396.0 
113.0) cascade. This provided a good check on the mean 
life of the 113.0-kev level, which was found from the 
(208.4—113.0) cascade to be (4.6+0.5) XK 10~" sec. This 
lifetime has been measured by Berlovich” who obtained 
(6.1+0.9) XK 10~® sec. Previously Sunyar*® had listed an 
upper limit of 7X10~” sec for the 113.0-kev level, and 
Vartapetian”’ an upper limit of 6X10~ sec for the 
321.3-kev level. 


3H. Brysk and M. E. Rose, Oak Ridge Natior 
Report ORNL-1830, 1955 (unpublished 

* S. A. Moszkowski, Phys. Rev. 82, 35 

25 FE. E. Berlovich, Bull. Acad. Sci. | 
Translation) 20, 1315 (1956). 

26 A. W. Sunyar, Phys. Rev. 98, 653 

27H. Vartapetian, Compt. rend. 244, 65 (1957). 
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DECAY OF Tat*? AND ‘4 
The Ta!” half-life is 56.56++0.06 hours, obtained from 

a least-squares analysis of the gross gamma-ray decay 

curve. A previous determination’’ gave 53 hours. 


Internal Conversion 


Internal conversion coefficients (Table I) were deter- 
mined from the experimental ratios of electron and 
gamma-ray intensities. These ratios are proportional to 
the conversion coefficients. They were normalized by 
means of certain transitions whose theoretical conver- 
sion coefficients were known, as follows. From the 
previous work on Lu!” the multipolarities of the 113.0- 
and 208.4-kev gamma rays are known, and their 
theoretical conversion were taken from 
tables of Sliv and Band.*® Neither of these transitions 
is ideal for normalization, the 208.4-kev because its 
conversion coefficient is very sensitive to small un- 
certainties in the £1/M2 mixing ratio, and the 113.0- 
kev because of possible source-thickness effects. How- 
ever, this normalization gave results which, with our 
angular correlation data, were sufficient to determine 
the multipolarities of the 424.7- and 945.4-kev gamma 
rays. The final normalization constant was a weighted 
average of the results obtained from the 208.4-, 424.7-, 
and 945.4-kev transitions. Their conversion coefficients 
are in brackets in Table I. 

This normalization depends on the accuracy of the 


coefficients 


theoretical conversion coefficients for M1 radiation, 
about which there may still be some question.” How- 
ever, we have made a direct measurement of the 113.0- 
kev L-conversion coefficient which indicates that our 
normalization is correct to at least +10% (see Fig. 8). 
In this measurement a thin anthracene crystal in an 
aluminum vacuum chamber was used to detect the 
conversion electrons, and a Nal(TI) crystal was used to 
detect gamma rays. A carrier-free Lu’ source on 1 
mg/cm? Mylar was used. A baffle prevented scattered 
electrons from reaching the detector. Coincidence ex- 
periments on the (208.4,-113.0,) and (208.4,-113.0,) 
cascades yielded the intensity ratio 


L electrons 
1.35+0.10. 
113.0-kev gamma rays 


Phe coincidence experiment was used to suppress the 
continuum of beta rays; nevertheless there were enough 
low-energy beta pulses from A-conversion to obscure a 
small tail associated with the L-electron peak.” To 
correct for this tail the line shape was determined by 
detec ting monoenergeti¢ electrons selected by the thin- 


; 80, 495 (1950 
#1. S. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICCKL, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
unpublished) ] 

°S. G. Nilsson and J. O. 
(1958). 

‘M.S. Freedman, T. B. Novey, F. 
Jr., Rev. Sci. Instr. 27, 716 (1956). 


§G. Wilkinson, Phys. Rev 


Rasmussen, Nuclear Phys. 5, 617 
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Fic. 7. Pulse-height spectrum obtained with the fast time-to 
height converter for coincidences between the 424.7-kev gamma 
ray and L-conversion electrons of the 113.0-kev gamma ray. The 
spectrum for prompt coincidences in Co® is also shown. The 
separation of the centroids of the two curves gives the mean delay 
of the 113.0-kev transition relative to the 424.7-kev transition. A 
typical lifetime measurement involves recording of data at various 
values of fixed delay to ensure that the equipment is being used 
in its linear region. 


lens spectrometer. From this measurement the contribu- 
tion of the tail was found to be 7%. 

The 113.0-kev K/L-conversion ratio was determined 
from this source in the thin-lens spectrometer (see 
Table I). Ta!”* was unsatisfactory because the K elec- 
trons are not well resolved from Auger electrons, which 
are intense because of the large amount of K capture. 
Our K/L ratio agrees very well with that obtained by 


other workers.!? 


Angular Correlation 


Gamma-gamma angular correlations were measured 


for those cascades listed in Table III. The fast-slow 


Fic. 8. The spectrum of A- and L-conversion electrons of the 
113.0-kev transition obtained from a Lu‘ source. These data are 
the difference between two runs. First the spectrum of conversion 
electrons and beta rays in coincidence with the 208.4-kev gamma 
ray was obtained and then the beta spectrum in coincidence with 
the 321.3-kev gamma ray was subtracted. 
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TABLE ITT. Angular correlation of gamma rays in the decay of Ta'”’. 





Hif!7? energy levels Coefficients* of P2, P. 
(kev A, As 


746.0, 321.3; 113.0, 0 0.31 +0.044 


746.0, 321.3, 113.0 —0.32 +0.01 


746.0, 113.0, 0 0.10 +0.02 


848.2, 249.7, 0 — 0.097 +0.04° 


848.2, 321.3, 113.0 —0.087+0.03 


1058.4, 113.0, 0 0.137+0.013 


1058.4, 321.3, 113.0 —0.14 +0.05 


1058.4, 321.3; 113.0, 0 
848.2, 113.0, 0 
321.3, 113.0, 0 


—0.12 +0.02! 
—0.161+0.009« 
*® The errors listed are the standard deviations, 


> The spins of the levels at 0, 113.0, 249.7, 
levels are listed. 


© The values 41:3.0 = —4.0+0.2 and 5208.4 = —0.07 +0.03 are used throughout. 


has been made for the (396.0-113.0) coincidences. 
» points, at 90° and 180°, 
is discussed in the text. 
»bably 0.1614 +0.0015, 


4 A correction of 10% 
© This result is based on on ly tw 

! The interpretation of this result 
® The best value for this correlation is pr 


coincidence circuit was used with NalI(Tl) detectors 
and the electronic stabilizer; x rays were attenuated by 
cadmium absorbers of up to 1.3 g/cm*. For some experi- 
ments it was necessary to use less absorber to avoid 
excessive attenuation of the peak in the gating channel 
relative to the Compton distribution of the higher 
energy gamma rays. This effect was most serious in the 
(424.7-113.0) correlation in which only 0.4 g/cm? of 
cadmium was used. The single-channel analyzer was 
used to select the 113.0-, 208.4-, 509.0-, or 598.5-kev 
gamma ray in one crystal, and the coincident pulses from 
the other crystal were recorded in the 256-channel 
analyzer. This.spectrum was then analyzed by the IBM 
650 code described earlier to obtain gamma-ray inten- 
sities. Data were taken at 0°, 223°, 45°, 673°, and 90° in 
all cases except the 598.5-kev run. In some runs addi- 
tional data were taken at 113°, 332°, 564°, and 782°. 
In the (598.5-249.7) cascade only the anisotropy was 
measured. The stabilizer enabled us to run as long as 
desired (often several hours) between changes in angle. 
Angles were selected in a random manner as a further 
precaution against drift. In each correlation listed 
Table II four runs were made at each angle used. 

Values of Az and A, were obtained by a least-squares 
fit of the gamma-ray intensities to the function 


W (6) —_ 1+ A2P2(cosé)+ A4P,(cos6). 


An IBM 650 computer was used for the analysis. 
Corrections of the order of 20% (energy-dependent) 
were made for the solid angles subtended by the de- 
tectors, using curves prepared by West® based on the 

2H. I. West, Jr., University of California Lawrence Radiation 
Laboratory Report UCRL-5451, 1959 (unpublished). 





Spins of 
Hf"? levels> first y ray® 





—0.06 +0.05 
—0.012+0.012 


0.056+0.024 


—0.02 +0.07 


—0.006+0.03 


0.06 +0.10 


40.08 

+0.15 
2 +0.03, 
53 +0.05, 
0.04 +0.03 
0.035+0.035 
0.02 +0.06, <—10 
>50, <-—1 

0.02 +0.05, —7+2 

1.2 +03, >7, <—20 
0.05 +0.05, >20, <—30 
0+0.03 

0.095+0.025 

0.02 +0.08, —6+2 
>10, <—1 

0.11 +0.09, >7, « 


-1,9+0.2 
2.3+0.2 


me OT OTR OR sew 


obtained from a least-squares ang alysis of the data. 
and 321.3 kev are assumed to be 7/2, 9/2, 11/2, and 9/2, respectively. All 


allowable spins of the unknown 


assuming a cos? correlation. 
A4 was assumed to be zero. 
measured by Klema (reference 40). 


work of Rose.* None of the data in Table III are be- 
lieved to indicate a significant nonzero value for A,. 
However, upper limits of A, based on the standard error 
were used in several cases to eliminate mixings which 
would otherwise satisfy the data. 

In addition to the correction for detector solid angles, 
a correction was necessary in the 208.4-kev correlations 
for Compton scattering of the high-energy gamma rays 
from one crystal to the other. This effect produced a 
peak which entered the 208.4-kev channel. It was con- 
trolled as much as possible by lead shielding. The 
correction, determined experimentally, amounted to 
15% in the worst cases. An example of background 
produced by this effect is shown in Fig. 4(c) at about 
825 kev 

The (424.7—113.0) correlation data must be corrected 
for the (396.0-113.0) cascade, which contributes 10% 
of the coincidence rate. This correction results in a 10% 
increase in the (424.7-113.0) correlation if we assume 
no correlation between the 396.0- and 113.0-kev gamma 
rays. Possibly a better assumption would be to use 5/2 
for the spin of the 509.0-kev state, in which case the 
(424.7-113.0) correlation (A») should be further in- 
creased by 6%. An attempt to determine the (396.0 
113.0) correlation by assuming the (424.7-113.0) corre- 
lation as known from other data was unsuccessful. 

The best sources for angular correlation measure- 
ments consisted of approx. 10M solutions of an H,SO,- 
HF mixture in a 1-mm-diam polyethylene tube. This is 
in agreement with the results of McGowan* involving 
an intermediate state of 10~* sec in Ta!*'. His best 

3M. E. Rose, 
4“ F.K. McGowan, 


Phys. Rev. 91, 610 (1953). 
Phys. Rev. 93, 471 (1954). 
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sources were Hf or HfO. in 27N HF. Several other 
source forms were tried, including dilute acid solutions. 
These resulted in attenuation of the correlations in- 
volving the 321.3- or 113.0-kev intermediate state. We 
suspect that with weak solutions the tantalum com- 
bined with the polyethylene container. The attenuation 
was most serious on those cascades involving the 321.3- 
kev level, for which the theoretical quadrupole moment 
is three times as large as for the 113.0-kev level.*® A 
source giving 78% of the full correlation for the (208.4 

113.0) cascade gave approximately 25% of the full 
correlation for the (424.7-208.4) cascade. This agrees 
with calculations based on the theoretical treatment of 
Abragam and Pound.** According to their results the 
attenuation factor Ge, defined by 


W (@)= 1+ A»G2P2(cos6) 
in the angular correlation, has the form 
Go=1/(1+)27), 


if the coincidence resolving time is long compared with 
the mean life 7 of the intermediate state. For the two 
intermediate states we are considering, A» is proportional 
to the square of the quadrupole moments, i.e., 


As21/A113= 9. 
Using our observed lifetimes in units of 10~” sec, 


G3o1= 1/ (14+63Aq13), 
and 


G4313> 1 (1+ 4.6A113). 


This gives G,,3=0.82 if G3.;=0.25. For small attenua- 
tions (G~1), this predicts that correlations involving 
the 321.3-kev intermediate state will be attenuated 13.7 
times as much as those involving the 113.0-kev inter- 
mediate state, i.e., 


1—G32;= 13.7(11—Gi3), G>1-G. 

In Table III we have averaged the data from the two 
sources that gave the maximum correlation and have 
assumed there was no attenuation, simply because none 
was detectable in the (208.4-113.0) cascade. Our results 
for those cascades involving the 321.3-kev intermediate 
state could be low by 20% with no detectable effect on 
the (208.4-113.0) cascade. Such an attenuation seems 
unlikely, however, in view of McGowan’s results on 
Ta'*. This would not affect any of our conclusions 
except for certain mixings. 

The values of 6 listed in Table III were obtained by 
comparing the experimental correlations with theoret- 
ical curves. (6? is the intensity ratio of 2"*'- to 2"-pole 
radiation.) The theoretical correlations as functions, of 
the multipole orders (6’s) of the gamma rays and of the 
spins were calculated on an IBM 650 computer, using 


5A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
% A, Abragam and R. V. Pound, Phys. Rey. 92, 943 (1953). 
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TABLE IV. Multipolarities of gamma rays in the decay of Ta!’, 


Multipolarity* 
Other data 


Gamma ray 

(kev) Internal conv Conclusion 
71.6 
96.2 


112.97 


>0.75 El 
0.95 +0.2 M1 
<0.10 Mie 


>0.75 El 
0.95 +0.2 M1 
0.060 +0.007 M1 


>0.60 Mi> 

0.054 +0.007 D# 
0.10 +0.02 M1« 
136.7 
208.38 
249.7 


0.03 +0.03 M1 
0.997 +0.003 Fi 
0.985 +0.01 E2 
312.3 0.9 El 

321.34 0.85 
357.3 0.2 
0.89 
-0.15 
0.97 


0.03 +0.03 M1 
0.996 +0.003 E1 
0.985 +0.01 E2 
>0.9 El 

+0.02 El 0.85 +0.02 F1 

+0.3 M1 0.2 +0.3 M1 

+0.06 Fi 
+0.09 M1 
+0.02 El 
420.95 M1, M2, E3, or E4 M2t 

424.70 0.81 +0.18 M1 0.90 +0.03 DA 0.90 +0.03 M1 
452.9 0.3 +04 M1 0.3 +04 Mise 
0.86 +0.09 Fl 
1.15 +0.33 M1 
0.67 +0.07 El 
0.46 +0.13 M1 
0.82 +0.03 Fi 
0.57 +0.30 M1 


0.994 +0.004 Di 


396.0 (100% E2) 


492.5 1.15 +0.33 Mie 


509.0 0.46 +0.13 Mie 


$26.9 0.43 +0.12 D4 


<0.02 D« 


0.45 +0.12 M1 


549.4 0.25 
0.86 
0.98 
0.22 
0.86 
633.1 1.01 


735.2 


+0.18 M1 
+0.04 El 
+0.05 Fl 
+0.33 Mi 
+0.08 El 
+0.01 El 


0.25 +0.18 Mle 


598 
605. 


0.994 DA >0.994 Fl 


5 

5 0.22 +0.33 Mie 

-0.998 DA >0.998 Fl 

>0.99 Fl 
0.99 EI 

737.0 

746.04 >0.99 El 

848.2 0.988 +0.03 El 

945.41 1.14 +0.21 M1 

1058.38 1.00 +0.20 M1 


>0.99 Da >0.99 E1 

0.99 Fl 

0.988 +-0.03 E1 
>0.998 M1 

1.00 +0.20 M1 


0.998 Ds 


* The fractional amount of the lowest 
only the two lowest possible 
rupole, etc. 
cha ge 

b This is based on the K/L ratio of 
(reterence 11). 

¢ K shell only. The L-shell conversion is 32% larger than expected from 
theory. 

4 Angular correlation. We use Klema's data on the (208-113) cascade. 

e L-subshell ratios. This includes data of Wiedling, Marmier and Boehm, 
and the present authors. 

f This is discussed in the Decay Scheme section. 

& This choice is preferred because it avoids the relatively large M2/E1 
mixing ratios that would otherwise be implied. 


order multipole is given, assuming 
orders occur. D, O, etc., denote dipole, quad- 
I'wo possibilities exist in some cases due to unknown parity 


>2 reported by Harmatz et al. 


data from Ferentz and Rosenzweig*’ and Biedenharn 
and Rose.*® The spins of the 0-, 113.0-, 249.7-, and 
321.3-kev levels were taken as 7/2, 9/2, 11/2, and 9/2, 
respectively, from the previous studies of these 
states.2**—! In each experiment the mixing of the 
second gamma ray (113.0-, 208.4-, or 249.7-kev) was 
assumed to be known. Unfortunately, the existing data 
do not determine these mixings as precisely as would be 
desirable, especially for the 113.0-kev transition. In- 
ternal conversion data (see Tables I and IV) give 
5113= —3.0 and d23=—0.055, where only L-subshell 
ratios are used for the 113.0-kev transition. We have 
used the values Z}/Zy;=0.20+0.015 and Ly1/Ly=4.6 
+0.3 for the 113.0-kev gamma ray, and K/L=6.0+0.2 
for the 208.4-kev gamma ray. These are averages of our 
data and the data of Wiedling? and Marmier and 
Boehm.' The theoretical conversion coefficients of Sliv 


37 M. E. Ferentz and N. Rosenzweig, Argonne National Labora- 
tory Report ANL-5324, 1954 (unpublished). 
38. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 


729 (1953). Also private communication with Professor 
Biedenharn and Dr. Rose. 

% K. G. Steffen, Z. Physik 147, 132 (1957). 

40. D. Klema, Phys. Rev. 109, 1652 (1958). 


41H. J. Behrend, Z. Naturforsch. Pt. a. 13, 211 (1958), 
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Fic. 9. Values of the mixing parameter 6 for the 113.0-kev 
gamma ray plotted vs the values for the 208.4-kev gamma ray. 
rhe values that agree with the angular correlation of Klema for 
the (208.4-113.0) cascade lie between the two curves slanting 
downward to the right. The values that agree with the indicated 
angular correlations measured in Ta!” lie between the other two 
curves. The shaded area represents the possible range of values 
for 5313.9 and dag 4 


and Band® were used. These mixings have also been 
determined from the various angular correlations in the 
424.7-208.4-113.0) gamma-ray cascade (see Fig. 9). 
They give 6::3=—4.20+0.25 and 620.,=—0.08+0.03. 
In view of the disagreement between the observed and 
theoretical L conversion of the 113.0-kev gamma ray, 
we believe the angular correlation values should carry 

} 


more weight, and have used 


—4.0+0.2, 


oy 
—().07+0.03. 


The 249.7-kev transition is assumed to be pure £2 
1.€., do59=0). 

Figure 10 shows the (549.4-509.0) angular correla- 
tion. The data cannot be used at angles greater than 
135° because of coincidences due to annihilation radia- 
tion. The counting rates and statistical accuracy were 
lower than for any of the other angular correlation runs 
except the (598.5-249.7) cascade. We have used the 
mixings required by the internal conversion coeft« ients 
to calculate the expec ted correlations for spins 5/2. t/ 2. 
and 9 2 of the 509.0-kev level. Both positive and nega- 
tive parities were considered. Four different correlations 
ire obtained for each spin and parity, because of the 
unknown sign of the mixing parameter 6 in each radia- 
tion. In Fig. 10 the four curves are shown only for the 
9 2— case. For the other cases we have shown only 
those curves which fit the data best. The 7/2—, 5/2+, 
and possibly 9/2+ give the only reasonable agreement. 
However, we consider the positive parity unlikely be- 
cause of the unusually large amounts of M2 radiation 
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Fic. 10. Angular correlation in the (549.4-509.0 
cascade. The curves are theoretical curves for the 1 
values indicated. For the 9/2— case all 

For the other spins only the curve giving the best 
Dashed lines are used for even parity and i 
The data are distorted at 
annihilation radiation 
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solid lines f 


angles >135 


required in the £1-M2 mixtures for both the 509.0- and 


549.4-kev transitions. 


Experiments on Lu'”’ Decay 


The beta-decay probabilities to the Hf'’’ levels were 
determined with better precision than had previously 
been obtained. A newly acquired 3X3-in. Nal(Tl) 
crystal giving 7.5% resolution at 662 kev was used to 
measure intensities of the 113.0-, 249.7-, and 321.3-kev 
gamma rays relative to the 208.4-kev gamma ray in the 
Lu'? decay. In the measurement of the 249.7- and 


321.3-kev intensities, a 1.4-g/cm? Cd absorber was used 
to attenuate the lower energy peaks and thu 
coincidence effects. Heath’s® 
to obtain the relative efficient 
a function of 
gamma-ray intensities obtained relative to the 208.4- 
kev gamma intensity were 


reduce 
efficiency curves were used 
ies of the 3-in. crystal as 


energy. In the singles spectrum the 


Tii13 0 T 049.7 I 32) 3 


(0.62+0.02)/(0.020-+-0.002) / (0.0228+0.001). 


Corrections were made for coincidence effects due to the 
(208.4-113.0) cascade. 

The 136.7- and 71.6-kev 
resolved in the singles spectrum. In order to obtain their 
intensities the (136.7-249.7 
(71.6-249.7) gamma-ray 
The ratio of the 136.7- and 249.7-kev 
tensities was determined from their coincidence rates 
with the 598.5-kev gamma ray in Ta 


transition could not be 


branching ratio and the 


coincidence rate were used. 


gamma-ray in- 


| he Corn iden eS 
rate between the 71.6- and 249.7-kev gamma rays was 
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measured in a Lu!” source. These results yield gamma- 


ray intensities relative to the 208.4-kev gamma ray of 
I71.6/ 1 136.7= (0.003+0.001) / (0.0047+-0.0015) 


for Lu’. 

The total intensity of beta decay of a Lu'” source 
was determined in a 4x-geometry beta proportional] 
counter. This beta-decay intensity was then compared 
with the 208.4-kev gamma intensity obtained by count- 
ing the gamma ray in our accurately calibrated 13 X 2-in. 
Nal(Tl) crystal, giving 8.77+0.40 beta particles per 
208.4-kev gamma ray. These results were used with the 
total decay energy of 496 kev! and the half-life of 6.75 
days* to calculate the branching ratios and log ft values 
in Fig. 1. 


Ta'’’ Decay Scheme 


The energies of the levels in Fig. 1 are based on con- 
version electron measurements of Marmier and Boehm! 
and those made in the present work. They are in reason- 
able agreement with those reported by Harmatz et al." 
Single and coincidence gamma-ray measurements were 
used to help determine the sequence of levels and the 
modes of decay. Tentative assignments are shown with 
dashed lines. 

The spins and parities of the ground state and the 
113.0-, 249.7-, and 321.3-kev levels have been regarded 
as known from the earlier work.?*>*"' Also the Ta!” 
ground state has been taken as 7/2+ to agree with the 
spins and decay data of the other odd-A tantalum 
isotopes.” With these assumptions the results on in- 
ternal conversion and angular correlation in Tables I 
and III determine uniquely the spins of the 746.0- and 
848.2-kev levels. The 1058.4-kev level is also determined 
uniquely if spin 11/2 is considered to be completely 
rejected by the log ft value of 6.4-+-0.3 and the apparent 
M1 character of the 1058.4-kev gamma ray. A spin of 
seems preferable for the 509.0-kev level from 
angular correlation and internal conversion data, but 
9/2 is also possible. From our internal conversion data 
the 605.5-kev level could have any spin from 7/2 to 
1/2. 

The parities of the 746.0-, and 1058.4-kev 
levels are determined uniquely by the data in Table I, 
which indicate a change in parity for the 848.2-, 746.0-, 
737.0-, 735.2-, and 633.1-kev transitions (/1 radiation). 
Negative parity seems preferable for the 509.0-kev 
level; otherwise the 549.4- and 509.0-kev transitions 
must have an unusually large amount of M2 mixed with 
H1 radiation. This is also true for the 605.5-kev level. 

The spin and parity assignments receive further con- 
firmation from the angular correlation between the 
113.0-kev and the unresolved 737.0- and 735.2-kev 
gamma rays. The expected correlation in this composite 
cascade is obtained by adding the intensities of the 


5/2 or 7/2 


848.2- 


="9 


4 R.H. Betts, O. F. Dahlinger, and M. Munroe, Can. J. Phys. 
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737.0- and 735.2-kev gamma rays, using their respective 
theoretical correlations with the 113.0-kev transition. 
For example, the expected correlation is (1-0.106P2) 
for the decay scheme shown in Fig. 1, to be compared 
with the experimental value of [1—(0.12+0.02) Pz]. 
It turns out that with either spin 7/2 or 11/2 for the 
1058.4-kev level and using our observed multipolarities 
(see Table IV), the spin of the 848.2-kev level must be 
9/2 with even parity. 

The levels at 421.0, 488.8, and 585.8 kev were deter- 
mined using less accurate data and hence the coinci- 
dence experiments will be discussed. The transitions of 
257.3 kev (only K conversion observed), 67.9 kev (only 
Ly conversion observed), and 421.0 kev fit nicely be- 
tween the ground state and the 746-kev level on the 
basis of energy balance. The appearance of a 257-kev 
peak in the 746-kev sum-coincidence experiment sup- 
ports the 488.8-kev level. One might pessimistically 
suggest from the intensity (see reference k in Table I) 
that this peak results from an M2 transition of 496.3 
kev to the 249.7-kev level. This seems improbable from 
any reasonable guess of the transition probabilities 
(assuming £1 radiation is retarded by about 10° and 
M2 by about 10° over single particle rates”). The 250- 
kev and the 208-kev coincidence experiments add 
further confirmation to the level at 488.8 kev. The 250- 
kev coincidence experiment shows the (257.3-168) and 
(257.3-489) cascades. The 208-kev coincidence shows 
the 168-kev gamma ray and a possible 160.4-kev gamma 
ray. The 168/489 branching ratio is consistent with 
E2/F1 radiation when reasonable estimates of the 
transition probabilities are made. However, the assign- 
ment of the 168-kev transition £2 radiation 
questionable. The limits on the intensities indicate the 
conversion coefficient is only half the value expected 
for £2 radiation. We have not been able to explain the 


as is 


gamma-ray intensity by spurious effects such as scatter- 
ing or simultaneous detection of x rays and 113.0-kev 


gamma rays. Estimates of the 67.9-kev transition 
intensity indicate that our intensity of the 168-kev 
gamma ray may be too large. The results would be more 
reasonable if this intensity were in line with the upper 
limits of electron conversion assuming /:2 radiation. For 
this reason we leave the 488.8-kev level in the tentative 
classification. The 585.8-kev level is assigned on the 
basis of energy fit of the transitions of 97.1 kev (only K 
conversion observed) and 160.4 kev (only AK conversion 
observed). 

The assignment of the transitions into these three 
levels is consistent with a coincidence experiment be- 
tween x rays and gamma rays. It was found that the 
counting rate at about 420 kev was enhanced some 30% 
over that expected if the 421.0-kev transition has a life- 
time greater than 0.1 usec. This lifetime has a bearing 
on the multipolarity of the 421.0-kev transition. Our 
observed value of ax is 0.1 and the A/L-conversion ratio 
reported by Harmatz ef al. is 5.2. The theoretical values 
for M2 radiation are 0.21 and 5.2, respectively. Har- 
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matz ef al. were tempted to assign a spin and parity of 
4— to the level (on the basis of less information), which 
would require M3 radiation with ax=0.58 and K/L 

3.9. A spin and parity of }+ would require £3 radia- 
tion with ax=0.065 and K/L=1.8. Neither of these 
assignments is compatible with lifetime or conversion 
data. £2 radiation would require an ax=0.023 and 
K/L=3.8. This value of ax is outside our expected 
error. The best agreement with all available data is M2 
radiation for this transition, requiring that the 421.0- 
kev level have a spin and parity of 3/2+. The absence 
of strong transitions from higher levels into the 421.0- 
kev level is additional support for a low spin value. 

The level at 447.9 kev is placed on the basis of the 
energy fit of the 298.1-, 611-, and 126.8-kev transitions. 
The 611- and 126.8-kev transitions are questionable 
(see Tables I and IT). However, the level is expected to 
occur and the transition from the 746.0-kev level should 
be observable. 

Two transitions are not assigned in the decay scheme. 
A 51.1-kev transition and a possible 158.9-kev transition 
(based on K conversion only) were observed (see Table 
II) which would fit nicely between the 1058.4- and 
848.2-kev levels if an additional level is added. How- 
ever, the possible evidence from coincidence experi- 
ments is not very strong and the expected electron con- 
version lines for transitions to other levels were not 
observed. 

The gamma-ray multipolarities, given in Table IV, 
are derived from internal conversion and angular corre- 
lation data. Where angular correlation data are avail- 
able they usually give the more precise values for the 
mixings. The quoted errors allow for a possible 20% 
attenuation of those angular correlations for which the 
321.3-kev level is the intermediate state. 

It appears that the 113.0-kev L conversion is about 
32% larger than expected from theory. It also appears 
that the K and L conversion of the 249.7-kev transition 
is anomalously large by about 65%. As pointed out 
earlier we do not believe that these anomalies can be 
due to an incorrect normalization of our gamma-ray 
and electron intensities, because of the independent 
measurement of the 113.0-kev conversion coefficient 
and also because the numerous F1 conversion coeffi- 
cients agree well with theory. Except for these two 
predominantly £2 transitions our conversion coefficients 
agree with the theoretical values within the accuracy 
permitted by our knowledge of the mixings. McGowan 
and Stelson* have reported several other cases of con- 
version coefficients some 20% larger than expected from 
theory for £2 transitions. 

Marmier and Boehm have studied the transitions 
involved in the decay of Lu'”’. Their original electron 
intensity ratios'*® have been combined with our more 
accurate gamma-ray data. We have normalized to their 

“ F. K. McGowan and P. H 
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208.4-kev conversion electron intensity as their value 
of ax (208) = 0.044 is close to our value of 0.043. Further- 
more the 208.4-kev conversion data are more reliable 
than those of the 113-kev gamma ray because there is 
less uncertainty in detector efficiencies at higher 
energies. This normalization gives ax«(113)=0.55, 
az(113)=1.5, a«(250)=0.16, a,(250) - 0.05, ax (321) 
=0.12, and a,(321) 0.03, to be compared with our 
values from the Ta!” decay of 0.78, 1.40, 0.148, 0.057, 
0.080, and 0.018, respectively. Their value of ax (250) 
includes a 1/3 weight from a later independent measure- 
ment of ex(208)/ex(250)=16+7. Their values of 
az(113) and ax,,(250) appear to be in agreement with 
our anomalously large values. 

The log ft values were calculated from curves of 
Moszkowski* using the total decay energy obtained 
from our measured 8+/A-capture and L/K-capture 
ratios. The relative intensities of capture to the various 
Hf'”? levels were deduced from the gamma-ray and 
x-ray intensities, by equating the rates of decay to and 
from each level. 

DISCUSSION 


We have compared the states in Hf'”’ with those 
predicted for the spheroidally deformed nuclear shapes 
observed in this region.*® These nuclei exhibit intrinsic 
states characteristic of the nuclear structure, and 
rotational states which correspond to rotation of the 
nucleus without changing its intrinsic state. Nilsson and 
others’:® have calculated the energies of the intrinsic 
states of nonspherical odd-A nuclei as a function of the 
deformation, assuming an independent particle model. 
These states are characterized by three ‘“‘asymptotic”’ 
quantum numbers shown in square brackets beside the 
levels in Fig. 1. These quantum numbers (which would 
accurately characterize the states in the limit of a very 
anisotropic, axially symmetric, harmonic oscillator 
potential) are NV, the number of modes in the wave 
function, m,, the number of nodal planes perpendicular 
to the symmetry axis, and A, the component of the 
particle’s orbital angular momentum along the sym- 
metry axis. In addition, K, the component of the total 
angular momentum along the symmetry axis, and the 
parity, which are constant within a rotational band, 
are used. The energies within a given rotational band 
are given approximately by 


h 
Er= Eo t+—{I (1 +1)+a(—)!'?(74+-1/2)6x 1 
dg 


+ BUI (I+1)+a(—)'?(1+1/2)8 «1/2 F, 


where £o is the energy of the rotational ground state, 
9 is the effective moment of inertia, and a is a constant 
that occurs only for K=1/2. The last term, with the 
constant B, is small and may be due to rotation-vibra- 
tion interactions,**-** in which case the sign is negative ; 


“6A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd, 30, No. 15 (1956). 
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or it may be due to particle-rotation interactions, in 
which case the sign can be either positive or negative. 
In addition to the energy predictions, which are often 
of enough precision to identify the bands, the gamma- 
ray and beta-ray reduced transition probabilities of 
order L from a given level to the members of a rotational 
band are predicted” to be proportional to the squares 
of the Clebsch-Gordan coefficients 


(LK .K;—K;|1,L1;Ky). 


The nuclear deformation 6 may be obtained from the 
reduced £2 transition probabilities B(£2), in the 
ground-state rotational band.” The values of B(2)up 
obtained from lifetime measurements of the 113.0-kev 
level are 3.14+0.34 (in units of e?10~** cm‘) for the 
present work and 2.39+0.34 for the work of Berlovich.”® 
Reported Coulomb excitation values are 3.34 and 3.95 
from gamma-ray detection and 1.0 from L-conversion 
electron detection. For all the above values of B(E2)up 
we have used our measurements of 2.59+0.15 for the 
total internal conversion and 162 for the £2/M1 
gamma-ray mixing ratio. The value of 6 is 0.27 from the 
lifetime measurements and 0.31 from the first two 
Coulomb excitation measurements mentioned above. 

As expected, the £2 part of the 113.0-kev transition 
is especially fast. The transition probability is enhanced 
over the single-particle estimate* (Eq. II, A.58) used by 
Alder et al. by a factor of 107, based on an average of 
the B( £2), values. 

A first attempt at correlating the Hf!” levels with the 
Nilsson model has been made by Mottelson and 
Nilsson” incorporating our earlier incomplete experi- 
mental data. They assigned the levels at 0, 113.0, 249.7, 
and 321.3 kev, previously studied from Lu’ decay, as 
indicated in Fig. 1. They also made tentative orbital 
assignments for the levels at 746.0, 848.2, and 1058.4 
kev, in agreement with the assignments in Fig. 1. From 
our observed properties of these levels the assignments 
now appear quite certain. 

The interpretations of the other levels are more 
speculative because their spins and parities are not 
definitely known. The intrinsic levels which could occur 
in this region are the [512 5/2—], [505 11/2—], 
[512 3/2—], [521 1/2—], and [510 1/2—]. Also at this 
distortion several of the orbitals normally associated 
with neutron numbers > 126 could occur, including the 
(651 1/2+-], [640 1/2+ ], and [642 3/2+]. 

The spacing of the levels at 509.0 and 605.5 kev is 
compatible with a K=5/2 rotational band assignment 
using the [512 5/2— ] orbital. The intensity of the 
96.2-kev M1 transition between the levels supports this 
assignment. Also, the questionable transition of 125.8- 
kev (Table II) could be the transition between the 9/2 
and 7/2 members of this band. This would require an 
additional level at 731.3 kev. 


47 G. Alaga, K. Alder, A. Bohr, and B. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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TaBLe V. Empirical constants for the rotational bands in Hf!”’. 


[Nu,AKzx ] FE 


(kev) 


3h?/9 (kev) B (kev) 


0 76.9 — 0.0064 
3213 69.0 
421.0 80.8 
509.0 80.9 


746.0 67.7 


0.012 
0.0074 


NNN N & 
+ + 


Tt 
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* This assumes that the questionable 125.8-kev transition (see Table II) 
is the transition between the 9/2 and 7/2 members of this band. 


We can assign the levels at 421.0, 488.8, and 585.8 kev 
to a K=3/2 rotational band using the orbital [642 
3/2+ |. The 67.9-kev M1 transition between the 488.8- 
and 421.0-kev levels supports the assignment as a 
rotational band. 

The questionable level at 447.9 kev is assigned as the 
11/2 member of the [624 9/2+ ] rotational band. The 
intensity of the 298.1-kev transition is in satisfactory 
agreement with this interpretation if we assume £2 
radiation. However, the questionable 611-kev transition 
would have to be M2. Its observed intensity is several 
orders of magnitude larger than that expected for M2 
transitions. 

The inertial parameter 3#?/9 and the correction term 
B can be calculated from the level spacings. The values 
are given in Table V. The value of B is usually 
negative." 

Gamma-ray branching ratios from an initial level to 
the various levels in a rotational band are predicted with 
enough accuracy to be of considerable help in classifying 
levels. Table VI gives the comparison between the ob- 
served and calculated branching ratios to the levels in 
each rotational band. For transitions to the ground-state 
band we have considered in addition to the spins 
adopted in Fig. 1 other spins which are not completely 
rejected by our other data. We have not done this for 
transitions to the bands starting at 321.3 and 509.0 kev 
because there are not enough experimental data. 

We see that the values /, K=7/2, 7/2 are strongly 
preferred for the 1058.4-kev level. The rotational band 
assignment with K=7/2 for the 746.0- and 848.2-kev 
levels is clearly favored over any other possible assign- 
ment. For the 605.5-kev level the probable errors in the 
experimental ratios are greater, but the values /, 
K=7/2, 5/2 are clearly preferred. There is also a 
definite preference for negative parity. The ratios for 
transitions from the 509.0-kev state are in satisfactory 
agreement with either 7, AK=5/2, 5/2 or 7/2, 7/2, but 
not 7/2, 5/2. For all these levels, and also for the 249.7- 
kev level, the theoretical branching ratios to members 
of the ground-state band agree with those observed 
within a factor of 2. In fact, the 598.5-kev transition 
from the 848.2-kev level is the only one whose intensity 
disagrees by more than the experimental error. 

For the transitions from the 321.3-kev level to the 
ground-state band there is a strong disagreement be- 
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TABLE VI. Gamma-ray 


Initial level: 


kev (,K) 


Rotational band 


[Nn.AKr ], (kev 


L=1 


(0,113.0,  1058.4(7 
249.7 7 
(11 
11/2, 
11/2, 
848.2(9 
(9 


[5147/2], 


2, 7/2) 100/20/0 
2, 5/2) 
2, 11 


1 
9 
7 


100/250/0 
0O/K/K 
0/18/4.6 
0/18/14 
55/100/36 
680/100/5.4 
11/100/110 
100/17/0 
100/210/0 
53/100/0 
13/100/78 
690 /100/0 
85/0/0 
85/144/0 
85/11/0 
0/100/9 


2) 
2) 
2 
0, 113.0, 
249.7 


om 


<= 


0, 113.0, 746.0 
249.7) ( 
(O, 113.0, 605.5 
249.7 


~~ 


= 


0, 113.0, 
249.7 


509.0 


MM rm NN Nh Nw bt bt 
NNN NN NW be bo bt 


NManonwnstu 


—_ “Ios 


0, 113.0, 
249.7 
0. 113.0 
249.7 


$47.9 


Nm 
~ 


100/00 
100/10/0 


— sn 


yeh ht hm he 
NmMmeMmMNm NM 


0, 113.0, 
249.7 
0, 113.0, 
249.7) 
321.3, 
447.9 
321.3, 
447.9 
21.3, 
447.9 
509.0, 
605.5 


co 


1630/100/0.4 


Nm 
~~ 
~ 


0/100 


t 


100/0 
100/10 
82/161 


746.0(7 100 /0 


1058.4(7 336 


ratios of the square 
power of the gamma-ray energy i 
the observed 1 1g in those cases 

> Values in parentheses were o 


| Tables I and 


leduced from 


® These are the 


be 


tween theoretical and observed intensity ratios. The 
FE1 component in the 321.3-kev transition is too weak 
relative to that in the 208.4-kev transition by a factor 
of about 800, and there is some indication that the M2 
component is also weak by a factor of about 10. How- 
ever, this discrepancy in M2.-ratios could be due to the 
uncertainty in the mixing of the 208.4-kev transition. 
We have calculated the reduced £1 transition proba- 
bility for the 208.4-kev gamma ray, using Nilsson wave 
functions. We find B(£1i)=0.90X10-*%e cm? for 
6=0.095, and 2.9K 10-“e* cm? for 6=0.29. This agrees 
well with the observed value of 0.90 10-“e? cm?. This 
is a retardation of 7X10* over the single particle esti- 
mate* and is considered a normal retardation.” It 
concluded that the disagreement between observed and 
theoretical intensity ratios for the 208.4- and 321.3-kev 
E1 transitions is due to excessive retardation in the 
321.3-kev transition. Nilsson** has indicated that in 
view of this extreme retardation it is not surprising that 
the theoretical branching ratio does not hold. In such 
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branching ratios to members of the rotational bands in Hf" 


ray intensities (K denotes K forbidden 
Observed! 
L=2 L=1 


100/52/6 
100/13/33 
100/22/2.6 
100/3.4/4.1 
100/270/0.07 
1150/100/240 
280/100/5.9 
72/100/0.6 
100/40/3 
100/10/17 
44/3.5/4.0 
44/44/0.1 
44/9/0.8 
100/22/0 
100/9/6 
100/25/0.9 
100/14/3 


100/23 


100/18/ <0.002 (4/1) 


48 /100/21(F1 


100/18/(<0.01 


12/100/1.5(./1 44/0/6(E2 


V1 100/23 15(E2 


100/0/0 
100/16/0 
100/19/0.3 
100/0/0 (L=3 
5/0.4/0.003 


100 


2.0/100/0.3(F 1 0.3/0.4/(<0.07) (M2 


100/24( £2 


100/22 
100/71 
100/12 
1.1 


100/43 


f the Clebsch-Gordon coefficients multiplied by the third power of the gamma-ray energ 
tion between the ratios for L =1 and L =2 is arbitrary, and has been adjusted for best 


a case, modes of decay other than normal may be 
involved. 

For transitions to the [624 9/2+ ] band there is one 
apparent disagreement, for the transitions from the 
848.2-kev level. This discrepancy would largely be 
removed if the 526.9-kev radiation is nearly 100% £2. 
This is compatible with the angular correlation, but 


) 


would disagree with the internal conversion by a factor 
of about 2. The expected error for the 
sion coefficient is +40%. 

Table VII shows the comparison between observed 


inte rnal conver- 


} 


ratios of the electron capture ft values and the theoret 
ical ratios for each rotational band. The agreement 
good for the bands starting at 0 and 746.0 kev. For the 
band starting at 321.3 kev the decay to the higher 
members would be second forbidden and is not expected 
to occur. The absence of electron capture to the 509.0- 
kev level is in strong disagreement with the theoretical 
predictions for a K=5/2 band. There appears to be 
little or no electron capture to the levels of the K=3/2 
band. Such a retardation might be expected in view of 


is 


the K forbiddenness of the transitions 
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Phe classification of the beta decay branches accord- 
ing to the asymptotic quantum number selection rules*” 
is given in Fig. 1 for the indicated level assignments. 
The log /t values are in satisfactory agreement with 
these classifications only for the ground state band and 
the 1058.4-kev level, and possibly the 605.5-kev level. 
The levels at 321.3, 746.0, and 848.2 kev have ft values 
approximately 10 times larger than usually observed. 
However, there seems to be very little chance that the 
spin and parity assignments of these levels are in error. 

The gamma-ray transitions may also be classified as 
hindered or unhindered according to the asymptotic 
quantum numbers. We find two cases where the mixing 
might be affected because of a hindrance of one com- 
ponent relative to the other. For the transitions from 
the 321.3-kev level to the ground state band the £1 
components are hindered while the M2 components are 
allowed. This helps explain the small amount of M2 
mixing in the 208.4-kev transition, but does not explain 
the extra hindrance of the £1 component in the 321.3- 
kev transition. The only other similar situation in this 
decay scheme is the 737.0-kev transition to the 321.3- 
kev level. Here, in spite of the fact that M2 is unhin- 
dered and F1 is hindered, we have not detected an M2 
component. 

A comparison of ft values shows that Lu!” and Ta!”? 
have very nearly equal values for decay to the 0- and 
113.0-kev levels. This would seem to be a significant 
success for the nuclear model as the ground states of 
both parents have been assigned [404 7/2+ ]. The 
decay to the 321.3-kev state is quite different, the fé 
value of the decay from Ta!” being about 20 times 
larger than that from Lu'’’. Also, the ft values of the 
to the 746.0- and 848.2-kev levels are 
about 10 times larger than those usually observed for 
allowed hindered transitions. We have tried to explain 
the results by invoking the idea of pairing energy in 
which the order of pairwise filling of the Nilsson orbitals 
may be different from the single particle order. Our 
attempts at 


decay of Ta!” 


a detailed explanation using these ideas 


Hf 


Pas.e VII. Intensity ratios of beta decay from the Ta! 
Lu!’ ground states to rotational bands in Hf!77. The Ta!’ 
Lu!’ states are assumed to have 7, K=7/2, 7/2. 

Ratio of ft values 

Rotational band in Hi Cheoretical 


[Nn.AKr ]}, (kev L=1) Observed 


7/2—], (0, 113.0, 249.7 3 x 3.0/1600( Ta!” 

(Lat) 
509.0, 605.5 Tal" 
(746.0, 848.2 3 Tal? 


However, there 
seems to be strong evidence of pairing effects in the 
ground state of Ta!’, since the model would prefer 
[514 9/2—] or [402 5/2—], whereas we find [404 

2+]. Part of the explanation of the large ft values 


have not been completely successful. 


7 ZT |. 
probably centers around the particle rearrangement 
required in the Ta!”? decay as a result of the [404 7/2+ ] 
ground state. The decay from Lu'” involves only 
single-particle transitions. 
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It has been suggested that the effect of changing excitation energy on the shape of the fission product 
mass-yield curve from fission of a single nuclear species is due to the change in the relative amounts of two 
energy-independent modes of fission, each giving rise to its own characteristic mass-yield curve. It is shown 
here that this hypothesis predicts a linear relationship between the fission yields of any pair of fission products 
measured at a set of excitation energies. Linear relationships are also predicted between pairs of fission yields 


measured relative to the yield of some reference fission product. Fission product yields relative to the fission 
vield of Mo” were measured for fission of U** and of U8 with neutron beams of mean energies ranging from 
2 to 10 Mev. The predicted linear relationships were observed in all cases. However results for fission yields 
from U** with thermal neutrons do not fall on the corresponding observed lines. The two-mode fission 
hypothesis is a possible explanation for the linear relationships observed but does not explain all of the data 


1. INTRODUCTION 


N past years many experiments have been performed 

in which the mass distributions of fission products 
have been measured for a number of different nuclides 
undergoing fission at various excitation energies. No 
completely satisfactory explanation has been found for 
the changes that occur in the mass distribution of fission 
products when the excitation energy is varied in a par- 
ticular nuclide about to undergo fission. However re- 
course has frequently been made to the suggestion of 
Turkevich and Niday' that there are two fundamentally 
different modes by which fission may proceed. Both 
modes are possible, but one generally predominates at 
low excitation energies and the other at high energies, 
the relative proportions of the two modes changing with 
excitation energy. These modes lead to distinctly differ- 
ent mass distributions of products, the observed mass 
distribution being the resultant of the contributions of 
both modes. 

The mass distributions attributed to the two modes 
are generally considered to be the two-humped ‘“‘asym- 
metric’ and the one-humped *‘symmetric’’ mass distri- 
butions. There has been some study on the competition 
between symmetric and asymmetric fission,? however 
these studies have considered principally the gross fea- 
tures of the mass distribution. Recently Ford® has shown 
that if in the two-mode fission hypothesis certain condi- 
tions are fulfilled, the mass-distribution curves can be 
broken down and analyzed in terms of two-dimensional 
Il we show that under the 
same conditions imposed by Ford, a different method of 
analysis predicts certain straight-line relationships be- 


vector subspaces. In Sec. 


tween fission yields of the different mass chains. 

We also present in Se 
yields in the fission of U™® and U™* induced by neutrons 
in the few-Mev range. We feel that these data are in 


IV some new data on relative 


* This work was performed under the auspices of the U 
\tomic Energy Commission 
\. Turkevich and J. B. Niday, Phys. Rev. $4, 52 (1951) 
* For asummary of this work see I. Halpern, Ann. Rev. Nuclear 
Sci. 9, 245 (1959 
G. P. Ford, Phys 118, 1261 
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many respects better suited for the testing of the two- 
mode fission hypothesis than those previously available. 
These data have been examined to see how closely their 
behavior follows that to be expected from the two-mode 
fission hypothesis and the results of this analysis are 
presented in Sec. V. 


II. DERIVATION OF STRAIGHT-LINE 
RELATIONSHIPS 


The general nature of our postulated two modes of 
fission may be similar for various nuclides undergoing 
fission, but it is obvious from available fission-yield data 
that the details of the mass distributions characteristic 
of each of the two modes must differ for different nuclear 
species. Consequently in the development which follows 
we limit ourselves to consideration of fission occurring 
in a single nuclear species. 

Our basic assumption is, therefore, that we are dealing 
with a single nuclear species undergoing fission and that 
there are two and only two modes for the fission process 
to follow. The two fission modes yield different mass 
distributions and the observed mass-yield curves are 
simply combinations of those mass distributions for the 
two modes in varying proportions. We also make the 
assumption (as did Ford) that a variation in excitation 
energy does not cause a change in the mass distributions 
of either of the two modes, but that the changes in the 
observed mass-yield curve are brought about by changes 
in the relative proportions of fissions proceeding by each 
of the two modes. 

We can now proceed in the following manner. Let us 
refer to the product distribution of one fission mode as 
type A fission and to that of the other mode as type B 
fission. We shall consider here only those fission yields 
representing total cumulative yields for an entire mass 
chain. Suppose the subscript 7 refers to some arbitrary 
mass chain. 

Let a,=fission yield of mass chain ? in type A fission, 
fission, 


b;=fission yield of mass chain 7 in type B 


y,= observed fission yield of mass chain 7, f4= fraction 


of total fissions resulting in type A fission, and fyx=1 
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—f,=fraction of total fissions resulting in type B 
fission. We can then write for the observed fission yield 
of 7, 
vi=faait febi= faait+(—fayb;, , 
; (1) 
vi=falai—b))+b,, 


hence 
fa=(yi—5;)/(a;—0)). 


Since the choice of mass chain 7 was arbitrary we can 
also write for any other mass chain /, 


fa=(yj—6;)/(a;—5,). 
Therefore 


(yi—5;)/ (a: —bi) = (y;—8;)/ (aj—5,). 


Since a,, 6;, aj, and 6; are all independent of energy, 
the above expression represents a linear relationship be- 
tween y; and y, that can be written 

Ciyitd;;, 
where ¢;; and d,; are independent of energy. 

The linear relationships just derived hold for the 
absolute fission yields of mass chains. In attempting to 
determine the nature of the mass distribution resulting 
from fission, one frequently measures fission yields of 
several mass chains relative to the fission yield of some 
one standard mass chain. It is generally possible to 
measure such relative fission yields with greater ease and 
with greater precision than the corresponding absolute 
fission yields. Let us investigate therefore, what type of 
relationship is to be expected between the relative fission 
yields of different mass chains. 

Let vo be the observed absolute fission yield of some 
mass chain chosen as an arbitrary “standard,” relative 
to which all other fission yields will be measured. If y, is 
the observed (absolute) fission yield of mass chain 7, we 
may modify Eq. (2) by dropping the second subscripts 
to ¢ and d when Vo is used as the reference yield, and 
write 


= CiVoTt dj. 
Rearranging we get 


Vi You Ci + (di/ yo), 
and finally 


C(vi/yo)—c;]/d:=1/ yo. 


the one 
chosen as a standard) we may write a similar equation 
for some other mass chain j. Thus 


Since 7 refers to any mass chain (except 


(Vy) Vo) —C; (yi Yo) Cj 


, 


d; 7) d; 


and we may write 
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Since p,; and q;; are functions only of ¢;, di, cj, and d; 
and are therefore independent of energy, Eq. (4) repre- 
sents a straight-line relationship between the fission 
yields of the mass chains 7 and j relative to the standard 
mass chain. 

We find it more convenient to deal with a quantity 
that is proportional to the relative fission yield and is 
usually known as an “R value.’* The R value for mass 
chain 7 may be defined as follows: 


(y,;/¥o) for given experiment 


R; 


(y; yo) for thermal neutrons on U*** 


The use of R values obviates the necessity of absolute 
counting, thereby making it possible to measure an R 
value more precisely than the fission yield itself. It 
should be noted that the denominator of the above ex- 
pression is a fixed quantity, depending only on mass 
chain 7 and the choice of a reference standard. Therefore, 
the R value for mass chain 7 may be written 


R 
where a;; and 8;; are constants. Thus we may use ex- 
perimental R values to test whether or not there exist 
linear relationships between relative fission yields. 
Tests of the two-mode fission hypothesis may be made 
by comparing the behavior of experimental mass-yield 
data with that predicted by the straight-line relation- 
ships just developed. There are a few things worthy of 
special note when seeking data with which to test the 
two-mode fission hypothesis. An adequate test of the 
predicted behavior requires that the mass yield data 
cover a sufficient range of values for both coordinates of 
the straight line. The greater the range in the excitation 
energies, the wider the range of values a particular mass 
yield will cover. However in our development we con- 
sidered only fission occurring in a single nuclear species. 
In practice it is difficult to obtain large changes in a 
given mass yield over a range of excitation energies in 
which fission is produced by a single nuclide. Even at 
low excitation energies neutron emission will compete 
with fission in most nuclides. When the excitation energy 
is increased by a few Mev, fission can occur not only in 
the original compound nucleus, but also in the nucleus 
resulting after emission of a neutron. In many cases the 
mass distributions for each pair of basic fission modes 
for neighboring nuclides may be sufficiently similar so 
that no serious problem is encountered over reasonable 
ranges of excitation energies. However when contribu- 
tions to the fission process from more than one nuclear 
Spec les are energetl ally possible, they may well be the 
cause of deviations from predicted behavior. Although 


W. EE. Nervik, Phys. Rev. 119, 16085 (1900 
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ideal experimental conditions may be very difficult to 
attain, they can generally be most closely approximated 
by examining low-yield mass chains over a range of low- 
excitation energies, where these fission yields usually are 
changing most rapidly with small changes in energy. 

One is not necessarily restricted to data from fission 
induced by monoenergetic particles. The observed mass 
distribution from fission produced by a spectrum of 
excitation energies can be considered a weighted aver- 
age of the different mass distributions arising from 
fission by many single-excitation energies. If fission by a 
single-excitation energy produces a mass distribution 
which can be considered a linear combination of the 
mass distributions of the two hypothetical fission modes, 
then it follows that the mass distribution produced by a 
spectrum of excitation energies can also be considered a 
different linear combination of the mass distributions of 
these same two hypothetical fission modes. Fission pro- 
duced by a spectrum of excitation energies can thus be 
treated as if it were the result of a single mean-excitation 
energy. Therefore, in an analysis of individual mass 
vields that does not involve the excitation energy ex- 
plicitly (e.g., plotting the relative fission yield of one 
mass vs that of another mass), data obtained from 
bombardments carried out with projectiles of a mixed 
energy spectrum can be used together with data ob- 
tained from bombardments with monoenergetic par- 
ticles. 


Ill. EXPERIMENTAL 


Fission at low-excitation energies is best effected by 
neutron bombardment because of the lack of a Coulomb 
barrier. Available sources of monoenergetic neutrons in 
this energy range do not have fluxes of high enough in- 
tensity to permit many radiochemical mass-yield de- 
terminations. However one can obtain neutron fluxes of 
mixed energies with sufficient intensities to permit a 
broad range of mass-yield determinations. It was 
pointed out that if linear relationships between indi- 
vidual mass yields do exist as predicted by the two-mode 
fission hypothesis, then these relationships hold regard- 
less of the energy spectrum of the particles causing 
fission. Neutron fluxes with broad energy spectra can be 
produced by the Crocker Laboratory 60-inch cyclotron 
using charged-particle bombardment of various light 
elements. The intensities of these neutrons in the for- 
ward direction are much higher than can be obtained 
from monoenergetic sources. For these experiments we 
have used the following neutron spectra, listed by 
method of production, in order of increasing mean 
neutron energy: Be’+12-Mev pt; Cu®:°+24-Mev d*; 
Al?7+48-Mev Het*; Be®+48-Mev He**; Be®+24- 
Mev d+; and Li®?+24-Mev d+. No precise measure- 
ments were made of the mean energies of these neutron 
spectra, but roughly speaking they ranged from 2 or 3 
Mev to about 10 Mev 


were repeated using 


In some cases bombardments 
the same neutron source. No 
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attempt was made to reproduce previous target posi- 
tions so that the neutron fluxes and energy spectra 
probably differed somewhat. Data from these repeated 
bombardments should be similar but are not necessarily 
a true measure of reproducibility of the techniques. 
Each individual bombardment should provide a valid 
data point for testing linear relationships. 

Targets were prepared from about 10 g of 0.001-in. 
uranium foil cut into about 25 pieces, each piece 3 in. 
wide and 2 in. long. These pieces were stacked and 
wrapped with 0.001-in. 2S aluminum foil as a recoil 
catcher. One wrapped packet of enriched uranium (93% 
U5) foils and one wrapped packet of natural uranium 
foils were stacked together and the whole wrapped again 
with 0.001-in. 2S aluminum foil to prevent external 
contamination. The whole target was then placed as 
close to the neutron source as possible and irradiated for 
about 5 hr, producing about 10 
packet. 

After irradiation the targets were stripped of the 
outer foil and separated. The inner aluminum wrapping 
foils were carefully removed and retained while the 


fissions in each foil 


uranium foils were cautiously dissolved in hot concen- 
trated nitric acid containing some hydrochloric acid. 
After the dissolution was complete, the aluminum foils 
The 
solutions were cooled and diluted to known volume. 
Duplicate aliquots for each element were withdrawn and 
added to measured carriers. 
Radiochemical purifications of samples were performed 
by standard methods*~? with some minor modifications. 


were also dissolved in the proper target solutions. 


amounts of the proper 


In general the gamma radiations of the radioactive 
species were detected by a sodium iodide crystal, a 
photomultiplier tube, and an amplifier scaler. The lower 
discriminator of the amplifier scaler was set at 20 kev 
and the upper discriminator at 5 Mev. A beryllium 
absorber (1900 mg cm?) was placed between the sample 
and crystal to remove beta particles and to reduce effects 
of bremsstrahlung. Radiations from all nuclides were 
counted in this way except those from Sr*’, Pd, Pd 
and Ag". In the last four cases beta particles were 
counted using a methane proportional counter, and self- 
scattering and self-absorption corrections were made. 
Bremsstrahlung from Y* was counted on the gross 
gamma counter described above, since the amounts of 
Y" were large enough to produce satisfactory counting 
rates. 

The outputs of all scalers were attached to an IBM 
card-punching machine and data were automatically 
punched out as the individual count was completed. 
Data were taken over a period of three half-lives with at 


least four counts taken in any given half-life. This 


procedure was not practical, however, with Cs! 


5M. Lindner, University of California Radiation Laboratory 
Report UCRL-4377 (unpublished 

"W. E. Nervik, J. Phys. Chem. 59, 690 (1955 

7S. R. Gunn, H. G. Hicks, P. ¢ 
Phys. Rev. 107, 1642 (1957 
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Here at least 20 counts were taken over a period of 4 
weeks, the Cs'*° activity allowed to decay to less than 
1% of the Cs" activity, and 5 more counts taken. When 
the data were complete the decay curves of the indi- 
vidual samples were analyzed by a least-squares method 
using the IBM 650 computer. The answers from the 
computer gave counting rates of each isotope corrected 
for decay (both during and after bombardment), chemi- 
cal yield, aliquot, and self-scattering and self-absorption. 

The R values of Sec. II can be rewritten as follows’: 


.79 +0.36 


(Ci, Co) for any type of fission 
R : ve 


(C;/Cyro) for U**, thermal neutron fission 


given 
4 


VISE 


where C; is the corrected counting rate of nuclide 7 in its 


1.09 +0 


standard geometry and Cy, is the corresponding value 
for Mo”. The value of the denominator was measured 
for each nuclide in a series of calibration bombardments 
of U*> with thermal neutrons. In such a ratio the 
proportionality constant between counting rate (cor- 
rected for decay during bombardment) in a standard 
geometry and fission yield appears both in the numera- 
tor and the denominator. The constant will cancel, thus 
eliminating a measurement which can contain a large 
source of error. 

The choice of fission-product nuclides was dictated by 
the desire to study a wide choice of fission products with 
principal emphasis placed upon nuclides having R 
values that would change by a large amount as the 
neutron energy increased. The behavior of such nuclides 
should provide the best test for the predicted linear be- 
havior in the two-mode fission hypothesis. The fission 
products studied were Sr, Y", (Mo), Pd!®, Ag", 
P, ce, Co, Co™, ee, Be, ae, ee, 
and Tb'™. 

The fission yields of all nuclides studied, except Cs" 
represent the total cumulative fission yield of that par- 
ticular mass number. One measures only the inde- 
pendent yield of the shielded Cs'*, which was included 
in this study to compare the behavior of such a nuclide 
with the behavior of those representing the cumulative 
yield of an entire mass chain. 


Standard deviations are unless other 


of | 


induced fission 


R values for neutron 


IV. RESULTS 


TABLE 


The results of the experiments described in the previ- 
ous section are presented in Tables I and II. Table I 
gives the R values for neutron-induced fission of U*, 
and Table II gives the corresponding R values for 
neutron-induced fission of U*S. The R values for the 
nuclides listed represent the behavior of the total fission 
yield for that particular mass number with the sole 
exception of Cs'®, which is a shielded nuclide. In the 
case of Cd', R values were obtained from measure- 
ments on the 53-hr isomer. Some check measurements 
were made on the 43-day Cd!” isomer and these indi 
cated that over the energy range studied, the ratio of the 
two isomers remained essentially constant. Thus the R 
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value for the 53-hr Cd'® does represent the R value for 
the mass number 115. 

The R values given include corrections for the fact 
that the “U*®” target contained a small percentage of 
U8 and the “U8” target (normal uranium) contained 
a small percentage of U**®. (Contributions from other 
isotopes were negligible.) In order to make this correc- 
tion it was assumed that both targets in a given run 
were exposed to identical neutron fluxes. This probably 
was not strictly true, but the corrections in all cases 
except one were less than 3% and the possible contribu- 
tion to the overall error was negligible. The exceptional 
case was the measurement of the R values of Cs!*® 
formed by fission of U8, which were an order of magni- 
tude lower than those arising from the fission of U**° 
with the same neutron spectra. Therefore the contribu- 
tion of Cs™° from the fission of the U™ present in 
natural uranium was a significant portion of the total 
Cs¢ formed in the bombardment. Because of the size of 
these corrections, we have assigned somewhat larger 
standard deviations to the final R values of Cs'° from 
US fission. 


49.24+3.9 


06 +0.64 
35 


6.52 +0.39 
7.59 


/ 
‘ 


‘ 


2.67 +0.24 
9 
1.97 


unless otherwise given 


t 5° 


In those cases where more than one bombardment 
was made using the same neutron source, certain activity 
ratios gave evidence that the flux profile was not always 
identical in all bombardments with the same neutron 
source. This being SO, it is possible that there may have 
been some variation in the energy spectra between 
different runs with the same neutron source. Because of 
this we have treated the results of each bombardment as 
individual pieces of data rather than averaging the re- 
sults from repeated runs. 

Experience with many similar radiochemical de- 
terminations led us to expect an overall reliability of 5% 
for the R values in Tables I and II. This was borne out 
on comparison of the results of “repeated” runs. As we 


f 
> 
fi 


39.7+4.0 


have pointed out, there was evidence to indicate that 
“repeat” runs were not strictly identical with regard to 
flux profile and possibly energy spectrum. However if 
one treats the R values from ‘‘repeat”’ runs as duplicate 
measurements of the same quantity and performs an 
analysis of variance, the average overall standard devia- 


tion indeed comes out to be about 5%. 


R values for neutron-induced. fission of | 


We decided to assign a minimum standard deviation 
of 5% to all R values. Where the discrepancy between 
duplicate samples or some other evidence indicated a 


PABLt 


lower reliability, such results were assigned correspond- 
ingly larger standard deviations. In Table I the R values 
for bombardment number 15 were assigned greater than 
normal errors because the behavior of such nuclides as 
Y", Cs7, Ba™, and Nd!’ indicated a possible system- 
atic error in the Mo” data. 

It should be noted that the reliability discussed here 
refers to random errors and does not include any effect 


0.54 +0.05 


0.54 


due to a possible systematic error present throughout 
the entire series of ¢ Xpe riments. However the likelihood 
of such a systematic error being present in any signifi 
cant magnitude is felt to be very small 
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V. ANALYSIS OF RESULTS AND TESTS OF THE 
TWO-MODE FISSION HYPOTHESIS 


The data presented in Tables I and IT can be tested 
to see if they are consistent with the two-mode fission 
hypothesis by choosing the R values of one species to be 
the values of the x coordinate and then plotting the 
corresponding R values of the other species as the y 
Our treatment of the two-mode fission 
hypothesis in Sec. II predicts that we will obtain a 
straight line for each set of R values. To obtain the most 
suitable plots one should choose for the x coordinate the 


coordinates. 


R values of a mass number whose relative fission yield 
undergoes a large change over the energy range studied. 
We chose Cd" for this purpose because of the wide 
range and generally good reliability of its R values. 

It would be meaningless with respect to the test to 
plot data for a nuclide whose R values remain essentially 
unchanged since these would obviously fall on a nearly 
horizontal line. Only those species whose R values show 
a considerable change are significant, and the R values 
for these species have been plotted as y coordinates 
against the corresponding R values for Cd!"®. 

The data plotted in this way are presented in Figs. 1 
and 2. The straight lines shown are those fitted to the 
data in a manner described below. It is clear that for all 
these species, including the shielded nuclide Cs'°, the 
data are quite consistent with the straight-line behavior 
predicted by the two-mode tission hypothesis. In the 
energy range covered there appears to be no significant 
tendency toward curvature, even in the case of Cs!*° in 
U*> fission where the data are most scattered. These 
plots include all data for these nuclides obtained in this 
set of experiments. (No pertinent data from Tables I 


VA 
VAL 


Fic. 1 


R values of various species plotted vs Cd"'® R values for 
neutron-induced fission of U™5, 





Fic. 2. R values of various species plotted vs Cd'> R values for 


neutron-induced fission of U5, 


and II were thrown out because of large deviation from 
the line.) 

The excitation energies produced by the neutron 
fluxes used are sufficiently high for us to expect that the 
mass yields represent significant contributions from 
more than one nuclear species undergoing fission. How- 
ever the mass distributions of the two basic modes of the 
neighboring parent nuclides appear to be similar enough 
so as not to perturb the linear behavior. 

The R values for thermal neutron fission of U*** should 


also fall on the corresponding lines in Fig. 1. Since an R 


value is simply the relative fission yield of a species 
normalized to the relative fission yield of the same 
species in thermal-neutron fission of U*, the R values 
for all species in thermal-neutron fission of U** by defi- 
nition must be equal to 1. Therefore the lines in the 
above plots representing behavior of R values in U** 
fission should all pass through the point (1,1). Such does 
not appear to be the case for all the lines in U** fission. 
Since this question is of considerable significance, some 
additional analysis of the straight lines is warranted. 

We wished to fit a straight line of the form yV at+bx 
to each set of data (where y is the R value of some 
species and x is the R value of Cd''®), using a least- 
squares method to obtain values of a and + for each case. 
We can then examine how well these lines fit the experi- 
mental points and to what extent the lines may deviate 
from the point (1,1). The point (1,1) was not used in 
obtaining the least-squares line. 

As far as we could ascertain the literature contains no 
complete treatment of the problem of performing a 
least-squares fit of a straight line to points for which 
both the x and y values are subject to errors that vary 
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from pont lo point Problems arise both in the as- 
signing of proper weights to the points and in the solving 
of the normal equations. Deming* offers a method based 
on statistical adjustment of data. However we preferred 
to use a procedure based on suggestions made to us by 
Kaplan® of this laboratory. Both methods are based on 
the assumption that errors in x and vy are independent. 
This is not strictly true in our case since an error in the 
determination of Mo” will affect all R values in a like 
fashion. Under normal conditions total activities (count- 
ing rates) are determined with approximately the same 
percentage precision regardless of the activity level, 
provided the counting rate is above a certain minimum. 
In the least-squares method used, the ignoring of the 
correlation between the x and y errors due to the depend- 
ence of both R values on the Mo” activity would have 
the effect of multiplying the weight assigned to each 
point by a factor which is approximately constant. Any 
constant factor would drop out when the normal equa- 
tions were derived. Also overall errors in x and y are 
small compared to the total range covered. We there- 
fore conclude that neglecting the correlation between 
the x and y errors in this case would have only a very 
slight effect on the values of the parameters a and 3b. 
The normal equations to be solved for a and 6 were 
obtained by minimizing with respect to both a and 4 the 
weighted sum of the squares of the deviations from the 
proposed line. The weight of each point is chosen to be 
the reciprocal of the variance of that particular devia- 
tion, taking into account errors in both x and y. If the 
weights are assigned in this fashion, then regardless of 
whether we the y 
direction, deviations in the x direction, or perpendicular 


choose to minimize deviations in 


distances from the point to the line, the expression for 
> (yi—a—bx 

. In this expression #; is the standard devia- 
, and 2; is the standard deviation of y;. Because 
of the way in which the parameter 6 appears in the sum 
S, we could not solve the normal equations directly for a 
and 6. A method of successive approximations was used 


the weighted sum of squares becomes S$ 
v?+5'u? 


tion of r 


Tasie III 
values of various species plotted 
neutron-induced fission of U™®, 


Results of least-squares fit of straight lines to R 
vs the R values for Cd" in fas 


Nun 


ber of 


Mean ‘; 
deviation, 


and 


Inter 
cept Slope data 
Nuclide 1 b 


points 2 


0.5617 10 
0.7809 12 
1.0431 10 
0.5498 11 
0.00976 11 
0.04700 11 
0.8952 10 


Pd” 1.477 
\g 0.453 
Pd'2 0.336 
Cs 0.507 
Sm'* 1.194 
Eu'® 1.549 
Tbh'® 2.650 


2D ie 


Wr Ww UW UIw 


*W. E. Deming, Statistical Adjustment of Data (John Wiley & 
Sons, Inc., New York, 1938), 1st ed. 
* Edward L. Kaplan (private communication) 
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TABLE IV. Results of least-squares fit of straight lines to R 
values of various species plotted vs the R values for Cd"® in fast 
neutron-induced fission of U*** 


Num 


ber of 


Mean ‘; 
deviation 
data y and 
points 


Inter 
cept Slope 


Nuclide a b 


Pd! 
Agi 
pa 
Cg'6 
Sm! 
Ful 
Tb® 


6.355 
2.019 
1.962 
—(0.348 
2.497 
5.170 
14.340 


0.6246 9 
0.8272 11 
1.0754 9 
0.0938 10 
0.91029 

0.05743 10 
1.0317 


an IBM 650 computer. The values of a and 6 
determined for each of the lines shown in Figs. 1 and 2 
are given in Tables III and IV. 

Also given in Tables III and IV are some statistics 
which can serve as rough measures of how well the 
calculated lines y 
Listed are the number of experimental points for each 
line, the mean percentage deviation of the calculated 
and measured values of v, and the value for the mini- 
mized sum of squares, S=}0(y,—a—ba 


— 


using 


i+bx fit the experimental data. 


2+ by *) 
The mean percentage deviation of the calculated and 
measured y values was computed for each line by the 
expression 


100% X 


his 


“average” deviation can be compared to the standard 


where is the number of experimental points 


values 


deviations given for the experimental data. The 
for the minimized sum of squares S appear to be too 
low, despite the fact that no data points were excluded. 


This can be attributed, in part at least, to our ignoring 
the correlation between the x and y errors. We have no 
accurate measure of the correlation, but if we make the 
assumption that the activities of all nuclides (including 
Mo”) are determined with the 
racy, the effect of ignoring this error correlation would 


same percentage accu 
cause S to be low by roughly a factor of 2. If these lines 
represent a normal fit to the experimental data, then the 
value of the total sum of squares divided by the total 
number of degrees of freedom should be on the order of 
1. When we consider all the cases in Tables III and I\ 
together, this ratio has the value of 0.498. When we 
attempt to correct this number for the effect of ignoring 
correlation between errors by multiplying by 2, the 
result is very close to 1. That this corrected value is so 


close to 1 is undoubtedly a coincidence, but it does 


indicate that these lines represent a “good fit” to the 
experimental data. 

The choice of Mo” as a standard relative to which the 
other fission yields are measured is arbitrary, as is the 
choice of the R values of Cd'“ for the x coordinates in 


the graphs. Although these choices appeared to be most 
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suitable, other nuclides could have been used for these 
purposes. The authors have tried several of these other 
possibilities without noting anything that would alter 
the conclusions given here. 

We conclude that the data presented in this paper for 
fission induced in U*® and U™* by fast neutrons are 
consistent with the behavior predicted by the two-mode 
fission hypothesis. In Sec. Il we made the assumption 
that the mass distributions of the two fission modes did 
not change with increase in excitation energy of the 
nucleus undergoing fission, but said nothing concerning 
charge distribution. The R values for the shielded 
nuclide Cs° represent the relative independent yield of 
a given charge and mass, whereas the R values for all the 
other nuclides represent relative total-mass-chain yields. 
It is interesting to note that the Cs data from both 
U*> and U*® fission also appear to follow a linear be- 
havior, although the fit is not quite as good as for the 
other nuclides. This linear behavior suggests that the 
charge distributions of the two modes also remain 
relatively unchanged with increasing excitation energy. 
Comparison of the rapid rise of the Cs* R values with 
the relatively constant Cs'*? R values further suggests 
that the charge distributions for each of the two basic 
modes differ quite markedly. 

As was pointed out previously, if the data from 
thermal neutron fission were to be consistent with the 
two-mode interpretation of the fast-neutron fission 
data, then the lines for the fast-neutron fission of U**° 
should all pass through the point (1,1). Using the 
parameters of the lines obtained above we can calculate 
the R values for the various other species when the R 
value for Cd" is equal to 1. Table V lists these calcu- 
lated values for neutron-induced fission in U**. With the 
exception of Cs'°, the deviation of the various lines 
from the point (1,1) is far greater than could be reason- 
ably expected from statistical considerations alone. 

It is quite probable that the fission process is much 
IT. The 
discrepancy between the thermal-neutron data and the 
fast-neutron data in U** fission would seem to bear this 
out. 

It does not seem likely that this discrepancy is entirely 
explained by the fact that thermal neutron fission repre- 
sents fission from a single nuclide, whereas the fast- 
neutron fission-yield data represents fission from more 


more complex than the picture set forth in Sec. 


than one nuclide. If contributions from a second species 
undergoing fission were such as to cause the lines to 
deviate from the thermal neutron point, they would 
also be most likely to cause a noticeable curvature in the 
lines. However over certain ranges of excitation energies, 
the two-mode fission hypothesis may serve as a very 
good approximation, and this manner offplotting fission- 
yield results may be a useful means of correlating data. 
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TABLE V. Values of R; for R(Cd''5)=1 (thermal fission) 
calculated from the lines fitted to the data for fast neutron fission 
of U5, 


Nuclide Pd! 11 diz (g 186 


R 2.04 1.06 1.20 


In any case, any hypothesis proposed as an alternative 
to that of the two modes of fission will have to be able to 
explain the linear behavior of the data shown here. 

The authors will publish shortly some R value data 
for the fission of the U“® compound nucleus at somewhat 
higher excitation energies than those studied here. 
These excitation energies were attained by bombarding 
Th*? with helium ions. Although the data do deviate 
from linear behavior at higher excitation energies, they 
do not contradict conclusions drawn here. 


VI. SUMMARY 


It was shown that under certain conditions the two- 
mode fission hypothesis predicts certain straight-line 
various fission 
products. New data have been presented on relative 
vields from fission induced in U*® and U** with fast 
neutrons, and it has been shown that these data follow 


relationships between yields of the 


the straight-line relationships predicted on the basis of 
the two-mode fission hypothesis. The shielded nuclide 
Cs° appears to behave in the same fashion as the 
nuclides that represent total cumulative chains. This 
would suggest that if the two-mode fission hypothesis 
were valid, the respective charge distributions of the 
as their mass distributions 
remain unchanged with changing excitation energy. 
However it is pointed out that consistency with the 
two-mode fission hypothesis would require that the data 
from thermal-neutron fission of U*® fall on the same 
lines obtained from the fast-neutron fission of U*. This 


two fission modes as well 


is shown to be definitely not the case. Before one can 
accept the two-mode fission hypothesis, this discrepancy 
must be resolved. The authors wish to suggest however, 
that the straight-line relationships observed here appear 
to be more than just a coincidence,"and that any 
alternative model will have to account for this behavior. 
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The sum of the magnetic dipole moments for pairs of mirror nuclei, as calculated with intermediate 
coupling functions in the 19 shell, is found to be very insensitive to the degree of spin-orbit coupling. This 
property can be understood as being due to the rotational nature of the wave functions, and can also be 
interpreted in terms of wave functions from the Nilsson model. Magnetic dipole moments are predicted 


for those nuclei which have not been measured. 


I. INTRODUCTION 


HE magnetic dipole moments of mirror nuclei offer 

an especially favorable possibility for investigat- 
ing nuclear structure. It has been pointed out by Sachs! 
that in the sum of the moments of a mirror pair the 
most likely forms of meson-exchange contributions are 
cancelled out. Therefore one can separate the effects 
due to nuclear structure from the uncertainty of 
exchange-current contributions which becloud 
interpretations of magnetic moments. 

The sum of the moments depends only on the 7=0 
part of the magnetic dipole moment operator, and for 
a state of angular momentum /, the sum = of the 
expectation values is 


most 


D=/4+ (unty,—3)(o-)1,=1. (1) 


} 2 


Here uw, and uw, are the neutron and proton magnetic 
moments in nuclear magnetons, and the expectation 
value of the sum of the Pauli spin components of the 
individual nucleons, ¢,=}>_ jc,', is evaluated in the state 
with angular momentum component /,=/. All the 
effects of nuclear structure are contained in the expecta- 
which is multiplied by a rather small 
coefficient, u,n+up— 3 =0.37954. However, if the sum 
is measured to an accuracy of a few tenths of a nuclear 


tion value of a,, 


magneton, useful information can be obtained. Since 
such 
while to make some theoretical estimates. 


measurements are in progress,’ it seems worth 


II. CALCULATION AND RESULTS 


It is only for light nuclei, in which the numbers of 
neutrons and protons are equal that one finds pairs of 
mirror nuclei with one of the partners stable and the 
radioactive partner sufficiently long-lived to allow 
measurement of the magnetic moment. Most of those 
accessible to present experimental techniques lie in the 
1p shell where, fortunately, there is also a fair amount 
of theoretical understanding of nuclear structure. The 
sum of magnetic moments was calculated for odd-A 
nuclei in the 1p shell by use of wave functions*® with 


*Work performed under the auspices of the U. S 
Energy Commission 

1 Previous references and a thorough discussion of the problem 
are found in R. G. Sachs, Nuclear Theory (Addison-Wesley 
Publishing Company, Reading, Massachusetts, 1953), Chap. 9 

2 J. L. Snider, M. Posner, A. M. Bernstein, and D. R. Hamilton, 
Bull. Am. Phys. Soc. 6, 224 (1961). 

3D. Kurath, Phys. Rev. 101, 216 (1956). 


Atomic 


TABLE I. Sum of the magnetic dipole moments for mirror nuclei 
of mass number A and angular momentum /, computed as a 
function of the relative strength of spin-orbit coupling, a/K 


0 1.5 3.0 


1.880 
1.880 
1.880 
0.373 


1.881 
1.799 


1.886 
1.756 
1.818 1.840 
0.376 0.372 
Expectation value of ¢ 

1.004 1.017 
0.788 0.675 
0.838 


0.327 


1.880 
0.365 


1.000 
1.000 
1.000 
—0.333 


0.896 


O.53/ 


1.000 


0.356 


intermediate strength of spin-orbit 
results of the calculation are given 
the parameter (da K indicates 
strength of spin-orbit coupling. For .4=7 and A 
expects weak spin-orbit coupling with (a/A) between 
1.5 and 3.0, while for 4=11 and A=13, (a/K) is 
probably between 4.5 and 6.0. It is evident from Table I 
that the sum is very insensitive to the parameter (a/K). 
Thus the expec tation value of o., 
half of Table I, 


changes in nuclear structure brought about by varying 


coupling. 
in Table I as func- 
the 


tions of which 


9 one 


listed in the second 


gives a very poor indication of the 


the degree of spin-orbit coupling. This behavior is some- 
what surprising in that, aside from the LS limit 
(a/K=0) where the wave functions are § 
functions, there are admixtures of S 
ground state which become appreciable for large a/K. 
However, the result has the advantage of permitting 
reasonably accurate predictions of the magnetic 
moments of the radioactive partners. Since the moments 


; eigen- 


§ functions in the 


of the stable partners are all measured,’ one can sub- 


TABLE IT. Magnetic moments for pairs of mirror nuclei in the 
1p shell. Values for stable partners are experimental; values for 
radioactive partners are predicted from the sums of Table | 


u(stable partner u (radioactive partner 


A nm 


‘ 2 T 1.375 to 
9 2 +2 976 to 
11 2 t y 0.848 to 
13 } " 0.330 to 


1.370 
+2.933 
0.808 


0.337 


* Theoretical values in intermediate coupling are in 
agreement with the measurements 


quite goo¢ 


552 





MAGNETIC MOMENTS 
tract these values from the sums to obtain the predic- 
tions in Table Il. The predictions of Table II place 
unwarranted confidence in the intermediate-coupling 
functions if one believes the quoted accuracy. However, 
in view of the alternative estimates to be made in the 
following sections, the predictions are believed to be 
reliable to within 0.1 nm. 


III. ROTATIONAL INTERPRETATION 
A. Generator Method 


The wave functions of the low-lying 1p-shell functions 
contain correlations appropriate to particles in a 
rotating spheroidal well. This has been shown’ by 
generating wave functions starting with a many- 
particle function of spheroidal single-nucleon functions. 
The generated functions are very nearly identical to the 
intermediate-coupling functions used in the first part of 
this paper. However, there is a real difference shown by 
the fact that the generated functions for the A=7 and 
A=13 ground states lead to expectation values of o, 
which are even more nearly constant than those of 
Table I. For A=7 the generated function leads to 
o:<1 and lying between 0.996 and unity. For A=13 
one gets ¢,> (—}) and lying between —0.324 and —}. 
These values differ from those listed in Table I, but 
only affect the third decimal place in the sum of 
magnetic moments. The generated functions would lead 
to predicted moments of w= —1.378 nm for Be’ and 
u=—0.325 nm for N*. Since one would not expect 
either the results of this approach or the interaction 


S=I+ (uy tne D)(- 
[+1 


1 
+(gn—1)(—— )U0-+1)— KEK +5 (—1) 


Jia o,|K)+6x,,(—1)*-4(1+4)(—-3 |e 


OF MIRROR NUCLEI 
results of Table II to be accurate to three decimal places, 
the differences are mainly of academic interest. 


B. Nilsson-Model Interpretation 


A simplified way of looking at the rotational prop- 
erties is to use the model of Bohr and Mottelson,® 
namely, a rotating deformed core strongly coupled to 
a single odd nucleon. The latter’s wave function, as 
calculated by Nilsson,’ is that of a particle in a potential 
well with the shape of the deformed core. Such an ap- 
proach can be considered as an approximation to the 
generator method, because the matrix elements calcu- 
lated with Bohr-Moitelson wave functions can be 
derived from the integrals of the generator method by 
assuming that the only important contributions to the 
integrals come when the nuclear axes in the two wave 
functions are aligned. 

The advantage of using the model consisting of a 
single odd nucleon plus a core is that calculations are 
much simpler, and one can explicitly demonstrate the 
essential features. One can also easily extend the results 
to more complicated regions such as the (2s-1d) shell. 
The price one pays in the case of magnetic moments is 
the introduction of a new parameter gr, the g factor for 
the contribution from the rotating core. As we shall see, 
it plays an important role in the expression for the sum 
> of the magnetic moments of a pair of mirror nuclei. 

The, sum 2 can be expressed’ in terms of matrix 
elements of the single-nucleon Nilsson functions 
identified by A, the component of angular momentum 
on the nuclear symmetry axis. The expression is 


7+3)(-4 J (2) 


yy). 


Here gp is the average rotational g factor for the core in the odd-neutron and odd-proton cases. The matrix elements 
can be evaluated in terms of the coefficients a,‘ for expanding the Nilsson functions in terms of functions of orbital 
angular momentum / with projection A on the nuclear symmetry axis. The expression for © then becomes 


K 
z= I+ (up +n ( 
i+1 


)[2Bet—14o5,(—1)" 1(2T+1) Bx? 


1 
+ 2pe—1)(——) 141) KEK + ~1)-1(7+))a}}, (3) 


where Bx?=>0,| aa-x_;'|*, / indicates the parity of the 
Nilsson function, and @ is the usual decoupling param- 
eter for a K=} band, namely, 


@=(-—1){—-3/J 


1\ 
9). 


(4) 


The decoupling parameter and Bx’ contain the depend- 
ence on nuclear structure as determined by the Nilsson 


6D. Kurath and L. Pitman, Nuclear Phys. 10, 313 (1959). 


parameter 7 which measures the importance of deforma- 
tion relative to spin-orbit coupling. 

Since one expects that the g factor for rotation is 
approximately equal to the value of (Z/A) for the 
deformed core, these nuclei should have an average 


®A. Bohr and B. R 
Selskab, Mat.-fys. Medd 
7S. G. Nilsson, Kgl. 
Medd. 29, No. 16 (1955). 


Mottelson, Kgl. 
27, No. 16 (1953). 
Danske Videnskab 


Danske Videnskab 


Selskab, Mat.-fys 
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value ge* 5. Therefore let us first consider this approxi- 
mation in Eq. (3) for the 1p-shell cases. For these cases 
/=1 is the only / value, and K=} for A=7 and A=13. 
For A=7, the ground state has J=3, and Eq. (3) 
becomes 


7)=$+2(upt+un—4})(6B?—1), (5) 


where B?= ay~0'~ * for Nilsson level number 3. Except 
very near the jj-coupling limit, B is quite close to unity. 
An estimate of the value of 7 appropriate to A=7 is 
found in the work of Clegg* who has recently treated 
the energy spectra and inelastic proton data for the 1p 
shell? with the Nilsson model. For A =7, Clegg chooses 
n=+8 which gives B?=0.977. Inserting this value in 
Eq. (5) gives ==1.869, very close to the values of 
Table I. From the point of view of this model, the 
expectation value of o.=>¢,0.' is never greater than 
unity because it is determined solely by the odd nucleon, 
and it is very close to unity because the wave function 
of this odd nucleon is almost entirely one with the 
projection of spin angular momentum equal to +}. 

For A=13 and J=}, the approximation with gr 
gives a very simple result : 

+0.3735. (6 
This result is independent of » and again very close to 
the results of Table I. 

The effect of the term including the factor (2gr—1) 
must be considered carefully because the coefficient 
of (2gre—1) is not particularly small. For A=7, the 
orrection term is (2gre—1)(1.4+0.4@). Clegg’s choice 


of n= +8 gives @= —1.4 so that Eq. (3) becomes 


1.869+-1.68(gr—0.5). (7) 


Therefore the result is very sensitive to deviations of 


gr from its expected value of 0.5, so on this model the 


experimental determination of = would be interpreted 
as an accurate measurement of gr. If the experimental 
results turn out to be close to the predic tions of Table I, 
it will mean that gr must be very close to 0.5. 
Similarly, for A=13 the complete evaluation of 


* A. B. Clegg, Clarendon Laboratory Report No. 40/61, 1961 
unpublished 

* Although these results represent the experimental evidence as 
well as they do in the (2s-1d) shell, they are not nearly as good as, 
for example, in the rare-earth region 
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Eq. (3) gives 


0.3735+3(1— @)(gr—0.5). (8) 
In this case there is unfortunately no good determina- 
tion of @, which probably lies somewhere between the 
values of +32 and zero, the values obtained for n= —2 
and n= —4.5, respectively. But again, if experimental 
deviations of 2 from 0.3735 are small, one can interpret 
the information to give a fairly accurate value for gr. 
So far there has been no discussion of the rotational 
interpretation for the cases 4=9 and A=11. This is 
because such interpretations are complicated by the 
problem of band mixing since there are two Nilsson 
states near each other, one with K=3 the other with 
K=}. Because B® is unstable to decay into a proton 
plus two alpha particles, its magnetic moment is likely 
to remain unknown. For 4 
a rotational interpretation in terms of band mixing but, 


11, one can probably make 


yecause of the uncertainty in gr an 1e decoupling 
becau f the uncertainty 1 the d ling 
parameter as well, it will probably not be possible to 
draw any unambiguous conclusions 


IV. CONCLUSIONS 


Theoretical calculations show that for the ground 
states of nuclei in the 1p shell, the sum of the magnetic 
moments of pairs of mirror nuclei is determined almost 
entirely by the rotational nature of these states. The 
results are very insensitive to other features of nuclear 
structure such as the degree of spin-orbit coupling. 
Therefore, one cannot information 
about spin-orbit coupling from experimental deter- 
mination of magnetic moments of mirror pairs. 

The simple picture of Bohr, 
Mottelson, and Nilsson also gives results comparable 


expect to obtain 


strong-coupling 


to those of intermediate-coupling calculations. On the 
strong-coupling model the interpretation of experi- 
mental results will be essentially to give an accurate 
determination of the rotational g factor, gr 

If the measurements are close to 
they will serve to confirm the rotational nature of these 


predicted values, 


ground states. 
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A measurement of the inelastic scattering of high-energy electrons in carbon has been carried out with 
the express purpose of obtaining an experimental cross section to compare with a recently-completed meas 
urement of muon scattering. A scaling law which connects the electron result with the (higher-energy) 
muon result is described. Results for the summed (elastic plus all inelastic) cross section at two values of 
the muon scattering angle are presented. At the smaller angle (momentum transfer ~200 Mev/c) agreement 
with the theoretical (Drell-Schwartz) sum rule is good; at the larger one (~280 Mev/c) it is poorer but 
within the experimental and theoretical uncertainties. Comparison with the muon results does not alter 
the previous conclusion: That no muon scattering anomaly is seen 


INTRODUCTION 


ECENTLY the absolute cross section for nuclear 
scattering of 2-Bev/c muons was measured! to 
see whether the elementary interaction contained any 
contribution in addition to the predicted electromagnetic 
one. For practical reasons, carbon rather than hydrogen 
was used as the scatterer, and the results were ¢ ompared 
with the summed (elastic plus inelastic) carbon cross 
section as calculated by Drell and Schwartz,’ making 
use of the size parameters of the C™ nucleus as deter 
mined by Hofstadter and collaborators from elastic 
electron scattering.’ The uncertainties of the theoreti- 
reference 1 and are 
expected to be no worse than 10-15%. A measurement 
of electron-deuteron scattering by Friedman’ checked 
the Drell-Schwartz “constant-g” sum (which is closely 
related to the constant-angle sum used in the muon 
experiment) to 5%. Existing experimental studies of 
inelastic electron scattering in carbon®? are not directly 
helpful, since they are at different energies and are ad- 
dressed to other questions. It was felt that an experi- 


cal evaluation are discussed in 


mental comparison of electron scattering in carbon 
with the muon scattering would be useful in so far as it 
would answer, without reference to nuclear theory, the 
question: “Does the muon scatter just like a heavy 
electron?” 

We have therefore carried out some measurements of 
electron scattering in carbon, using the Stanford Mark 
II Electron Linear Accelerator, programmed to be com- 


* Supported in part by the Office of Naval Research and the 
National Science Foundation 
1G. E. Masek, L. D. Heggie, Y. B 
Phys. Rev. 122, 937 (1961) 
2S. D. Drell and C. L. Schwartz, Phys. Rev. 112, 568 (1958) 
H. Ehrenberg, R. Hofstadter, U. Meyer-Berkhout, D. Raven 
hall, and S. Sobottka, Phys. Rev. 113, 666 (1959) 
*U. Meyer-Berkhout, K. W. Ford, and A. E 
Phys. 8, 119 (1959) 
> J. I. Friedman, Phys. Rev. 116, 1257 (1959) 
Fregeau, Phys. Rev. 104, 225 (1956). 
Ehrenberg and R. Hofstadter, Phys. 


Kim, and R. W. Williams, 


S. Green, Ann 


parable with the muon scattering results at two muon 
angles. Two complications prevent this comparison 
from being direct: (a) The energies available to us were 
not more than 900 Mev in the incident beam and not 
more than 275 Mev in the analyzing magnet, as com- 
pared to an incident energy of 2 Bev in the muon experi- 
to 1.36 Bev; (b) 
Radiative corrections, negligible in the muon experiment, 


ment, and all final energies from 2 


were large in the electron experiment. The first difficulty 
is surmounted with the use of a very general scaling 
law for inelastic scattering of electrons which was known 
to the Stanford physi ists; the second proves to be one 
of several factors which limit the accuracy of the experi- 
ments reported here. Within the rather limited accuracy 
we find agreement with the conclusions already reached 
in reference 1; the muon is indistinguishable, in our 
experiment, from a heavy electron. 


PRINCIPLE OF THE MEASUREMENT 


The experiment was suggested to us by Panofsky 
on the basis of an unpublished result of Bjorken® on 
the general form of inelastic electron cross sections. 
Similar considerations were published, at about that 
time, by von Gehlen,’ who gives the result in a slightly 
more general and more implicit form than that quoted 
below, 

Consider the electromagnetic scattering of an electron 
(or muon) by any nuclear system and observe the scat- 
tered electron but no other products of the collision. 
Then, in the one-photon-exchange approximation, in- 
variance arguments can be used to show that the differ- 
ential cross section for the electron has a rather simple 
general form, regardless of nuclear complications such 
as pion production, final-state interactions, etc. If we 
with (allowable in. the 


neglect (1— 6?) respect to 1 


experiments under consideration), we can write the 


Coward 
118, 1455 


8] D. Biorken and D. H 


'G. von Gehlen, Phys. Rev 


private communication 
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result, in the laboratory system, as 
Po Le cos*(A/2) 


aQap’ 4F* sin*(@ 2) 


9 


g? 
R(¢,AEF) 
2M 


| O(g? , AE) +tan?* (0/2) (1) 


Here pand E£ are the momentum and total energy of the 
incident electron (or muon), p’ is the magnitude of its 
final momentum, AE= E—E’ is the energy lost by the 
electron in the collision, and g¢= p—p’ ?—AF? is the 
magnitude of the four-momentum transfer squared. 
We put h=c=1. In the relativistic approximation, the 
relation is 

g =+E(E—AE)sin* (6/2). (2) 
The functions Q and R, which contain all the nuclear 
effects, depend only on ¢ and AE. (The factor ¢/2M? 
in front of R is of course unnecessary, but is suggested 
by the derivation; M is the nucleon mass.) For a fixed 
value of @ and AE, Q and R can be determined by meas- 
uring @o/ dQAp’ at two (£8) values. One can then pre- 
dict the cross section at any energy, for this value of 
g and AE. The kinematic effects of the muon’s larger 
rest mass are unimportant for 2-Bev muons. 

Insight into the general nature of the major contribu- 
tions to Q and R can be obtained from the sum rule of 
Drell and Schwartz, which is the integral over p’ of 
the differential cross section, neglecting pion production 
and related effects. The major terms, for a light nucleus, 
are 


9 


3 Z-1 : qv i = 3 4 
fou r a ; iad o+—- (Zu, +.Vun’), 
Po 7 4M?7 


f 1 
Rdp' = 
Z 


(Zu p+ Nun’). 


Here , the form factor for two-body correlations, is 
completely determined by the ground-state nuclear 
wave function; 4, and wy are the nucleon magnetic 
moments in nuclear magnetons; and a common factor, 
the square of the nucleon form factor, has been omitted 
from all terms. 

Our program is to determine the integrated cross 
section at fixed angle and high energy, including both 
elastic and inelasti processes, by computing the differ- 
ential cross section at various values of AE and the cor- 
responding values of q’, from Eq. (1), and then inte- 
grating over AE. To do this we obtain Q and R from 
pairs of measurements with the lower-energy electrons. 
In this way we have constructed the differential cross- 
section curves, d?¢/d20p’, to be expected for 2-Bev/c 
muon scattering at two scattering angles: 5.73° and 
8.03°, corresponding to momentum transfer, for elastic 
collisions, of 200 Mev/c and 280 Mev/c. These are inte- 
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grated over p’ to give 00/02. The range of AF is of 
course more limited than in the muon experiment; the 
effect of this on our result is thought to be small, and is 
discussed below. 


PROCEDURE 


The electron beam from the Mark III Linear Ac- 
celerator was collimated to }-in. diameter and mo- 
mentum-selected for 1% full width at half maximum; 
it was used over a variety of energies as required by 
the program. Beam intensity was measured with a large 
Faraday cup; all beam energies were below the maxi- 
mum (600 Mev) for which the cup had been calibrated. 
The scattered electrons were analyzed with the double- 
focusing zero-dispersion spectrometer described by 
Alvarez et al.,° with a Lucite Cerenkov counter as 
detector. The entrance window of the spectrometer was 
masked to 3 in. in the horizontal plane, corresponding 
to a scattering-angle resolution of 0.74°. The momentum 
window was set for Ap/ p= 0.0007. 

Combining this value of the momentum window with 
the geometrical measurements of the entrance window 
we obtain AQ(Ap/ p)=7.7X10~* sr, which of course 
provides the basis for an absolute cross-section measure- 
ment. We also calibrated the system by using the known 
cross section of the proton. The were 
polyethylene, 0.423 g cm~ and carbon, 0.370 g cm 
The calibration was done at 275 Mev incident energy, 
and g=200 Mev/c. The measured carbon scattering 
was subtracted from the CH» data and the resulting 
curve was integrated from well above the peak to a 
point 5.5 Mev below the peak. It is desirable to integrate 
over as much of the “elastic’”’ curve as possible in order 
to eliminate the effect of the spread in incident-beam 
momentum and the details of the spectrometer resolu- 
tion function. By placing the lower limit of the integral 
well into the radiative tail one can be sure that the 
radiative corrections can be applied unambiguously. 
The “AE” of the radiative-correction formulas should 
then be taken fron the half-maximum point on the high- 
energy side of the peak to the cut-off point on the low- 
energy side. We find the following numerical results: 
AE=6.6 Mev; Schwinger correction, 6s,=0.134; and 
bremsstrahlung correction, 6,=0.055. Using the proton 
form factor given by Herman and Hofstadter" to 
calculate the absolute scattering cross section, we find 
from this calibration that AQ(Ap/p)=7.3X10-° sr. 
This is reasonably good agreement with the nominal 
value quoted above; we have used the value based on 
the proton in our subsequent calculations. 

At the time of our experiment the maximum mo- 
mentum which could be analyzed by the spectrometer 
was 275 Mev/c. The Cerenkov counter began to lose 


targets used 
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" R. Herman and R. Hofstadter, High-Energy Electron Scat 
lering Tables (Stanford University Stanford, California, 
1960). 
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efficiency at low energies; it was down to ~0.9 at 125 
Mev/c and dropped rapidly below that. We therefore 
had to plan our program to fit this rather narrow range 
of final energy. So far as possible we kept the incident 
energy fixed, varying the energy loss and the angle to 
give the g* appropriate to the corresponding fixed-angle, 
2-Bev curves. To solve for the two unknown functions 
we then ran through the same range of g? and AE at lower 
incident energy and larger angle. Although the second 
term of Eq. (1) did not contribute appreciably to the 
2-Bev curves, where tan*(@/2) is very small, it had to 
be subtracted from the electron-scattering curves to 
find YQ. However, its contribution to the small-angle 
electron curves was small (and identically zero in the 
elastic peak, for a spin-zero nucleus), so the large-angle 
data serves essentially as a correction. The data were 
smoothed before making the subtractions to find Q. 


RESULTS AND ANALYSIS 


Figures 1 and 2 show the small-angle data (= 275 
Mev) for a gq’, AE relation corresponding to E=2 Bev, 
9=5.73° and 8.03°, respectively. The yield of scattered 
electrons has been corrected for spectrometer dispersion 
but not for radiative effects. There is a general simi- 
larity to the data of Fregeau.® A few spot checks were 
made at very large values of AE (250 Mev, 350 Mev) 
to see whether the cross section rises again in the pion- 
production region, as it does, for example, in the large-g, 
large-angle data of Ehrenberg and Hofstadter.’ The 
yield at these points was small and it appeared that 
after radiative corrections had been applied a small but 
uncertain contribution would be left. These points have 
not been included in our analysis, since they have poor 
statistics and very large corrections. The contribution 
of this to the integral is discussed below. 

We want the absolute value of @o/dQ0p’ with all 
radiative effects removed.” Radiative corrections in 
(continuum) were treated by 
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Fic. 1. Yield of scattered electrons, corrected for spectrometer 
dispersion, in arbitrary units. Incident energy 275 Mev, final 
energy (275—AE) Mev, angles chosen to give same momentum 
transfer as 5.73° at 2 Bev. Note break in scale. 


‘2 Radiative corrections to muon scattering are negligible under 
the conditions of the muon experiment. 


OF ELE 


rRON SCATTERING IN -C 


Fic. 2. Same as Fig r 8.03° at 2 Bev. 


Panofsky and Allton we have followed their me thod, 
as discussed in more detail by Friedman.’ The effects 
to be considered are: (1) Reduction of the area under 
the elastic and inelastic-level scattering peaks due to 
real and virtual soft-photon effects (the Schwinger cor- 
rection). These areas must be restored. (2) Bremsstrahl- 
ung in the target. This degradation reduces the elastic 
peak and distorts the rest of the curve. It is thickness- 
dependent and the target thickness (0.367 g cm of 
graphite) was chosen so that it was less than the other 
corrections. (3) Bremsstrahlung during the scattering 
process. The approximate cross section for large-angle 
bremsstrahlung quoted by Panofsky and Allton was 
used. In this approximation this correction has the same 
form (though with an artificial “‘thickness’’) as (2) and 
we can discuss them together, treating both as though 


the processes of radiation and scattering were separate. 


As a first step the elastic peak was corrected for 
effects (1) and (2) and resolved inelastic levels were 
similarly corrected. As a result of (2) and (3), each level 
contributes scattered, degraded electrons which appear 
with an energy AF below that which they would have 
without radiation. In these processes the nonradiative 
energy loss AZ’, which can be recoil or nuclear excita- 
tion, is discrete, with a cross section d0/dQ(/2). If an 
electron of initial energy FE has a_ probability 
P(E,AER dE’ to radiate energy AF into dE’ then the 
differential cross section for the following process—radi- 
ate then scatter, with total energy loss AE= AEr+ AF’ 
Pa /AQdP' = P(E,AER) dc, AQ(E—AER). 
The process with — the order leads to 
00/0Q(E)P(E—AE’, AE;x is dif- 
ferent. We use the approximate expressions given by 


is clearly 
opposite 

which in general 
Friedman® for the correct combinations of these terms, 
and for the corresponding expression for large-angle 
bremsstrahlung, effect (3). With a knowledge of the 
appropriate cross sections we can then remove the un- 
wanted contributions of any given level to the levels of 
higher excitation and to the continuum. This was done 
using some published data® and extrapolations from the 


13 W. K. H. Panofsky and E. A. Allton, Phys. Rev. 110, 1155 
(1958). They use the basic result of L. I. Schiff, Phys. Rev. 87, 
750 (1952 
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EFFECTIVE DIFFERENTIAL CROSS SECTION 


Fic. 3. Schematic illustration of some radiative corrections in 
inelastic scattering. The desired curve is A. At the point AE it 
is distorted by bremsstrahlung after scattering (curve B), brems 
strahlung before scattering (C), and degradation of the desired- 
energy electrons (tail below AZ). The ordinate is 6?¢/d0dp’ for 
Curves (A) and (B), but for curve (C) the cross section has al 
ready been multiplied by the probability to radiate energy AER 
into the interval 5’. 


published data to provide the inelastic level cross sec- 
tions in regions where we had not measured them. 

The radiative degradation of the continuum can be 
treated in an analogous way; now however, AE’ is no 
longer discrete. We fix AF, let AE’ range over a small 
interval 5E’, and replace the cross section 00/02 by 
bE’ oc /dQ0p'(E,AE). We then sum over all intervals 
5E’, and restore whatever may have been lost from the 
interval around AF. The process is illustrated schemati- 
cally in Fig. 3. Curve A is the desired corrected cross- 
section curve and we consider the corrections at a 
spectrometer setting AZ. Curve B is the cross-section 
curve appropriate to the angle @ at which we are set 
(recall that each AEF value has a different 6!). B is the 
curve we must use for the sequence: scatter, then radi- 
ate, and one such process is illustrated. The process: 
radiate, then scatter, introduces an entirely different 
set of cross-section curves, one of which, labeled C, is 
illustrated. These cross sections are not readily avail- 
able; there is no theoretical expression for them, and 
they are in general different from the cross sections we 
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Fic. 4. The function Q of Eq. (1), for momentum transfer cor 
responding to 5.73° at 2 Bev, which is 200 Mev/c for elastic 
scattering and given by Eq. (2) for inelastic scattering. Note break 
in scale 
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are measuring in this experiment. Equation (1) is useful 
in extending the measurements in certain ways, but 
we need approximate values of Q and R in Eq. (1) over 
a large continuum of g*, AF values in order to make the 
radiative corrections to our measurements of the differ- 
ential cross section, and therefore of Q and R, along a 
single line. These approximate values of Q and R were 
obtained by linear extrapolation and interpolation from 
inelastic cross sections measured during the experiment. 
Checks on the extrapolation proc edure were provided 
by additional measured cross sections. 

These corrections can change the measured cross 
section at the largest values of AF which contribute 
significantly (~100 Mev) by as much as a factor of 
two. Over most of the curve, however, they are typically 
10-30%, and since our interest is in the integral of this 
curve we have made the corrections in the following 
approximate way : using the known elastic cross section, 
we removed the elastic peak contribution as described 
above. The otherwise uncorrected values of 0 and R 


boowg 


Fic. 5. The functions Q and R’=(q?/2M?)R of Eq. (1) for 
momentum transfer corresponding to 8.03° at 2 Bev, which is 280 
Mev ¢ for elastic scattering, and given by Eq. (2) for inelastic 
scattering. 


were then obtained from the data as functions of AF, 
for g’~ (200 Mev/c)* and ~ (280 Mev/c)®. These values 
of Vv and R were then corrected for the radiative contri- 
butions from the inelastic continuum as outlined above 
and in Fig. 3. The inelastic levels were corrected and 
their contributions removed by hand calculation, and 
the continuum was corrected by a digital computer 
program. Various numerical checks were made on the 
accuracy of our approximations. In all cases we made 
only lowest-order corrections (each effect is considered 
to be independent of the others), found that 
iteration of the correction procedure was in general 
not necessary. The uncertainty in the final integrated 
cross section which radiative effects introduce is thought 
to be about 5% and unlikely to be as much as 10%. 
We have assigned it 5% in our estimate of errors. 

The results for the corrected values of Q and 
R’=(q@?/2M?)R are shown in Figs. 4 and 5. At the 
lower momentum transfer shown, since 
R’ tan?(6/2) is small and not well determined. 


and we 


only Q is 


The differentia! cross sections calculated from these Q 
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and R’ values for comparison with the muon experiment 
are shown in Figs. 6 and 7. 

Numerical results are given in Table I. One might 
expect that the elastic cross section in carbon would 
afford a good check on the experiment, but it turns out 
that the absolute value of the carbon cross section has 
never been determined with great accuracy. Detailed 
discussion is given by Meyer-Berkhout ef al.4 who show 
that the experimental numbers must be adjusted by 
+ 20% or so at various points in order to give a smooth 
fit to a form-factor curve. If we take their smoothed 
form-factor curve we find it gives a cross section 20% 
larger than our result. However, if we take one of the 
‘best-fit”’ analytic expressions for the form factor which 
they quote and which is used in our evaluation of the 
Drell-Schwartz sum rule,! we find it gives an elastic 
cross section in agreement with our result. At 280 Mev/c 
the situation is worse; the best-fit curve lying 35% 
above our experimental result and the analytic expres- 


TABLE I. Electron scattering in carbon: Elastic cross sections, 
total cross sections projected to 2 Bev, comparison with the Drell 
Schwartz sum rule and part of the data from the muon scattering 
experiment. All cross sections are in units of cm*sr~. The errors 
quoted should be understood as estimates only; they are com 
pounded from statistics plus our estimates of radiative-correction 
uncertainties and systematic errors 


Momentum 
200 Mev 
(5.73° at 2 Bev) 


transfer for elastic scattering 
280 Mev 

(8.03° at 2 Bev) 

Elastic scattering cross (11.0+0.7) K10~8° (0.200 +0.014) K10-% 
section, E =275 Mev 

Summed cross section 
(elastic plus inelastic), 
caled to 2 Bev by Eq. (1) 

Summed cross section 
calculated from sum rule 

Cross section inferred from 1.7 +0.2) X10 0.35 +0.10) X10 
muon-scattering data in 5.2 a2") (7.2 9°) 
regions indicated 


1.49 +0.11) K10727 (0.18 +0.03) K 1072 


1.45 X10 0.25 X10"? 


sion lying below the experimental result. It should be 
noted that the sum rule evaluation is much less sensi- 
tive to the parameters of the wave function than is the 


elastic cross section. 

The object of this experiment was to obtain the 
summed inelastic cross section at 2 Bev by scaling the 
electron measurements. This is simply the area under 
the curves of Figs. 6 and 7, and is given in the second 
line of Table I. The integrations were cut off where the 
data stops, at 100 and 150 Mev, respectively ; it appears 
that most of the nuclear-disintegration region was in- 
cluded. There is neither theoretical nor (as mentioned 
above) experimental reason to expect pion production 
to add markedly to the integral at large AF values. 
Energy losses up to 640 Mev were available in the muon 
experiment, however, and it is somewhat unsatisfactory 
that neither the present measurement nor our shell- 
model sum rule evaluation deals with large energy losses. 

The statistical uncertainty in our integrals is about 
3°% in the 200-Mev/c sum and 10% in the 280-Mev/« 
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Fic. 6. Differential cross section for scattering of 2-Bev electrons 
or muons with no anomalous interactions) at 5.73°, corresponding 
to a momentum transfer, at \E=0, of 200 Mev/c. Note break 


in scale 


sum (the latter is influenced by the necessity of sub- 
tracting the R component ). Systematic errors are clearly 
of at least this magnitude. 

Evaluation of the Drell-Schwartz sum is discussed in 
reference 1 and some numerical results are indicated in 
Table I; these numbers are directly comparable with 
the experimental summed cross section given there. It 
is seen that at 5.73° (¢=200 Mev/c elastic) the agree- 
ment is excellent, better in fact than is warranted by 
either the theory or the experiment. This is the highest 
momentum transfer for which Drell and Schwartz 
claim good (~5%) accuracy for their approximations, 
he wave function, and it 


is also a region in which the muon experiment had an 


exclusive of uncertainty of t 
appreciable yield. The last line shows the muon cross 
section inferred from the number of events which fell 
ina range (centered with respect to number) around the 
angle in question. It is in agreement with the electron 
data and the calculation, and indicates, as stated in 
reference 1, that with respect to this kind of observation 
a muon is simply a heavy electron. 

280 Mev/c) 
was obtained primarily because it is in a region in which 
the 


The higher momentum-transfer result 


sum rule is less reliable. Unfortunately the lack of 


Energy Less Mee 


Fic. 7. Differential cross section for scattering of 2-Bev electrons 
or muons with no anomalous interactions) at 8.03°, corresponding 
to a momentum transfer, at AE=0, of 280 Mev/c. 
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good data at large AE makes the electron result less 
reliable than that at 200 Mev/c. For example, the con- 
tribution to the cross section of the region from 100 to 
150 Mev (see Fig. 7) is 17°% of the whole, but it rests 
on a point at 150 Mev which has very large and un- 
certain radiative corrections. The possibility that con- 
siderably more area lies beyond 150 Mev in this case, 
plus the much larger magnetic contribution which must 
be subtracted out, cause us to assign a fairly large un- 
certainty to this result, perhaps 20%. The electron re- 
sult is some 28° % below the sum rule calculation and we 
believe this range is a fair indication of the accuracy 
to which the theoretical and experimental work have 
determined this cross section. The muon result, based 
on 16 counts, is higher but not, we believe, significantly 


SO, 
CONCLUSIONS 
We have used the scaling law, Eq. (1), in constructing 
high-energy differential inelastic cross sections from 
lower-energy electron scattering.” 


Tt would be possible to check the validity of the scaling law 
by analogous measurements, but this has not been done. 
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At moderate momentum transfers (<200 Mev/c) no 
essential difficulties were encountered, and a result was 
obtained which checked the Drell-Schwartz sum for 
carbon. At higher momentum transfers the importance 
of large energy transfers, and the prominence of the 
non-Coulomb term in the scaling law, make the method 
more difficult to apply. 

The muon experimental results were compared in 
reference 1, over the entire range for which data was 
available, with the Drell-Schwartz sum. The present 
work has not altered the conclusion of reference 1: 
that no anomaly is found in the muon scattering. 
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Proton-Proton Triple Scattering Parameters R and A at 213 Mev* 
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As a part of a program to determine the p-p scattering matrix at 213 Mev the triple-scattering parameters 


R and A have been measured at 30°, 40°, 50°, 60°, 70°, 80 


, and 90° in the center-of-mass system, The 


results are compared with a phase-shift analysis by MacGregor and Moravesik and with the predictions 
of the boundary condition model of Saylor, Bryan, and Marshak. 


I. INTRODUCTION 
2} pabedy the fact that the proton-proton interac- 


tion at energies of a few hundred Mev has been 
intensively studied for the last ten years, it has been 
impossible until very recently to obtain a unique analy- 
sis and a clear understanding of the experimental 
results. Early attempts! to explain the observed nucleon- 
nucleon scattering phenomena by purely meson theoreti- 
cal arguments and the less ambitious approaches of 
finding a phenomenological potential or a unique partial- 
wave analysis, were severely hampered by the lack of 
sufficient data. As a consequence of the development 
of the techniques of producing intense polarized proton 
beams, since 1954 a relatively large body of data from 
double- and_triple-scattering experiments has been 
obtained. The problem of analysis, however, has al- 
ways rather formidable. For example, the 
first extensive study to include triple-scattering results 


seemed 


at? 310 Mev yielded eight distinct phase-shift solutions 
which were acceptable on purely formal grounds.’ 
Clearly it was very important to investigate the reasons 
for this great ambiguity. This has been done by a number 
of authors and we can now state unambiguously what 
experiments must be performed to arrive at a unique 
solution. If one describes the scattering process by means 
of the scattering matrix’ and omits terms which violate 
invariance requirements, one sees that only five terms 
remain, whose ten complex coefficients are parameters 
to be determined by experiment. These coefficients, 
which are functions of the scattering angle, may be 
determined by one of the following three approaches: 


(a) One determines the coefficients at one particular 
angle by measuring a sufficient number of experimental 
quantities at this particular angle. Since nine coefficients 


*Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Present address: Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

‘ Proton-proton scattering experiments and their analysis have 
been summarized in two recent review articles: R. T. N. Phillips, 
Repts. Progr. in Phys. 22, 562 (1959); M. H. MacGregor, M. T. 
Moravesik, and H. P. Stapp, Ann. Rev. Nuclear Sci. 10, 291 
(1960). 

20. Chamberlain, E. Segré, R. D. Tripp, C. Weigand, and T 
Ypsilantis, Phys. Rev. 105, 288 (1957); James Simmons, ibid 
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°H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957). 

‘LL. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952); 


R. Dalitz, Proc. Phys. Soc. (London) A65, 175 (1952). 
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are to be determined (one phase is arbitrary), at least 
nine experiments must be performed. It appears® in 
fact that 11 precise experiments are required to ensure 
uniqueness of the solution. In practice experimental 
errors might increase the necessary number to more 
than that. 

(b) One determines the scattering matrix over the 
complete angular range. In this case one may make use 
of the fact that the scattering matrix is unitary,® which 
imposes five conditions relating the imaginary part of 
the coefficients at one angle to integrals over the whole 
angular range. Five experiments performed over the 
angular range from 0° to 90° (c.m.) are then sufficient 
to determine the p-p scattering matrix uniquely. This 
procedure is however impractical unless one imposes 
restrictions on the dependence of the coefficients on 
the angle. This determines the minimum angular resolu- 
tion required and the minimum number of points to 
be measured in the given angular range. Such a limita- 
tion is of course equivalent to choosing the highest 
order Legendre polynomial which contributes signifi- 
cantly to the angular distribution. 

(c) One performs sufficient experiments to yield a 
unique phase-shift analysis. Since the unitarity require- 
ment is automatically included, any five experiments 
which will determine the scattering matrix uniquely 
will also define a unique partial-wave solution.’ In 
practice, in making a partial-wave analysis, one also 
assumes restrictions on the angular dependence of the 
experimental parameters, since one neglects states with 
angular momentum greater than a maximum defined 
by a quantum number Jinax. The choice of Jinax puts a 
definite limit on the required angular resolution and 
detail of measurement. It is, however, well known that 
linax Must be at least 5 in order to explain data at ener- 
gies of a few hundred Mev. The number of phase shifts 
to be determined is therefore quite large. In a modifica- 
tion of the usual phase shift analysis, which has been 
applied in several recent studies,* the contribution of the 


5C. R. Schumacher and H. A 
(1961). 

6 L. Puzikov, R. Ryndin, and Ia. Smorodinski, Soviet Phys. 
JETP 5, 489 (1957). 

7R. E. Marshak, Proceedings of the London Conference on 
Nuclear Forces and the Few-Nucleon Problem (Pergamon Press, 
New York, 1960), p. 5. 

8P. Cziffra, M. H. MacGregor, M. J. Moravesik, and H. P. 
Stapp, Phys. Rev. 114, 880 (1959); M. H. MacGregor, M. J. 
Moravesik, and H. P. Stapp, ibid. 116, 1248 (1959); M. H. Mac- 


Bethe, Phys. Rev. 121, 1534 
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Fic. 1. Schematic 
diagram of the R 
geometry. 





higher angular momentum states is attributed entirely 
to the one-meson exchange process. This reduces the 
number of phase shifts to be determined in an analysis 
of the experiments. By studying the behavior of the 
fitting parameter x* as a function of the meson-nucleon 
coupling constant, one can rule out nonphysical solu- 
tions. Therefore the modified analysis will in general 
result in a smaller number of acceptable phase shift 
solutions. 


The latter approach to the problem of analyzing the 
proton-proton interaction seems at present to be the 
most fruitful and is the one upon which we shall base 
our discussion. An experimental program has been 
under way for several years at the University of 
Rochester, the purpose of which is to complete five 
scattering experiments at 213 Mev, covering the angular 
range 0° to 90° (c.m.). These experiments include the 
measurement of the cross section (do/dw), the polariza- 
tion (P), and three of the triple-scattering parameters 
originally introduced by Wolfenstein? (R, A, and D). 
We report here on the measurement of the parameters 
Rand A over the angular range 30° to 90° in the center- 
of-mass system. We shall compare our results to the pre- 
dictions of the latest phenomenological potential models 
and describe an attempt at a partial-wave analysis 
which, though based on an incomplete set of data in 
the sense defined above, gives definite promise that a 
unique solution will soon be found. 


II. TRIPLE SCATTERING PARAMETERS 
R AND A 


Wolfenstein first introduced the nomenclature which 
is now generally followed in writing the general expression 
for the polarization P; produced by the scattering of 
protons with initial polarization P; by an unpolarized 
target. 


IP;=1){LP+DP,-n jn+(AP,-k;+ RP,- 8; ]s, 
+[A’'P,-k;+R’P;-s; ks}, (1) 


(la) 


T=1,(1+PP;-n). 


In these expressions k; and ky are unit vectors parallel 
to the momentum before and after the scattering: 


n=(k;Xk,)/ ki xk 


is the normal to the scattering 


Gregor and M. J. Moravesik, Phys. Rev. Letters 4, 524 (1960); 
G. Breit, Proceedings of the London Conference on Nuclear Forces 
and the Few-Nucleon Problem (Pergamon Press, New York, 1960); 
G. Breit, M. H. Hull, K. Lassila, and K. D. Pyatt, Jr., Phys. Rev 
Letters 4, 79 (1960) 

+L. Wolfenstein, Ann. Rev 


Nuclear Sci. 6, 43 (1956 
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plane; s;=nXk; and s;=n Xk; are unit vectors in the 
scattering plane normal to the momentum before and 
after the scattering; J and J» are the intensities for 
scattering of a polarized and unpolarized beam, re- 
spectively; P is the polarization which would be pro- 
duced in scattering an unpolarized beam; and D, A, R, 
A’, and R’ are the triple scattering parameters. The 
latter are determined in triple scattering experiments 
which are usually performed as follows. 

The circulating proton beam of a synchrocyclotron 
is scattered from an internal target 7; in a plane speci- 
fied by the unit normal vector n,. The scattered beam 
then has a transverse polarization P;= Pn. If the 
beam is magnetically deflected in a plane containing 
the vector nm, the polarization becomes partially longi- 
tudinal. It is thus possible, if desired, to change the 
direction of the polarization vector P; relative to the 
beam direction. We therefore distinguish between P, 
and the polarization P; of the beam incident on the 
second scattering target. 

The polarized beam is then scattered from a hydrogen 
target (T2) ina plane specified by the unit normal vector 
n. The second scattered beam has polarization Py, 
which is related to P; by the expression of Eq. (1). 

Finally, the second scattered beam is scattered from 
a target T; in a plane specified by the unit normal vector 
n;, and the relative scattered intensity to the “right” 
and “left” is measured. From the right-left_ asymmetry, 
one obtains a measure of the component of polarization 
along n;. Since n; is usually chosen normal to the direc- 
tion of the beam incident on 73, this method only allows 
measuring a transverse component of polarization. It 
may therefore be necessary to interpose a spin-preces- 
sion magnet between TJ, and 7; so that a longitudinal 
component is changed to a transverse one. We therefore 
distinguish between the second scattered beam polariza- 
tion P; and the polarization P,, of the beam incident 
on T3. 

The third scattering apparatus, consisting of 7; and 
the associated scintillation counters, is called the polar- 
imeter. The right-left asymmetry in the third scattering 
is a function only of P,, and the analyzing power of the 
polarimeter P, 


P,-P,=P,n;-P,. 


Different triple scattering geometries are used to 
obtain simple relations between the measured asym- 
metry e and a particular triple scattering parameter. 
We shall now describe the geometries we used in our 
measurement of R and A. 

In the R geometry (Fig. 1), no spin-precession mag- 
nets are used so that P;=P; and P;=P,. The second 
scattering plane is chosen so that n is normal to P,. 
The polarimeter is placed so that n;=s,. From Eqs. 
(1) and (2) it then follows that the measured asymmetry 
is given by 


er=P;-P,=P;-P,= Piny-[P..+RPi8; |= RPP. 
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In the A geometry (Fig. 2), a spin-precession magnet 
is introduced between 7, and 7», rotating the polariza 
tion P, of the initial beam so that it makes an angle 
(r— x) with the momentum vector and therefore has 
both a transverse and a longitudinal component. The 
second scattering plane is chosen so that n is normal 
to P,;. With this and scattering down, 
P;= Ps; sinx— Pik; cosx. The polarimeter is placed so 
that n;=s,, no magnet is between T, and T;, and there- 
fore P,=P,;. From Eqs. (1) and (2) it follows that the 
observed asymmetry is given by 


€4 P;-P,= P;-P,;- P3n;-Pn— RP; sinx 
— APs; cosx |= — P,P; R sinyx+A cosx }. (4) 


choice, 


In the calibration geometry (Fig. 3) the polarimeter 
is placed directly in the polarized proton beam. The 
energy of this beam is degraded to simulate the energy 
of the hydrogen-scattered beam (for a_ particular 
scattering angle). It is assumed that this process does 
not change the polarization, i.e., P,=P). The normal 
to the plane of the polarimeter, ns, is chosen parallel 
to ny. From Eq. (2) it follows that the observed asym- 
metry is given by 


ec=P;-P,=P;-Pi 


Combining Eqs. (3) and (4) with (5 
following equations 


Pon, Pyny P,P3. 

, we obtain the 
for the desired triple scattering 
parameters in terms of the measured asymmetries : 


R =@€r/€c, 
| — {Cp siInx +-e4) €c¢ COSX. 


III. POLARIZED PROTON BEAM 
A. Production of the Polarized Beam 


The polarized beam is produced by scattering the 
internal circulating beam of the 3.3-m synchrocyclotron 
froma carbon target at about 15° (see Fig. 3). The beam 
emerges from the vacuum chamber through a thin 
aluminum window and passes through a quadrupole 
magnet and a ‘“‘wedge”’ magnet, the exit of which limits 
the vertical extent of the beam to 3.8 cm. At a point 
about 75 cm beyond the edge of the “wedge” magnet 
poles, the beam has its smallest extent in the horizontal 
direction. A liquid hydrogen target is placed at this 
point for the R measurement and the point is denoted 
by 7.(R). It is known from previous work" that the 


Fic. 2. Schematic 
diagram of the A 
geometry 


Spin Precession 
Magnet 


W. G. Chestnut, E. M. Hafner, and A. Roberts, Phys. Rev 
104, 449 (1956); E. M. Hafner, zbid. 111, 297 (1958). Our beam 
geometry differs slightly from the one used in the above quoted 
experiments; a small deviation in beam polarization might there 
fore be ¢ xpected which however does not affect our results 
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Fic. 3. The polarized proton beam and the polarimeter 


in the calibration geometry 


beam has a transverse polarization “up” and that the 
magnitude of this polarization (/;) is 0.89+0.02. Note 
however that in these experiments it is not necessary 
to know this quantity, since it does not enter either of 
Eqs. (6) or (7). 

The energy of the beam was measured by taking 
integral range curves in poor geometry, and taking the 
mean range to be defined by the peak of the differential 
range curve, after correction for nuclear absorption. We 
find in this way that the mean range of the beam at the 
entrance to the hydrogen target is 44.540.7 g cm™ 
of copper. The mean energy is therefore 217+2 Mev." 
The width of the differential range curve at half maxi- 
mum corresponds to an energy spread of 7 Mev. The 
incident protons lose about 8 Mev in traversing the 
hydrogen, so that the mean energy at the center of the 
target is 213+2 Mev." The total spread in the energy 
is then about 15 Mev. 


B. Beam Intensity Distributions at 7T.(R) 


As a prerequisite to precise alignment of the polar- 
imeter [Sec. IV (D)], we required detailed knowledge 
of the beam-intensity distribution at the hydrogen 
target position. This was obtained by scanning the 
beam with a double scintillation telescope (called 
telescope A). The defining counter 41 had dimensions 
0.32 X0.32X0.32 cm and could be positioned reproduc- 
ibly with an accuracy of better than 0.02 cm. Initial 
investigations revealed a small but noticeable low- 
energy component which (because of the dispersion of 
the magnetic system) caused the horizontal intensity 
profiles to appear somewhat asymmetric. Later meas- 
urements were performed with sufficient absorber in 


‘The energy has been computed from the range-energy curves 
of M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301 (unpublished); however, a cor 
rection has been applied to adjust for the currently accepted 
value of the mean excitation potential in copper / = 314 ev (private 
communication by R. M. Sternheimer). In our preliminary report 
of the data we have quoted 210 Mev as the mean nominal energy 
compared to 213 Mev in this report. The earlier mean energy was 
based on the energy-range tables by R. M. Sternheimer, Phys. 
Rev. 115, 137 (1959), which used the value 7 =371 ev. 
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Fic. 4. Map of the proton beam at the 7T2(R) position. The 
cross indicates the calculated centroid of the intensity distribution. 


the scanning telescope to assure the same range require- 
ment as imposed by the polarimeter in the third scat- 
tering. Figure + shows a map of the beam in the plane 
normal to the beam direction at 72(R). 

The centroid of the beam intensity distribution was 
calculated numerically and this point (marked by a 
cross in Fig. 4) was taken to define the effective center 
of the beam. Repeated measurements with fixed cyclo- 
tron operation conditions showed that the centroid could 
be defined to better than 0.10 cm horizontally, and 0.15 
cm vertically. 


C. Spin Precession Magnet 


For the measurement of the parameter A, an addi- 
tional magnet, which we shall call the spin-precession 
magnet, was used to produce a partially longitudinally 
polarized beam. The placement of the magnet and other 
components is shown in Fig. 5. The magnet was placed 
immediately after the wedge magnet with the plane of 
the poles vertical. The proton beam, after passing 
through the wedge magnet was thus deflected upwards 
by an angle y. This angle was calculated by numerical 
integration, using measured values of the field, and also 
measured directly by observing the shift of the beam. 
The result was y= 28°43'/+3’. 

As is well known,” the polarization and momentum 
vectors precess at different rates because of the anoma- 
lous magnetic moment of the proton. The precession 
of the polarization relative to the momentum vector 
is given by 

t=y(up—1)¥, where y=(1—§*) 
and yw, is the proton magnetic moment in magnetons. 
The angle x, appearing in Eqs. (4) and (7), is given by 
x= 9/2—§=26.7°+0.5°. 


124. Garren, Phys. Rev. 101, 419 (1956); H. Mendlowitz, 
Ph.D thesis, University of Michigan, 1954 (unpublished) 
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The uncertainty in x includes a contribution from 


the spread in energy of the proton beam. 


D. Beam Intensity Distributions at 7.(A) 


The hydrogen target, when used in the A geometry 
(Fig. 5), was placed 81 cm beyond the pole edge of the 
spin precession magnet. This position [which we call 
T.(A)] was chosen to allow placing the protective 
slit Sis; so that the polarimeter was shielded from the 
pole faces of the precession magnet. Beam intensity 
distributions were obtained using the scanning tele- 
scope described earlier. For mechanical reasons, we did 
not attempt to scan the beam in the plane transverse to 
the beam, but in a vertical plane containing the target 
center. The resulting beam map is shown in Fig. 6. 
Because of the dispersion of the magnet system, the 
distributions are markedly asymmetrical, and there is 
considerable correlation of energy with position. Thus 


there is some question as to whether in this case the cen- 
troid of the distribution really represents the effective 
beam center. This question will be discussed in connec- 
tion with the general polarimeter alignment problem. 


E. Beam Intensity Monitors 


The primary monitor in data-taking runs was an 
air-filled ionization chamber which intercepted the 
proton beam as it entered the wedge focusing magnet 
(see Fig. 3). The current from the chamber was ampli- 
fied and converted to a counting rate. As a secondary 
monitor we used the current from a large shielded air 
ionization chamber placed near the cyclotron. This 
chamber responded mainly to slow neutrons and usually 
served also as an indicator for use in adjusting the 
cyclotron. 
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Fic. 5. Spin precession magnet and hydrogen target 
in the A geometry 
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Fic. 6. Map of the proton beam at the 72(4 ) position. The cross 
indicates the calculated centroid of the intensity distribution. 


F. Magnet and Cyclotron Settings 


In the initial stages of the experiment we investigated 
the effect of varying the current in each magnet (in- 
cluding the main cyclotron magnet) upon the position 
of the beam at the hydrogen target. We thus established 
the requisite tolerance for each current setting to assure 
a negligible shift of the beam position. 

We were somewhat concerned by the possibility that 
the beam composition and position might depend on the 
adjustment of cyclotron parameters, particularly those 
used to change the beam intensity. This is important 
because polarimeter calibration and beam distribution 
runs were usually taken at greatly reduced intensity. To 
check on any such effects, the beam intensity distribu- 
tion at 7.(R) was measured at full intensity with a 
small ionization chamber, and with x-ray film. The 
results were compared to those obtained with x-ray 
film and the scanning telescope A when the intensity 
of the cyclotron was reduced in the usual manner to 
0,001 of maximum. No shift was found within the error 
of measurement (~0.2 cm). Of all the operating param- 
eters which are usually varied, only one, the arc source 
position, was found to have an appreciable effect on 
beam position. Moving the arc source between its two 
extremes caused a shift of the centroid of the distribu- 
tion by about 0.25 cm in the horizontal plane. We there- 
fore take this as an upper limit on the possible change 
in beam position during a run. 

To check for possible dependence of the mean energy 
of the beam upon the beam intensity, we compared the 
energy deduced from range measurements made on the 
hydrogen scattered beam (taken at maximum intensity) 


with that found from direct range measurements 
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(~0.001 of maximum intensity). The two energies 
differed by less than 5 Mev. 


G. Hydrogen Target 


The hydrogen was contained in a cylindrical cup 
12.5 cm long by 12.5 cm in diameter, with its axis 
perpendicular to the second scattering plane. The 
cylinder was made of 0.012-cm stainless steel, the ends 
of 0.32-cm brass. The hydrogen cup was mounted in 
an evacuated casing with stainless steel windows 0.005 
cm thick and 7.6 cm wide. Since the beam incident on 
the target was appreciably narrower than the windows 
or the hydrogen cup (see Figs. + and 6), no scattering 
from the vacuum vessel or the end plates of the cup 
was to be expected. The cup was positioned by first 
locating it with respect to the casing when the target 
was open to the air, and then aligning the casing with 
respect to fiducial marks. We believe no appreciable 
error was introduced by distortions or shifts due to 
cooling. The hydrogen target was constructed so that 
the cup could be emptied of hydrogen by remote control 
for making background measurements. 


IV. POLARIMETER 
A. General Description 


As discussed in Sec. II, the polarimeter is used to 
measure the right-left asymmetry e in the scattering 
of an incident beam in a plane defined by the unit 
normal vector ns. 

The asymmetry [appearing in Eqs. (2) to (5)] is 
defined, as usual, by 


¢ L—R)/(L+ 8), (8) 


where L and R denote the left and right scattered in- 
tensities. The polarimeter consists of detection counters, 
defining slits, and third-scattering target T;. It is shown 
in schematic form in Fig. 7. A double scintillator tele- 
scope (called telescope II) detects the incident beam. 
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Fic. 7. The polarimeter. 
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ase I. Dimensions of counters and slits. 


Width 


(cm) 


Teight Thickness 
(cm) (cm 


11.42 
22.86 
25.40 
\ : k 0.32 
A : 2.54 
I 19.10 0.64 
I 21.60 0.64 
3.8 5.08 

5.82 
b 5.82 

e 6.35 
10.16 5.82 


Counter 


telescope Counter 


II 21 and 22 


III, and Ill 31 
III, and II]; 32 and ; 


0.32 
0.64 
0.64 
0.32 
0.32 


—5, +2 


; detines the effective beam striking the carbon 

since the II scintillators and the secondary 

slit Ss; are large enough not to affect the beam definition. 

rhe distance from 7. to 7; was 203 cm, while the center 

of the slit Sos; was about 5 cm from T;. These distances, 

the dimensions of S24, and the beam intensity distribu- 
tions at T 

Che results, 


the widths of the acceptance functions at half maximum 


, determine the effective angular resolution. 


obtained by numerical methods, is that 


are 2.7° in the second scattering plane and 1.8° in the 
third scattering plane. These widths (given in the labora- 
tory system) are essentially independent of the scat- 
tering angle. 

Iwo scintillator telescopes, denoted by III, 
ind III, detect left 


tering target, T 


and right scattered protons. The 
hird s is of carbon and may be 
for making background 


absorbers are 


re moved by remote Col trol 


measurements. Lucite compensating 
automatically placed in front of the IIT telescopes when 
T; is ted. The thickness of the 


( hose nto provide the same stopping power as does is " 


retrac compensators is 


so that the probability of detecting background particles 
entering slit S ‘ is not affected by the removal of T 


( opper absorbers are placed between the second and 
third of the IIl telescope order to set 


the desired threshold on the 


counters in 
range of the third scattered 
protons. The relevant dimensions of counters and slits 
are given in Table I. 

circuitry 
ventional and will not be 
Ais III, 


‘coincidence circuits and recorded to give checks on 


The electronic is simple and quite con- 
described in detail. The IT, 
and coincidences are formed in separate 
operating conditions. They are then combined in 
double coincidence to form the V, and V, events. Ran- 
dom coincidences are measured when necessary by 
introducing 50 nanosec of relative delay between the 
II and III coincidence pulses. 

The polarimeter is mounted on hollow bearings 
clear the scattered beam so that the 
polarimeter may be rotated by 180° about itssymmetry 


Fig. 7), thus interchanging the III, and III, 


whi h second 


axis (see 
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telescopes. The asymmetry e is calculated from the V 
rate of each telescope in the two positions of the polari- 
meter. We thus obtain two independent measurements 
of the asymmetry. 

A pair of cross haris are placed inside each bearing 
and aligned on the symmetry axis and an optical tele- 
scope is aligned on the cross hairs. The polarimeter is 
then aligned optically by ensuring that the symmetry 
axis coincides with the effective second-scattering beam 
center line. The details of this procedure are given in 
Sec. IV (D). 


B. Choice of Polarimeter Parameters ° 


As mentioned in Sec. I], the polarimeter is character- 
ized by the analyzing power Ps, 
the energy of the incident beam. The analyzing power, 


which is a function of 


however, depends on the particular choice of three 
parameters; the angular positions of the III telescopes, 
the target 7; thickness, and the absorber thickness. 
One wants to maximize the analyzing power and at the 
same time obtain the highest counting rate. When these 
requirements conflict, a compromise must be made in 
the choice of the parameters. The depende nce of the 
analyzing power upon the scattering angle was found 
to be rather insensitive, so the angle was chosen primar- 
ily to ensure small background counting rates (i.e., 
with 7; out 


at 9°. The largest detected angle was then about 19°. 


. Thus, as shown in Fig. was set 
The range of azimuth covered by each telescope varied 
from about +45° at the minimum angle to about +27° 
at the largest angle. The choice of 7. thi kness and ab- 
sorber was then optimized at each hydrogen scattering 
angle. As the thickness of 7 


rate increases almost in proportion, but the analyzing 


is increased, the scattered 


power decreases because the average energy of protons 
the absorbe r thic k- 


ness increases the analyzing power by eliminating in- 


scattered in 7; decreases. Increasing 
elastic scatte ring events, but decreases the « ounting rate 
because of nuclear absorption and scattering. The actual 
choice of 7; was rather arbitrary, although we sacrificed 
analyzing power somewhat to obtain high counting 
effic iency. The absorber was chosen to coincide with 


Prasce Il 


Polarimeter | 


Nominal ¢.m 
scattering 
angle ] 
“” deg) deg) 


0.59+0.01" 0.60 
0.62 0.64 


30 14°16’ 


10 19 P ; 0.55 0.56 
SO 23 4 0.48 0.48 
60 28°44’ 32 0.42 0.43 
0.44 0.48 

70 33°37 0.30 0.31 
38°33" 2 5 0.22 0.21 

43°31 y 0.13 0.14 

0.13 0.17 


* The error is taken to be 0.01 for 
error is usually considerably smaller 

> Thinner targets were used in the 
Correspondingly higher analyzing power 
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the “knee” of the range curve, i.e., the value of absorber 
beyond which the counting rate dropped steeply. The 
selected values of T 


in Table II. 


; and absorber thickness are listed 


C. Calibration of the Polarimeter 


After having chosen the polarimeter parameters, we 
proceeded to calibrate the polarimeter, i.e., measure 
ec=P Ps for each angle of hydrogen scattering. This 
entailed simulating the hydrogen-scattered beam both 
as to spatial distribution at the target 7; and as to the 
mean energy. 

First let us consider the spatial distribution of the 
beam. In the actual scattering experiment, the intensity 


of protons accepted by slit So4 is not exactly uniform 


over the area of the slit. First the intensity varies slightly 
in a direction perpendicular to the polarimeter scattering 
plane because of the change in cross section with scat- 
tering angle. However, since the cross section in the 
laboratory frame varies almost as the cosine of the angle, 
the greatest variation (at 4.....=90°) only amounts to 
6%. Since the polarimeter analyzing power should not 
depend at all critically on this variation, we did not 
attempt to simulate it during the calibration runs. We 
may also expect a slight variation in intensity in a 
direction along the polarimeter scattering plane because 
of the dependence of the hydrogen scattering cross 
section on polarization. We obtain from Eq. (1a) 


T= 11+ PP;-n)=1,A1+ PP; cos). 9 


In both the R and A geometry the second scattering 
is in the plane of the initial polarization. Therefore 
@ is nearly 90°. The width of S24 (6.35 cm) corresponds 

7° at O¢.m,= 30°, and decreases to a minimum of 
Ad = at O..m.=90°. Evaluating the effect at 30° 
(taking P;=0.90 and P.=0.25), one finds an intensity 
variation across the slit of 2.8°%. We have calculated the 
asymmetry produced by this variation and found it 
to be 0.003 for the R geometry at 30° and smaller for 
all other angles and for the A geometry. We have there 
fore neglected this effect. 

The alignment of the polarimeter for calibration was 
straightforward: Beam intensity distributions wert 
measured at 7.(R) and at a distance 195 cm further, 
and the beam center line was defined by the centroids 
of the two distributions. The polarimeter symmetry 
axis was then placed on this line with 73 at a distance 
of 203 cm from the 72(R) position (see Fig. 3). In place 
of the hydrogen target, however, we introduced a series 
of lead absorbers (which we shall call degraders) which 
simulate the energy loss of protons scattering from 
hydrogen. A high Z material was chosen for the de- 
graders so that Coulomb scattering would provide a 
nearly uniform intensity distribution at slit S24. The 
variation in intensity when using the thinnest degrader 
(for smallest simulated hydrogen scattering angle) is 
then only a few percent. No attempt was made to correct 
for this. 


AMETERS 


‘ Polarimeter 
Axis 


‘Polorimeter 
Plone 


lic. 8. The three types of misalignment of the polarimeter. 

The degrader thicknesses were initially chosen from 
computations using standard range tables. However, a 
direct comparison of range in copper of degraded and 
hydrogen scattered protons showed that a sizeable error 
had been made, for reasons which are not completely 
understood. The ranges were therefore ‘‘matched” by 
adding appropriate thicknesses of 
degrader. 


copper to each 

The measured analyzing powers at the nine angles 
from 30° to 90° (c.m.) are listed in Table II for the A 
and B telescopes separately. 

We measured the variation of polarimeter analyzing 
power with small changes in energy of the protons. The 
result was that AP;/AR<0.01, where AP; is the change 
in analyzing power resulting from a change in range 
AR of g cm™ of copper. Since we were able to match 
the ranges of degraded and hydrogen scattered protons 
to considerably better than 1 g cm™ of copper, no ap- 
preciable error was introduced. 

We also measured, in the calibration geometry, the 
sensitivity of the polarimeter to misalignment of a par- 
ticular type; rotation of the polarimeter about an axis 
perpendicular to the scattering plane and _ passing 
through 73. As will be shown later, this form of misalign- 
ment is by far the most important one. We shall denote 
the angle between the polarimeter and beam center-line 
axes by a (see Fig. 8). The misalignment sensitivity 
(the change in measured asymmetry per unit angle a) 
was thus found to be 0.002+0.0003 per minute, for 
all hydrogen scattering angles. The magnitude of the 
alignment problem was clearly defined by this number. 
Since we expected to obtain statistical errors in the 
asymmetries of 0.01 or less, we evidently had to assure 
alignment with a precision for a of a few minutes at 
most. We believe the alignment error in the calibration 
geometry was insignificant. The quoted error of 0.01 
for each value of P; in Table II is an estimate of the 
maximum uncertainty resulting from inexact matching 
of the range, spin-dependent scattering and depolariza- 
tion effects in the degrader, alignment errors, and effects 
due to the intensity variation of the incident beam over 
the entrance slit S24 of the polarimeter. 


D. Alignment of the Polarimeter 


The problem of deciding upon the best method of 
aligning the polarimeter was a critical one because of 
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vse Ill methods I and TI, 


expressed in terms of the angle a, as defined in Fig. 8 and the text 


Discrepancy in alignment by 


Nominal c.n 
scattering 


Geometry angle (deg) « (min) 


+2.7 


Calibration 30 
60 +0.2 
90 —0.1 
R parameter 30 +1.0 
60 +1.6 
90 +29 


A parameter 30 0 
40 —0.6 
50 0 
60 2.6 
70 —1.2 
SO +6.0 
90 +2.4 


the very high degree of accuracy required. In principle 
one merely set the polarimeter so that its symmetry 
axis coincides with the mean direction of the hydrogen- 
‘scattered beam. In practice one must take carefully 
into account many effects, the principle ones being: 
a) the finite dimensions of the irradiated volume of the 
hydrogen target and of the area of the defining slit 
Sos, (b) the energy spread in the beam, particularly 
any correlation with the point of scattering in the hydro- 
gen, and (c) the deflection of the scattered protons in 
the fringing field of the cyclotron. Other effects of 
minor importance will be mentioned in Sec. VI. In 
attempting to understand effects such as those above, 
we developed two different procedures of alignment, 
both of which were studied in detail under a variety 
of conditions. In the first (method I) we defined the 
effective beam center line by two points in space; the 
effective center of the incident beam at the hydrogen 
target position and the geometrical center of slit So.. 
The second method (method II) resembles more closely 
that used by other experimenters.?"" We align the polar- 
imeter on the line passing through the center of slit So, 
and through the center of the beam intensity distribu- 
tion at some distance beyond the slit. We expect the 
two methods to agree. The results showed slight discrep- 
ancies, which, however, we do not consider significant. 
VI. We now describe 
these alignment procedures in detail. 

In method I we follow a sequence of three steps. 
1) We determine the effective beam center at the 
hydrogen target position 72(R) and 195 cm further 
along the beam by the method described in Sec. 
IIIB. (2) We place the polarimeter for the desired scat- 
tering angle @..m.. This requires that the polarimeter 
axis be in a vertical plane (second-scattering plane) 
containing the beam line found in step (1), that the 
axis be inclined by the angle 6:4, with respect to the 
incident beam line, and that the normal to the third 
scattering plane also be in the vertical plane containing 


C.F R. Ophel, E. H. Thorndike, and R. Wilson, 
Phys 1960 


These are disc ussed also in Sec. 


Hwang, T 
Rev. 119, 352 
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the incident beam line. (3) We correct the alignment to 
account for the deflection of the scattered protons by 
the fringing magnetic field of the cyclotron. In order to 
do this we measured the component of fringe field 
normal to the scattered beam center line and computed 
the deflection of protons having the mean energy. This 
deflection was translated into an effective displacement 
of the beam center at the hydrogen target from that 
measured in step (1). The polarimeter was then re- 
aligned so that its axis passed through the displaced 
(or virtual) beam center. The fringe field was found to 
be equal to or less than 30 gauss and the virtual center 
was displaced from 0.25 cm to 0.40 cm from the actual 
center, 

In method II the hydrogen target was in place and the 
polarimeter was placed approximately correctly (say 
by an abbreviated version of method I) at one of the 
desired angles of hydrogen scattering. We then investi- 
gated the beam intensity distribution in a region 90 cm 
beyond the center of slit S24, using a double scintillation 
counter telescope (telescope B) whose defining counter 
B1 had dimensions 0.69X 19.10 cm and a thickness of 
0.32 cm; a copper absorber sets the same range threshold 
as is imposed by the polarimeter. The long dimension of 
the telescope was placed perpendicular to the polar- 
imeter scattering plane, and the telescope was moved 
across the beam (see Fig. 7). The polarimeter was said 
to be aligned" when its axis coincided with the line 
passing through the center of So, and the centroid of the 
distribution found with telescope B. A misalignment ac- 
cording to this criterion was corrected by rotating the 
polarimeter about an axis perpendicular to the third 
scattering plane and passing through the 
Soy After the correction, the alignment was checked 
once again by another measurement of the intensity 
distribution with telescope B. 

In comparing the two methods, one finds that they 


center of 


are largely equivalent; however, one can raise some 
objections to method I which are eliminated by method 


TABLE IV. Typical counting rates in R geometry at 60° c.m 
scattering angle, expressed in counts per minute. The symbols 
for the different types of counts are defined in the text. III and 
V rates are given for the average of A and B telescope, the two 
telescopes giving numbers which are identical within statistics 


T2 full T2 full 7 
Coincidence T; in T; out 


II 7X 10+ 7X 104 2.4X 10+ 2.4X 104 
III (left) 200 187 68 91 

IIT (right) 360 248 161 129 

V (left) d 3.6 2.2 0.1 

V (right) 4.1 2 0.3 

V (left randoms) : 0.0 negligible _ negligible 
V (right randoms) 0.4 negligible negligible 


»empty T2 empty 
T; in T; out 


44Qne must account for the deflection of the protons by the 
fringe field in the region between slit So, and the B telescope 
However this effect was small and almost exactly compensated 
by the deflection of protons after scattering from the polarimeter 
target 73, in the region between 7, and the defining counter of 
the III telescopes. 
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TABLE V. Results in the R geometry. The indicated errors in eg are statistical. R was computed for each run by averaging the ratio 
er/ec found with each telescope. The indicated error in R includes an experimental error of 0.006 combined in the square with the 
statistical error in er. The values of R in the last column are the weighted averages of the results from different runs. The uncertainty 
in corrected c.m. scattering angle is estimated as explained in Sec. VI(C). 





Nominal c.m. Corrected c.m. 


scattering scattering 
angle angle 


30 30°01’ +30’ 
40°05’ 
50°03’ 
60°04’ 
70°04 
80°04’ 


90°03’ 


Run 


1 
) 


eR 
(A telescope) 


—0.136-+0.027 
—0.126-40.013 
—0.10740.013 


—0.061+0.015 
—0.07240.015 
—0.04040.013 
—0.018+0.015 
+0.008+0.029 
+0.07040.015 
+0.038+0.014 
+0.057+0.015 
+0.060+0.018 
+0.085+0.017 


+0.050+0.020 
+0.034+0.019 
+0.037+0.017 


CR 
(B telescope) 


—0.118+0.027 
—0.120+0.013 
~0.116+0.013 
—0.093+0.015 
—0.058+0.015 
—0.013+0.013 
—0.002+0.015 
+0.008+0.029 
+0.008+90.015 


+0.049+0.014 
+0°038+0.015 


+-0.052+0.018 
+-0.024+0.017 
+(0.019+0.020 
+().029+0.019 
+0.021+0.017 


R=epr/ec 
(each run) 


0).202+0.032 
-0.213+0.019 
~0.193+0.019 
0.145+0.024 
—0.122+0.024 
0.056+0.023 
0.021+0.028 
+0.018+0.050 
+-0.090-+0.030 
+-0.141+0.039 
+-() 153+0.042 
+0.250+0.062 
+0.245+0.058 
+0.255+0.100 
+().218+0.097 
+0.203+0.090 


R 


(average ) 
~0.20340.012 
—0.133+0.017 
—0.041+0.018 
+0.071+0.026 
+0.147+0.029 
+-().248+0.042 


+-0.223+0.055 


Il. Perhaps the most questionable assumption of 
method IT is that the effective beam center at the hydro- 
gen target really coincides with the centroid of the dis- 
tribution in a vertical plane containing the target 
center. Pronounced correlations of energy with position, 
kinematic effects which vary over the volume of the tar- 
get, and scattering of the beam in the air and from the 
slits, may change the effective direction of the second- 
scattered beam, and thus introduce spurious ‘asym- 
metries. Although we believe that the contributions 
of such effects are all very small, we note that they are 
largely eliminated by the use of method II, since one 
examines the actual beam of protons accepted by slit 
Soy. The measurements obtained with method If, how- 
ever, are of somewhat limited accuracy because of sta- 
tistical fluctuations (because of small counting rate in 
telescope B). There is also the possibility of appreciable 
errors because of mechanical distortion and shift of 
counter telescope B. For example, a misalignment angle 
a of 1 min represents a displacement of the beam center 
at the telesc ope B position of only about 0.025 cm. We 
therefore do not consider as significant a disagreement 
between the two methods of less than 3 min of angle. 
In Table III we give a summary of the discrepancy be- 
tween the two methods under the different conditions 
of measurement, expressed in terms of angular misalign- 
ment @ as previously defined. We find that in all but 
one case, which is somewhat suspect for other reasons, 
the discrepancy corresponds to less than 3 min, which 
in turn corresponds to a change in asymmetry of 0.006. 
Since during most of the experiment we used method I 
for aligning the polarimeter, we have chosen to consider 

the standard. However, we conclude from considera 
tions such as those discussed above, that it is reasonable 
to include in the errors in asymmetry a contribution from 


experimental error of 0.006. This will be discussed 
further in Sec. VI. 


E. Background Subtraction 


In data-taking runs we measured the V, and V, 
counting rates with all possible permutations of the 
following conditions; with the hydrogen target full 
and empty, polarimeter frame in normal and inverted 
positions, polarimeter target 7; in and out (but always 
with the Lucite compensator out and in), and with 
normal or added delay between the IT and III coinci- 
dence pulses. Typical rates [these for the R geometry 
at 60° (c.m.) ] are shown in Table IV. The counting times 
(monitor totals) were adjusted to be approximately 
proportional to the square roots of the rates in order to 
minimize the total running time; however, the time of 
the longest individual run was not allowed to exceed 
about 20 min in order to minimize the effects of drifts 
in the coincidence circuitry. 


V. RESULTS 
A. Triple Scattering Parameter R 


Measurements in the R geometry were made in three 
separate runs extending over a period of about a year. 
The calibration of the polarimeter was also repeated 
several times including once after the completion of the 
measurement of the A parameter. The resulting values 
of er and R=epr/ec are listed in Table V.!° Note that 
measurements were performed at least twice at each of 


168A. England, W. Gibson, K. Gotow, F. Heer, J. Tinlot, and 
R. Warner, Proceedings of the 1960 Annual International Conference 
on High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York, 1960); the data presented at this conference were 
preliminary, and differ slightly from those given here 
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rapier VI. Uncorrected results in the A geometry. The errors in ¢4 are statistical. a is the equivalent angle of misalignment, as de 
fined in the text and illustrated in Fig. 8; Ae is corresponding correction to the asymmetries. The uncertainty in corrected c.m. scattering 
angle is estimated as described in Sec. VI (C). 


Nominal c.m 
scattering 
angle 


30 


40 


Corrected ¢.m 
scattering 
angle 


30°01’ +30’ 


+0) 


Run 


CA 
(A telescope ) 


+0.262+0.020 
+0.247+0.014 


+0.200+0.015 
+0.206+0.014 


+0.075+0.018 
+0.118+0.015 
+0.085+0.013 


+0.016+0.022 
+0.013+0.020 
+0.022+0.015 


0.004+0.021 
0.026+0.020 
0.024+0.015 
+0.011+0.031 


—0,039+0.017 
~0,019+0.018 


0.010+0.017 
+0.004+0.017 


the seven nominal angles 30°, 40°, 50°, 60°, 70°, 80°, 
and 90°. The effective mean angles of scattering are 
|. The data 
obtained with the A and the B telescopes were treated 


shown in the second column [ see Sec. VI (C 


independently and then averaged. As expected from the 
fact that the two telescopes are nearly identical, the 
asymmetries measured with each are statistically in- 
Since the procedure of 
method I was used for all of these runs, no alignment 
corrections were needed. Columns four and five of Table 
V show the results including statistical errors only. In 
columns six and seven the errors have been computed 
by combining in the squares the statistical error and an 
experimental error in er of 0.006, as indicated in Sec. 
[IV (D VI. The result is also 


shown in Fig. 9. 


distinguishable. alignment 


and discussed in Sec. 


B. Triple Scattering Parameter A 


The measurements in the A geometry were also per- 
formed in three separate runs, but the combination of 
the results is complicated by the fact that different align- 
ment procedures were followed in each run. We thus 
must correct each result to that corresponding to using 
the standard procedure of method I [see Sec. IV (D) }. 
Inasmuch as the corrections are in all cases relatively 
small, they can reasonably be done by assuming the 
spurious asymmetry introduced by a misalignment to be 
proportional to the angle of misalignment defined pre- 
viously. The correction is then computed from the known 
misalignment: Ae= (0.0020+0.0003 Ja, 
Phe uncorrected values of 


sensitivity to 
where @ is given in minutes 
the asymmetries e, are given in columns 4 and 5 of 
Table VI for the A and B telescopes separately. The 


eA 
(B telescope) nin Ae 
+0.255+0.020 +5 0.012 
+0.287+0.014 0 


+0.171+0.015 +5 L011 
+0.159+0.014 0.001 


+0.083+0.018 : 0.012 
+0.161+0.015 + 1.8 0.004 
+0.114+0.013 0 


+0.027+0.022 t L0.013 
+0.021+0.020 | +-(0).004 
+0.026+0.015 j 0.0 


—(0.025+0.021 -(0.013 
-0.021+0.020 i 0.005 
—().025+0.015 73 0.005 


—0.039+0.031 \ ‘ LQ.O14 
—0.006+0.017 +24 + 0.005 
+0.001+0.018 +0009 


+0.012+0.017 : (0.006 
+0.005+0.017 + ) 0.005 


errors given are purely statistical. The angles a@ of 
“misalignment”? in each case are listed in column 6. 
These angles were determined as follows: 

In run 1 the alignment was performed following 
method I. It was discovered after the completion of 
this run that the determination of the beam center at 
the hydrogen target position had been performed with 
an incorrect range threshold. A comparison of the beam 
intensity distributions with the correct and incorrect 
absorbers showed that this resulted in a constant mis- 
alignment of 4.2+1.4 min at every angle of hydrogen 
SC attering. We also found that the correction for detlec- 
tion in the fringe field of the cyclotron had been incor- 
rectly done, producing a misalignment varying from 
about 1.8 to 2.8 min. 

In run 2, the alignment was performed following 
method I. The correct range threshold was used, but 
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Fic. 9. The result of the R measurement at 213 Mev, compared 
with phase-shift solution 6 of reference 29 (M.M.N.) and the 


boundary condition model prediction of reference 27 (S.B.M 
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again the magnetic deflection correction was incorrect ; 
the resulting misalignment varied from 1.8 to 2.8 min. 

In run 3, exhaustive studies of the two alignment 
methods were conducted. We had, however, not yet 
decided upon the merits of each method and in fact 
chose an alignment which was intermediate. Correction 
to the alignment as required by method I was then 
equivalent to misalignment angles of 0 to 4.6 min. 

The values of e4 in Table VI were thus corrected and 
averaged, with the exception that the point at 50° 
in run 2 was discarded. This will be discussed further 
in Sec. VI. The result for e4/ec, after averaging the 
results from the A and B telescopes, is shown in column 
3 of Table VII'®; the errors here again include an experi- 
mental error of 0.006, combined with the statistical 
errors in the square as in the treatment of the R data. 
Although the ratio e4/ec¢ is the proper quantity to use 
in making the final analysis of the data, the calculation 
of A may be of use in comparing our results to published 
theoretical work. Since, as shown in Eq. (7), €4/ec is 
related to both of the parameters R and A, we must use 
the results of the R measurement to compute A. The 
result is given in column 4 of Table VII and in Fig. 10. 
We have assumed here that the errors in R and e,/ e 
are independent. 


VI. ERRORS 
A. Alignment Errors 


Although there are very many effects which are equiva- 
lent to misalignment of the polarimeter they can be 
grouped into three types, each type corresponding to 
rotation of the polarimeter through a different angle 
a, 8, or y as illustrated in Fig. 8. The first form of misa- 
lignment (type a) is the one which we have been con- 
sidering in the previous sections: a rotation of the polar- 
imeter by an angle a around an axis ng, normal to the 
polarimeter plane. Misalignment of type 8 corresponds 
to rotation of the polarimeter about its symmetry axis, 
so that ns makes an angle of (90°—8) with the second- 
scattering plane. Finally, misalignment of type y means 
that the polarimeter has been rotated by an angle 4 
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Fic. 10. The result of the A measurement at 213 Mev, compared 
with the phase-shift solution 6 of reference 29 (MMN) and the 
boundary condition model prediction of reference 27 (SBM) 
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TABLE VII. Corrected values of e4/ec, and the corresponding 
values of A. The results from the A and B telescopes have been 
averaged, and an experimental error of 0.006 is included in the 
error in e@4. 


Corrected c.m. 
scattering 
angle 


Nominal c.m 
scattering 
angle e4/e 1 
-0.400+-0.019 
0.317+0.019 
—0.205+0.021 
—0.102+0.025 
0.012+0.036 
~0.090+0.046 
—(.180+0.077 


30 30°01'+30' 
40 40 
50 50 
60 60 
70 70 
80 80 
90 90 


+().449+-0.016 
+-().343+0.015 
+-0.202+0.017 
+(0.059+0.018 
0.053+0.029 
-0.032+0.036 
+0.060+0.064 


around an axis n perpendicular to the second scattering 
plane. We have already noted the appreciable sensi- 
tivity of the asymmetry to changes in a. By contrast, 
we estimate that a misalignment in 8 or y or 1 min would 
give at most a false asymmetry of Ae=0.00015 and 
0.000025, respectively, illustrating the minor importance 
of misalignment of types 6 and y, 

We list below a number of possibly significant effects, 
and the corresponding types of misalignment which 
they produce. 


(a) Precision, stability, and reproducibility of posi- 
tioning the polarimeter. We believe, from repeated ob- 
servations, that errors due to inaccurate positioning 
of the polarimeter, mechanical instability, and changes 
in the position of the beam center at J, during the run, 
correspond to a<3 min, and 8, y<15 min. 

(b) Positioning of hydrogen target. Because of the 
size of the target and its cylindrical geometry, the re- 
sults are very insensitive to the exact location of the 
target cup. We expect no appreciable alignment error 
from this cause. 

(c) Variation of the hydrogen cross section with angle. 
Since the cross section decreases with increasing angle, 
there is a bias favoring the detection of small-angle 
scattering events. This results in a vertical shift in 
the effective beam center, and thus a misalignment of 
type y. We have estimated that y is smaller than one 
minute of arc. The effect on the asymmetry is therefore 
negligible. 

(d) Range threshold set by the polarimeter absorbers. 
The choice of absorbers to be placed in the Ill tele- 
scopes was made on the basis of obtaining good analyzing 
power. This required choosing a range threshold near 
the “knee” of the range curve, making the polarimeter 
counting rates rather sensitive to small changes in 
proton energy. 
correlation of energy loss with position in the target: 
the variation of energy with scattering angle causes the 
polarimeter to favor protons scattered through small 


scattered Two effects tend to cause 


angles; the amount of hydrogen which each proton 
traverses after s« attering depends on both the position 
in the target and the scattering angle, but in sum favors 


the detection of protons scattering through large angles. 
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TaBLe VIII. Phase shift sets at 210 Mev.* (1) Results of a nine-parameter search by MacGregor and Moravesik? using calculated one 
meson exchange contribution for G and higher partial waves. (2) The 210-Mev solution obtained with the boundary condition model 


by Saylor, Bryan, and Marshak. The phase shifts are nuclear bar angles in degrees. 








Phase 
shift set 1, 1D, 3P, 3P, ap, 


; 16.9 
17.0 


— 20.8 
—21.6 


(1) ; . —O0.4 
2) Dee 7 —0.6 


* The computations were performed for 
» See reterence 1S. 

See reference 2 

Both of these effects cause a misalignment of type y, 
the size of which we have estimated to be smaller than 
one minute of arc. The effect on the asymmetry is again 
negligible. 

(e) Spin dependent scattering of protons in air and 
scintillator telescope Il. The only appreciable effect 
would be of type a. Rough calculations, as well as com- 
parison of alignment methods I and IT, show such scat- 
tering to be of negligible importance. 


According to the above discussion, only type a mis- 
alignment introduces an error large enough to be taken 
into account. We therefore assume an experimental 
error due to misalignment of Ae=+0.006. Since the 
various reasons for this error are assumed to occur in 
t random fashion, we combine the alignment error and 
the statistical error in the squares to give the final 
error quoted in Tables V and VIII and shown in Figs. 9 
and 10. 


B. Uncertainty in Direction of Polarization 
of the Incident Beam 


It is implicit in the discussion of Sec. II that the 
polarization of the first-scattered beam at the position 
of the hydrogen target is purely transverse in the R 
geometry and that the polarization vector lies exactly 
in the second scattering plane. We expect small devia- 
tions from both of these conditions for the following 
reasons. 

Assume for simplicity that the cyclotron pole faces 
and the median planes of the magnetic fields of the 
quadrupole and wedge magnets all lie exactly in the 
horizontal plane. It is possible for the mean direction 
of protons striking the first target in the cyclotron to 
deviate from the horizontal because of slight magnet 
imperfections. Since the betatron vertical-oscillation 
frequency at the radius of the first target is small com- 
pared to the cyclotron frequency, we can consider such 
an effect as equivalent to a tilt of the plane of the mean 
orbit away from the horizontal; this tilt may be a few 
tenths of a degree. Consider now the first scattered beam. 
It may also deviate slightly from the horizontal be- 
cause of inexact vertical placement of magnets and 
slits; we did in fact observe inclinations of a few tenths 
of a degree. Either of these effects means that the first- 
scattered plane is not exactly horizontal, and conse- 
quently that the polarization has a horizontal com- 


210 Mev, whereas our best estimate of the mean energy is now 213 Mev. See reference 11. 


ponent. Although the polarization at the first scattering 
is exactly transverse, the bending of the beam in the 
fringe and focusing fields will cause the horizontal com- 
ponent to precess relative to the momentum vector. 
Following the above, we may expect that the polari- 
zation at the 7.(R) position has a small longitudinal 
component. It is then evident from Eq. (1) that, in 
the R geometry, we detect in fact terms in the polari- 
zation which depend on the A parameter. In the A 
geometry the value of the angle x will be slightly in error. 
It is apparent, however, that this is a very small effect ; 
the longitudinal component of polarization in the R 
geometry should not be more than 0.003. Since the 
resulting errors in the determination of R and A are 
much smaller than the 
take them into account. 


statistical errors, we do not 


C. Errors in the Scattering Angle 


Several effects contribute to the uncertainty in ef- 
fective scattering angle; uncertainty in the position 
of the beam center at the hydrogen target, inaccurate 
alignment of the polarimeter, and uncertainty in the 
correction for kinematic and range effects. We estimate 
each of these errors to be equivalent to about 3 minutes 
in the scattering angle. We therefore take the un- 
certainty in ¢c.m. scattering angle to be about 30 min. 


D. Consistency of the Data 


We have examined the results obtained in different 
runs in order to see if they are statistically consistent. 
In the case of the R data, the differences between dif- 
ferent runs are perfectly consistent with assuming no 
experimental error at all. The results for e4/ ec are also 
consistent, except for one datum point, the point at 
50° in run 2. Since this result differs by about four 
standard deviations from the mean of the results of runs 
1 and 3, we follow the usual practice of discarding it. 

It is of course well known that systematic errors can- 
not be detected, therefore we cannot include such error 
in the result. 


VII. ANALYSIS OF THE RESULTS 
A. Present Experimental Situation 


As was explained in the introduction, the Rochester 
group intends to complete the measurement of the basic 
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set of quantities de/dw (unpolarized cross section), P 


(polarization), and the triple scattering parameters 
D, R, and A at 213 Mev in the hope that a unique solu- 
tion for the scattering matrix (or equivalently, a unique 
phase shift solution) can be found at this energy. We 
have available at present, in addition to the results for 
Rand A described in this paper, the earlier measurement 
of polarization’ and preliminary results" for the triple 
scattering parameter D at 30° and 60°. The cross section 
was measured some years ago,'* but for a somewhat 
different energy—240 Mev. A remeasurement of the 
cross section at 213 Mev is in progress." 


B. Phase Shift Analysis 


Although it is evident that as yet we have an incom- 
plete set of data at 213 Mev, a considerable effort has 
already been made to search for phase shift solutions. 
MacGregor and Moravcsik” have obtained encouraging 
results by using a modified form of analysis which re- 
stricts the number of the theoretical parameters. Their 
procedure is now well known. They attribute the effect 
of high angular-m »mentum partial waves (J>5) en- 
tirely to the one-meson exchange contribution, which 
can be predicted exactly. The remaining parameters 
(eight phase shifts and one coupling parameter) are 
then to be determined from the experiments. They 
have published solutions found in this manner, based 
on preliminary data excluding any knowledge of D. 
Even with such crude information, they found only 
four acceptable phase shift sets, which they labeled 
by the letters a, 6, c, and d. A later analysis,”' which in- 
cluded measurements of D at 30° and 60° ¢.m.,!’ showed 
that solution 6 is now favored strongly over solutions 
a and c, while solution d has disappeared. On a statistical 
however, the result is somewhat disturbing; 
whereas the expected value of the fitting parameter 
x” is 29, the value corresponding to solution 6 is 64.3, 
and to solutions ¢ and a, 143.3 and 236.5, respectively. 
Thus even the most favorable solution does not give 
an acceptable fit to the data. Moravesik and Mac- 
Gregor have noted, however, that the three large-angle 
points for the cross section contribute 17 to the x? sum, 
which is certainly excessive. If one remembers also that 
the cross section refers to a significantly different energy 
than do the other parameters, one may hope that this 


basis, 


'6 E. Baskir, E. Hafner, A. Roberts, and J. Tinlot, Phys. Rev. 
106, 564 (1957). 

‘7 K. Gotow and E. Heer, Phys. Rev. Letters 5, 111 (1960). 

8 C, L. Oxley and R. D. Schamberger, Phys. Rev. 85, 416 
(1952); O. A. Towler, ibid. 85, 1024 (1951). 

1 A. Konradi and J. Tinlot (private communication ) 

20M. H. MacGregor and M. J. Moravesik, Phys. Rev. Letters 
4, 524 (1960). 

"°M. H. MacGregor, M. J. Moravesik, and H. P. Noyes 
(private communication); we are grateful to these authors for 
giving us results of their analysis prior to publication. The compu 
tations were based on the preliminary data reported at Rochester 
(See Reference 15). 
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is the cause of the difficulty. Recent additional D 
measurements” and an analysis of the photodisintegra 
tion of the deuteron” 
cept 6. This solution is very similar to solution 1 of 
Stapp, Ypsilantis, and Metropolis.* The results of solu- 
tion 6 are given in the first row of Table VIII, and are 
shown in Figs. 9 and 10. 


seem to rule out all solutions ex- 


C. Phenomenological Models 


As better data on proton-proton scattering become 
availabe, phenomenological potential models such as 
those originally proposed by Signell and Marshak™ 
and Gammel and Thaler®> are put to more and more 
severe tests. The phenomenological approach is more 
ambitious than the phase shift analysis at one energy 
since the predictions of the model must, if successful, 
fit data over a wide range of energy. While the early 
attempts were only partially successful for energies 
greater, than 150 Mev, recent refinements by Bryan” 
(a more careful treatment of the spin-orbit potential 
as well as of the short-distance behavior of the tensor 
and central potentials) resulted in considerable improve- 
ment. Even more recently, Saylor ef a/.*’ have succeeded 
in matching data quite well over the range of 40 to 310 
Mev using what they call the boundary condition model. 
We list the calculated phase shifts from the latter model 
for 210 Mev in the second row of Table VIII and show 
the predictions for R and A in Fig. 9 and 10. The simi- 
larity between this result and the solution of MacGregor 
and Moravesik is indeed striking. 


D. Outlook 


The rather encouraging results of the partial wave 
analysis described in Sec. VII (B) lead one to inquire 
as to what additional refinements are desirable both 
in the experimental and in the analytical proce- 
dures.”* 

First it is evident that the scattering experiments 
must be continued until a phase shift analysis yields 
a single solution for which the x? sum is statistically 
acceptable. One must then obtain an error matrix (i.e., 
determine the precision with which each phase shift is 
known) from which one can decide whether the precision 


2K. Gotow, B. Lobkowicz, and E. Heer (private communi 
cation). 

23 G. Kramer, Phys. Rev. Letters 5, 439 (1960). 

4 P.S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 


25 J. L. Gammel, R. Christian, and R. S. Thaler, Phys. Rev. 
105, 311 (1957); J. L. Gammel and R. S. Thaler, ibid. 107, 291 
(1957). 

26 R. Bryan, Nuovo cimento 16, 895 (1960). 

27D. P. Saylor, R. A. Bryan, and R. E. Marshak, Phys. Rev. 
Letters 5, 266 (1960). 

28 The MacGregor and Moravcsik™ analysis was performed using 
a computer program which required using ¢, P, D, R, and A as 
input information, whereas to be correct in our case, one should 
use the ratio e4/ec rather than A. This minor objection will 
presumably be overcome in future calculations 
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of the experiments should be further improved. One 
should then consider the appearance of solutions at dif- 
ferent energies, as has recently been done by Breit” 
and by Stapp ef al.” If the behavior of the individual 
phase shifts is statistically unreasonable, one may 
suspect systematic errors in one or more sets of experi- 


ments. In anticipation of such problems, we therefore 


plan to extend our program somewhat beyond the com- 


22G. Breit, Proceedings of the London Conference on Nuclear 
Forces and the Few Nucleon Problem (Pergamon Press, New York, 
1960), p. 23; G. Breit, M. H. Hull, Jr., K. E. Lassiler, and K. D 
Pyatt, Jr. Phys. Rev. 120, 2227 (1960). 

*® H. P. Stapp, M. J. Moravesik, and H. P. Noyes, Proceedings 
of the 1960 Annual International Conference on High-Energy 
Physics at Rochester; (Interscience Publishers, New York, 1960), 
p. 28. 
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plete set defined earlier." Although this amounts to 
overdetermining the scattering matrix, it may be helpful 
in increasing our confidence concerning the contributions 
of systematic errors, and should also increase the general 
precision of the phase shift analysis 
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Antiproton-Proton Inelastic Interactions at 1.61 Bev/c and Their Use for a 
Test of Charge-Conjugation Invariance in Strong Interactions* 


NGUYEN-HuU XUONG,f GERALD R. LyNcu, AND C. Kerra HIinricus 
Lawrence Radiation Laboratory, University of California, Berkeley, California 


(Received June 9, 1961) 


The reactions p+p — p+pt+r°, pt+n+n*, and p++ have | 
1.61 Bev/c. The cross sections are measured and found to be 1.6+0.3 mb, 1.15+0.3 mb, and 0.96+0.22 
mb, respectively. The combined inelastic (nonannihilation) cross section is estimated to be 5.3 mb, and 
the annihilation cross section 5143 mb. The angular and energy distributions are presented. In all cases 
the antinucleons are peaked forward and the nucleons backward in the center-of-mass system 

These events can be used to check charge-conjugation invariance in strong interactions 


een investigated for antiprotons of 


INELASTIC CROSS SECTION Kinematic analysis of these, using program KICK? 


supplemented by an ionization measurement of the 


HE following four reactions constitute the non- 
annihilation inelastic antiproton-proton inter- 


actions which produce one pion: hel ‘J F : ; oe ft . 
1 which fitted either reaction. The remaining 13 events 


pP+p— pt+ptn’, ( were either elastic scatterings of antiprotons or pion 

interactions. In all subsequent statements we _ will 
y in “| l + _ + n “ 
PT P— prnre, “) treat the one ambiguous event as if it were one-half 


positive track for a few events), vielded 25 events of 


>p+ptr, 17 events of )+p— pt+ut+n, and 
I i ] 


reaction (1) and one-half reaction 


p+p— priate, 
Pre Brite. 

We have measured the cross section for reactions (1) 

(3) for antiprotons of 1.61+.03 Bev/c. Reaction (4) 
is difficult to observe alone, but some measurements of 
the charge-exchange cross section have included this 
reaction. The details of the beam used in this experi 

ment are given in another paper.' 

Because many antiprotons annihilate into two 
charged pions plus several neutral pions (j+p— 7 
+a +n), it is extremely difficult to identify unam- 
biguously reactions (1)-(3) from a random sample of 
two-prong events. Therefore, in order to study reactions 
(1) and (2) we have analyzed only those events in 
which the negative secondary produces a four- or a 
six-prong event. One of these connected events is 
shown in Fig. 1. A six-prong secondary event is nearly 
certain to be an annihilation of an antiproton. Since 
almost all secondary four-prong events produced by 
pions can have at most one associated neutral pion, 
they can be identified by kinematic analysis. 

In a total of 21.000 antiproton interactions in the 
72-in. hydrogen bubble chamber, there were 495 con- 
nected events of this type. A careful scanning-table 
measurement of these enabled us to identify almost all 
the elastic scatterings among these events. The 
Franckenstein measuring projector was used to measure 
the remaining 55 candidates for the inelastic reactions. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission 

t On leave from the Viet-Nam Atomic Energy Office, Saigon,  Fyg, 1, A bubble chamber picture of one of the $+ > p-+n+2+ 
Seuth Viet-Nam. _ : ’ ; ; events with the antiproton subsequently annihilating. 

'J. Button, P. Eberhard, G. R. Kalbfleisch, J. E. Lannutti, . an 
G. R. Lynch, B. C. Magli¢é, M. L. Stevenson, and N. H. Xuong, 2A. H. Rosenfeld and J. N. Snyder, University of California 
Phys. Rev. 121, 1788 (1961 Radiation Laboratory Report UCRL-9098, 1960 (unpublished). 
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Fic. 2. The differential p-p elastic scattering as measured by 
three experiments near 930 Mev. The solid curve is an optical 
model fit to the data of the type described by Elioff e# al.‘ (Ref. 4 


In order to study reaction (3), we analyzed the 81 
two-prong events which were possible associated with 
three-, five-, or seven-prong stars. Many of these stars 
were found not to be associated with any visible 
interaction. Many others were associated with a zero- 
prong event in the same frame and were produced by 
antineutrons from the reaction p+p— vi+n. Careful 
kinematic analysis showed that only 19 of these events 
were the reaction p+p— p+fitr. 

To calculate the cross section of the inelastic processes 
from these events with secondary annihilations it was 
necessary to assign a weight to each event. This weight 
was equal to the reciprocal of the average probability 
that the antinucleon from such an event would produce 
an annihilation with more than two charged prongs in 
the 72-in. chamber. For an antiproton with a momen- 
tum equal to the beam momentum in this experiment, 
the calculation of this probability is straightforward 
because we have measured the fraction of antiproton 
interactions that are four- or six-prong events. To 
extend this to all energies we used the measured total 
p-p cross sections® for reactions (1) and (2), and for 
reaction (3) we used the measured j-mn cross section,' 
assuming on the basis of charge independence that this 
is equal to the 7i-p cross section. We took the annihi- 
lation cross section to be r(A+0.975 f)?, a form which 
agrees with the experimental data. To predict what 
fraction of the annihilations had more than two charged 
prongs, we used a Lorentz-invariant Fermi statistical 


*T. Elioff, L. Agnew, O. Chamberlain, H. Steiner, C. Wiegand, 
and T. Ypsilantis, Phys. Rev. Letters 3, 285 (1959); R. Armen- 


teros, C. H. Coombes, B. Cork, G. R. 
Wentzel, Phys. Rev. 119, 2068 (1960). 

‘ T. Elioff, thesis, University of California Radiation Laboratory 
Report UCRL-9288, 1960 (unpublished). 
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model with an interaction volume of five times the 
volume having a radius of one pion Compton wave- 
length. Such a statistical model fits fairly well the 
observed charged pion multiplicities. 

After weighting, we estimated the number of each of 
these events in the film. Reaction (1), 331464; (2), 
236+56; (3), 208+48. No event was observed for the 
reaction p+p— p+pt+at+n- or for the reaction 
p+p— i+n+n++2- with a subsequent annihilation 
of the antinucleon with more than two charged prongs. 
This sets an upper limit of about 0.1 mb for the cross 
section of these reactions. 

After correcting for scanning efficiency and making 
use of the known antiproton-proton cross section,’ we 
obtained 


o(p+pt+r")= 1.6 +0.3 mb, 
o(p+n+nt)=1.15+0.3 mb, 
a(p+n+nx-)=0.96+0.22 mb. 


If either the isobaric model® or the statistical model® is 
assumed, the cross sections for reactions (1) and (4) 
are equal. On the basis of the assumption that they are 
indeed equal, the total inelastic cross section is gjne1 
=5.3+1 mb. It is interesting to note that this value 
is small compared with the nucleon-nucleon inelastic 
cross sections. These cross sections’ are 21+1 mb for 
the sum of the proton-proton inelastic reactions and 
21+4 mb for the sum of the neutron-proton inelastic 
reactions at this energy. 

The sum of the inelastic plus the annihilation cross 
sections at this energy has been measured* as 56-2 mb. 
Therefore the annihilation cross section is 5143 mb. 
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Fic. 3. Angular distribution of neutral pions from 
the reaction p+) — p+p+7°. 

6S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. Letters 
5, 24 (1960). 

®J. McConnell, Fordham 
communication). 

7A. P. Batson, B. B. Culwick, J..G. Hill, and L. Riddiford, 
Proc. Roy. Soc. (London) 251, 218 (1959). A. P. Batson, B. B. 
Culwick, H. B. Klepp, and L. Riddiford, Proc. Roy. Soc. (London) 
A251, 233 (1959). 
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p-p INELASTIC 

Partly as a check on this method of measuring cross 
sections, we calculated the differential elastic cross 
section from the elastic events in this sample of con- 
nected events. In about 70% of these elastic events the 
recoil proton stopped in the chamber, and the scanning- 
table measurement of its range gave a determination 
of the center-of-mass angle to a precision of less than 
1 deg. For those events in which the proton did not 
stop in the chamber, the accuracy of the center-of-mass 
angle determination was about 3 deg. Figure 2 shows 
how these measurements agree with previous measure- 
ments of the elastic-scattering differential cross section 
in the forward diffraction peak at this energy. In 
addition to these events in the forward peak, there 
were 10 events with center-of-mass angles fairly evenly 
distributed between 50 and 152 deg, and there were 
five events in the far backward region with center-of- 
mass angle greater than 152 deg, where the antiproton 
has such a low energy that it usually stops inside the 
chamber. The partial cross sections for these regions are 
oa(S50 to 152 deg)=1.4+0.5 mb, and o,)(152 to 180 
deg) =0.05+0.02 mb. 


TEST OF CHARGE-CONJUGATION INVARIANCE 
IN STRONG INTERACTIONS 


Many experiments test parity conservation in strong 
interactions. But, as far as we know, there is still no 
experimental test of charge-conjugation invariance in 
strong interactions; that is to say, there is no published 
experimental result which is predicted by charge- 
conjugation invariance and is not also predicted by 
some other generally accepted symmetry principle.* 
Bernstein and Michel’ have pointed out that one way 
of testing C conservation in strong interactions is to 
look for the decay of the x° into three photons. This 
decay mode is forbidden by charge-conjugation invari- 
ance. The experimental upper limit for the branching 
ratio for this decay mode is about 1%.” This limit is of 
insufficient accuracy to test C conservation in 7° decay 
because one would expect the three-photon decay to be 
less than the two-photon decay by a factor of e/hc= 
1/137 even if the’C-conserving amplitude and the 
C-nonconserving amplitude were equal. 

For an unpolarized beam and target, the p+p 
system is invariant under the operators CP or CR, 
where R is a rotation of 180 deg around any axis 
perpendicular to the direction of motion of both the 
p and p. We assume R invariance to be true and 
therefore treat a test of CR as a test of C alone. For 
reaction (1), C and CP both make the following 
predictions in the center-of-mass system: (a) The 
angular distribution of the x° is symmetric about 90 deg; 
(b) the angular distribution of the proton is equal to 


8 Gerson Goldhaber has communicated to us that his group 
is making a test of charge-conjugation invariance by looking 
at the pions from antiproton annihilations in propane. 

’ |. Bernstein and L. Michel, Phys. Rev. 118, 871 (1959) 

Rk. P. Ely and D. H. Frisch, Phys. Rev. Letters 3, 565 (1959). 
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Angular distributions of protons and antiprotons from 
the reaction p+ p — p+p+r°. 


the reflection of the angular distribution of the anti- 
proton; and (c) the energy distributions of the proton 
and the antiproton are identical. 

Figures 3 and 4 show that the angular distributions 
agree very well with these predictions. The 7° distri- 
bution seems to be isotropic. The other distributions 
are very anisotropic. The antiproton tends to go 
forward and the proton tends to go backward relative 
to the incident antiproton. Figure 5 is a Dalitz plot of 
the p+p+7° events. There is fairly good agreement 
with the predictions of C and CP, which is that there 
will be symmetry about the diagonal line at which the 
proton and antiproton have the same energy. 

The final states in reactions (2) and (3) are charge 
conjugates of each other. Pais has shown" that CP 
conservation predicts 


W (E50 5.E nOnPpn)=W (Ep, t—Op, En, 7—On, bya), 
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Fic. 5. Dalitz plot of p+) The area of each 
circle is proportional to the statistical weight assigned to the 
event. The dashed lines outline the horizontal and vertical bands 
corresponding to the energy of the recoil nucleon or antinucleon 


2 


if an isobar in the 3-3 resonan 
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e is formed 


1A. Pais, Phys. Rev. Letters 3, 242 (1959 
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Fic. 6. Dalitz plot of *ptn+x* (solid 
and p+p— p++ (open circles). The area of each 
circle is proportional to the statistical weight assigned to the 


event. The dashed lines are the same as those in Fig. 5. 


the reactions p+/ 
circles 


and that CR conservation predicts 


W (E5,95,E nOn,0pn)=W (E>, r—9p, Ex, r—On, —pa), 


where & and @ are the energy and center-of-mass angle; 
¢12 is the azimuthal angle in the plane normal to the 
incident antiproton direction between particle 2 and 
particle 1; W(4,,0:,£21,92,¢12) represents the relative 
probability of finding particles 1 and 2 with these 
energies and angles. By integrating over all or some of 
the variables we get the relations 


a(p+n+nr*)=ol(ptnt+er 
W(E;,E,)=W (E,,Ea), 


W (0;)=W (x—6, W (0,)=W (r—8,) 


as predic tions of either C or Cr. If Cr is conserved, 
we have W(¢5,)=W(@,a), whereas if C is conserved, 
we have W(¢5,)=W(—@,,). In this analysis any two 
of the three particles could have been used. Therefore 
the prediction W(6,+)=W(r—8, 
and CP. 

We have already seen that the two cross sections are 
in agreement as predicted. Figure 6 is a Dalitz plot of 


is also made by C 
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Fic. 8. Angular distributions of neutrons and antineutrons from 
the reaction p+ p — p+n+-* and p+n+c-. 


these two reactions. A good many more events have a 
high-energy w+ than have a high-energy 7. However, 
the difference between the two distributions does not 
seem to be statistically significant. Figures 7-9 show 
the angular distributions of all the products of these 
reactions. The symmetries predicted by C and CR are 
observed. 

In all the above tests the predic tions of C and CP 
are identical. It is in the distribution in the angle @ 
that these predictions differ. Figure 10 shows the $5, 
and the ¢,, distributions. The prediction of C is that 
the two distributions should be reflections of each other. 
Within the statistics the data are in agreement with 
each of these predictions. Although these statistics do 
not make possible a very accurate test of charge 
conjugation, the results do illustrate a method for 
testing this symmetry principle in strong interactions. 


INTERPRETATION OF THE RESULTS 


A statistical-model calculation’ predicts the ratio 
4:5:5:4 for the cross sections of reactions (1), (2), (3), 
and (4). The isobaric model® predicts the ratio 2: 1:1: 2. 
To check how well our data agree with these predictions, 
we averaged the cross sections for reactions (2) and (3) 
(because these two must be equal by CP invariance) 
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Fic. 9. Angular distributions of positive and negative pions fron 


the reaction p+p — p+n+-x* and p+nita-. 
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and compared this average with the cross section for 
reaction (1). Our results are consistent with the isobar- 
model prediction, the probability being 0.36 that our 
data should deviate from the prediction of this model 
as much as they do. This contidence level corresponds 
toa discrepancy of 0.9 standard deviation for a Gaussian 
distribution. The data are rather inconsistent with the 
prediction of the statistical model, for which the 
probability is 0.026, which corresponds to a 2.2- 
standard-deviation discrepancy. 

The Dalitz plots for the three reactions show a fairly 
uniform distribution of events. If a pion-nucleon (or 
pion-antinucleon) isobar corresponding to the 3-3 
resonance were formed, the other antinucleon (or 
nucleon) would have a kinetic energy of 67431 Mev. 
This resonance is so broad that the horizontal and 
vertical bands which correspond to it (outlined by 
dashed lines on the plots) take up most of the area of 
the Dalitz plot. For this reason our energy distributions 
do not provide a very sensitive test of the isobar model. 

In Fig. 11 the angular distribution of each particle 
has been combined with the angular distribution of its 
antiparticle in accordance with the predictions of C 
and CP. In this case the pions do not seem to 
be isotropically distributed. Just as in the p-p-z° 
reaction, these reactions have the antinucleon going 
forward and the nucleon backward relative to the 
incident antiproton. The angular distributions of the 
protons and the neutrons look identical. This symmetry 
is not predicted by C, CP, nor charge independent e 
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Fic. 11. Angular distri 
butions of the products of 
pt+p— pt+nit+n and p 
+n-+x* after combination 
according to the predictions 
of CR and CP. 














alone. It would be predicted if the reactions proceeded 
through only one isospin channel, as is predicted in the 
isobaric model where the reaction must go through the 
[=] However, could still obtain this 
symmetry if the reactions involved both the isospin 
channels (0 and 1) but there was no interference at 
any angle. 


channel. one 
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Double Cloud-Chamber Investigation of 500 m, Particles in Cosmic Rays* 
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rhe Princeton double cloud chamber was used to investigate the mass spectrum of long-lived cosmic-ray 
particles between the u-meson and the proton masses. It was operated at two locations: (1) Echo Lake, 
Colorado (3250 m altitude and 42° geomagnetic latitude); (2) Princeton, New Jersey (sea level). The 
upper cloud chamber operated in a magnetic field of 5500 gauss. The lower chamber contained 7 copper 
plates of 1.27 cm thickness each. The range of a stopping particle was between 120 and 200 g/cm?Cu 
equivalent. No production layer was used. At Echo Lake a water Cerenkov counter was included in the 
counter arrangement to bias against 1 mesons. The mass of every stopping particle was determined from 
momentum and range. A measurement of the ionization by droplet counting was possible in the upper 
chamber. No particle of about 500 electron masses was found in either run as compared to an equivalent 
flux of about 1000 stopped u mesons at Echo Lake and 1500 stopped wu mesons at Princeton. These results 


are in disagreement with the Alikhanian experiment. 


INTRODUCTION 


HE existence of cosmic-ray particles of about 
500 electron masses has been reported several 
times in the literature over the last ten years.’~* But 
it is primarily the work of Alikhanian ef al.2 which 
aroused so much interest in these particles. At 3200 m 
altitude and 32° geomagnetic latitude they operated 
two cloud chambers separated by a magnetic spec- 
trometer in order to investigate the mass spectrum of 
cosmic radiation. The mass of particles stopping in 
the lower multiplate chamber was determined from 
momentum and range. The upper multiplate chamber 
served to detect the origin of the tracks. The range of 
stopping particles was between 55 and 96 g/cm? Cu 
equivalent. In a series of measurements Alikhanian 
et al. observed 255 u mesons and 10 particles of about* 
500 m,. (9 negative and 1 positive). These particles 
were not locally produced. Their apparatus was biased 
in favor of heavy particles. They calculated that the 
equivalent u flux was 1160 u mesons. 
Since 1956 many attempts have been made to 
verify the existence of the X particle.*"? The present 


* This work was supported by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 


1J. G. Wilson, Progress in Cosmic-Ray Physics (Interscience 
Publishers, Inc., New York, 1954), Vol. II, Chap. ITI. 

2A. I. Alikhanian, N. V. Shostakovich, A. T. Dadaian, V. N. 
Fedorov, and B. N. Deriagin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
31, 955 (1956) [translation: Soviet Phys.—JETP 4, 817 (1957) ]. 

7G. K. Lindeberg, thesis, Princeton University, 1957 
(unpublished). 

* The particle of about 500 m, will hereafter be called X particle. 

5 A. L. Hodson, J. Ballam, W. H. Arnold, D. R. Harris, R. R. 
Rau, G. T. Reynolds, and S. B. Treiman, Phys. Rev. 96, 1089 

1954). 

§ 1958 Annual International Conference on High-Energy Physics 
at CERN (CERN Scientific Information Service, Geneva, 1958), 
p. 153. 

7P. A. Piroué, Thése No 

unpublished). 

8 J. W. Keuffel, R. L. Call, W 
Phys. Rev. Letters 1, 203 (1958 


1289, Université de Genéve, 1958 


H. Sandmann, and M. O. Larson, 


experiment is one of these. The first series of measure- 
ments has already been reported.*:’? The main feature 
of the present experiment is that it duplicates almost 
exactly the Alikhanian experiment. The techniques 
used to detect particles are identical and, as far as 
our first series of measurements is concerned, it was 
carried out at almost the same altitude, geomagnetic 
latitude, and particle energy. 


EXPERIMENTAL ARRANGEMENT 


During the period 1957-1959 the Princeton double 
cloud chamber® was operated at two locations: (1) 
Echo Lake, Colorado (3250 m altitude and 42° geo- 
magnetic latitude); (2) 
level). 

The upper chamber was in a magnetic field which 
averaged 5500 gauss and was used to measure the 
momentum of particles. It was filled with a mixture of 
90% helium and 10% argon (by volume) so that 
ionization measurements by the method of droplet 
counting were possible. The lower chamber contained 
7 copper plates, 1.27 cm thick each, representing a 
total range of 79.1 g/cm’. It served to measure the 
range of stopping particles. Each chamber was photo- 


Princeton, New Jersey (sea 
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DOUBLE. CLOUD 
graphed by two cameras at a stereoscopic angle of 17°. 
Particles which traversed the upper chamber and 
stopped in the lower one had a range between 120 and 
200 g/cm? Cu equivalent. 

The expansion of both chambers was counter- 
controlled. The experimental setup is shown in Fig. 1. 
Trays of Geiger counters are represented by A, B, C, 
D, E, and F. Trays A, B, and C are in coincidence. 
They insure that the incident particle is within the 
useful solid angle. Trays D, E, and F are in anti- 
coincidence. Counter D insures that only stopping 
particles will trigger the chambers while counters E 
and F are guard counters to eliminate wide showers. 
At Echo Lake a water Cerenkov counter functioning 
as a velocity selector was included in the counter 
arrangement in order to bias against very fast particles, 
thereby enhancing the number of heavy particles 
detected compared with the number of u mesons: It 
was used in anticoincidence. Since the events reported 
by Alikhanian showed a complete lack of local produc- 
tion, no production layer was used. Therefore the 
chambers were primarily triggered by single particles 
stopping in the lower chamber. 

Our apparatus was biased in favor of the detection 
of heavy particles since the magnetic field sweeps out 
some of the light particles that would have stopped in 
the lower chamber. The Cerenkov counter and multiple 
scattering added to this bias. For each run we calculated 
the ratio R of the recording efficiencies of the X 
particles and the w mesons. The number of X particles 
is then compared to the “equivalent w flux” which is 
the number of stopped ~ mesons multiplied by the 
ratio R. 
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Fic. 1. Experimental setup for the Echo Lake run. 
The Cerenkov counter was not used at Princeton. 


CHAMBER 


INVESTIGATION 


250 
c 
t 


Echo 


aN 


300 400 500 


Lake Run 


ny 
°o 
ie] 


8 
< ee oe 


Number of particles per Bm, 


ovwwre eres eee 


Mass in Me 


Fic. 2. Mass histogram representing the distribution of 
measured masses for the particles observed at Echo Lake. The 
mass interval Am, is 25 m, for the u mesons and 200 m, for the 
protons. 


ANALYSIS PROCEDURE 


The mass of a stopping particle was determined from 
momentum and range. The conditions of acceptance 
of an event were the following: 


(1) The four stereoscopic photographs (two per 
chamber) must be of good quality and the track of the 
particle must appear on each photograph. 

(2) The track ionization in the upper chamber must 
be consistent with the mass of the particle as determined 
from momentum and range. 

(3) The track in the upper chamber must be properly 
aligned with the track in the lower chamber, taking 
into account the fringing magnetic field between 
chambers. 

(4) In the lower chamber scattering angles and 
ionization between plates must be compatible with the 
mass of the particle as determined from momentum 
and range. 

(5) The particle must not have undergone any 
visible nuclear interactions in the plates. 

(6) The particle must have stopped well within the 
limits of the illuminated region. 


The six conditions were checked by visual inspection. 
In the case of conditions (2)-(4), and (6) detailed 
measurements were made only for approximately 5% 
of the events, chosen at random. However, we were 
consciously biased in favor of X particles. For instance, 
if momentum and range measurements gave a mass 
between the proton and the u-meson masses, a detailed 
study of origin, scattering and ionization was performed 
even if one or more of the above six conditions was 
not met. This bias was introduced in order to make 
sure that no X particle was accidentally overlooked. 
A x or uw meson leaving the illuminated region without 
stopping or a 7 meson undergoing a nuclear interaction 
will appear to have an anomalously high mass as 
determined from momentum and range alone. 
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Fic. 3. Mass histogram for the Princeton run. The mass 
interval Am, is the same as in Fig. 2 


RESULTS 


Echo Lake run (for which the ratio R of the recording 
efficiency of mass-500 particles to » mesons was 
2.4+0.4). Among 16300 pictures we found 4324 
mesons (possibly including a few zm mesons), 620 
protons and no particle of intermediate mass. Figure 2 
shows the corresponding histogram. Therefore no 
particle of about 500m, was observed as compared to 
an equivalent yu flux of 2.4 432~ 1000 u mesons. 

Princeton run (for which R= 2.0+0.3). Among 8400 
pictures we observed 760u4 mesons (also possibly 
including a few + mesons), 187 protons and no particle 
of intermediate mass. Figure 3 shows the corresponding 
histogram. For this run the equivalent yu flux was about 
1500 u mesons. 

In both runs the range of a stopping particle was 
between 120 and 200 g/cm? Cu equivalent. 


INTERPRETATION OF THE RESULTS 


In order to compare the results of the present experi- 
ment with those of the Alikhanian experiment, we 
shall evaluate the 95% confidence interval for the 
X-particle flux relative to the u flux. 

Let F, be the uw-meson flux, Fx the 500m, particle 
flux, and A their ratio: 


Fx/F,,. (1) 


The distribution of particles in time is given by the 
Poisson distribution : 


ec *m'/r!, (2) 


where r is the number of particles observed in a given 
time and m is 7, the mean of the distribution. As, 
according to the Alikhanian experiment, the X particles 
are not locaily produced (similar to u mesons), it has 
become customary to compare the X-particle flux 
with the uw flux. If the number of X particles relative 


PIROUE, 


AND REYNOLDS 
to the total number of XY and yw mesons is measured 
then the binomial distribution should be used: 

Pus(p) =[n!p*(1—p)” ] si(n—s)!, 
where is the number of trials, i.e., the number of Y 
particles and uw mesons observed, s is the number of 
successes, i.e., the number of X particles observed, 
and p is the probability of the event ‘Y.” In these 
conditions it is easy to show that 


A= p/R(\—p), 


where R is the ratio of the recording efficiency of X 
particles to u mesons. The parameter # is obviously 
not known. All we can do is to find an estimate p* of p. 
It is quite straightforward to show that the maximum 
likelihood estimator * of p is the sample proportion 

pt=s/n, (5) 
and therefore 


A*= p*/R(1—p*). (6) 


The problem is now to determine a confidence 
interval'’ p,< p< p2 corresponding to a confidence 
coefficient 8. The interval 4;< A < Ag is then obtained 
from (4). If p is the chance of success in one trial, it is 
ordinarily assumed that the relative chances of 0, 1, ---, 
mn successes in m trials are distributed according to the 
magnitudes of the successive terms of the expansion 


(q+p)” ee, P= i. 


where g= 1— p. The expected number of successes is mp. 
Let s be the observed number of successes (s#0). 
In order to find the confidence interval pi < p< p2 with 
confidence level e=1—8, one may select p; so that the 
sum T of the last n+1—s terms of (7) is 4. Likewise, 
pz is then selected so that the sum D of the first s+1 
terms of (7) is $e. The quantities p; and p» are therefore 
solutions of the two following equations: 


n n , € 
=e 1 2 


8 n 
p-¥(") *(1—p \r 
=v 1 


Numerical values of p,; and 2 are obtained from tables. 

The special case s=0 is of particular importance 
since no X particle was found. When s=0, p*=s/n=0, 
but it does not follow that p=0. The interval pi< p< po 
for a confidence level « becomes 0< p< po, where pz» is 


May, Jr., 
(Handbook 


18 See, for example, R. S. Burington and D. C 
Handbook of Probability and Statistics with Tables 
Publishers, Sandusky, Ohio, 1953) 
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obtained from the equation 


0 Ti 
D=> ")pet—p (1—p2)"=e. 
mt 1 


The result is 
p2= i—e''*, 


and from (4) and (11) we find 
Ao= (1/R)(e"'""—1). 


The 95% confidence interval for the X-particle flux 
relative to the u-meson flux is obtained from (12) with 
e=1—8=0.05. For the Echo Lake run n=432 and 
R=2.4; hence 4A.~0.3%. For the Princeton run 
1.~0.2% (n=760 and R=2.0). 
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CONCLUSION 


On the basis of the results obtained at Echo Lake 
alone where the whole experimental arrangement was 
very similar to Alikhanian’s, we find that there is less 
than 1% chance that Alikhanian’s sample and our 
sample were drawn from the same population. If, 
furthermore, we include the similar results obtained 
at Princeton we can only arrive at the conclusion that 
Alikhanian’s evidence that the 500m, particle flux 
amounts to 0.5% of the u-meson flux is not supported 
by the results of this experiment. 


ACKNOWLEDGMENT 


We wish to thank Mr. Paul Botos who operated the 
apparatus at Echo Lake and Princeton. 


TrOBER 15, 


Theory of Nuclear Matter* 
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lhe methods of quantum statistics previously developed by the author are applied to the determination 
of properties of the ground state of nuclear matter. An expansion in powers of the pair-function of quantum 
statistics is made and expressions are derived for the momentum distribution, pair-correlation function, 
binding energy, and effective single-particle energies. The leading terms of these expressions can be inter 
preted in terms of an effective two-body interaction, and a model of nuclear matter which consists of 
interacting quasi-particles whose energies are the effective single-particle energies is thereby suggested 
The theory is compared with Brueckner’s theory and also with Landau’s phenomenological theory of the 


Fermi liquid 


INTRODUCTION 


HE nuclear many-body problem began in the 
nineteen-thirties with the observation that the 
binding energy per nucleon as measured for nuclei over 
the full range of the periodic table is roughly constant 
and of order —8 Mev. This property is in direct contrast 
with the behavior of a system with long range forces in 
which the energy increases with the square of the 
number of particles. It was therefore deduced, even 
before any scattering experiments were performed, that 
nuclear forces are short-ranged. With respect to the 
constant nuclear binding energies it was said that 
nuclear forces lead to “saturation.” The nuclear many- 
body problem later took on an additional spect when 
careful measurements of nuclear radii showed that the 
central density of nuclei was also essentially constant 
for all nuclei with nucleon number. 4230. As a con- 
sequence of these observations, the concept of nuclear 
matter was introduced, in which both the Coulomb 
forces between protons as well as surface effects were 
* Work supported by joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 
t Now at the University of Colorado, Boulder, Colorado. 


assumed to be absent, since the additional complications 
presented by these effects are easily understood in a 
quantitative sense. In nuclear matter the number of 
neutrons equals the number of protons and these two 
different states are characterized by the two projections 
of the isotopic spin quantum number /=}. 

With the concept of nuclear matter one is able to 
direct full attention towards understanding the phe- 
nomenon of the saturation of nuclear forces, and in fact 
one may consider the problem of infinite nuclear matter 
in this idealization. It is a solution of this problem to 
which the efforts of the present paper are directed. 

An important measurable property of large nuclei is 
the momentum distribution (7(k)) of the nucleons. 
Although measurements of (71(%)) do not abound in the 
literature, it is known for light nuclei that there is a 
long tail in the distribution.’ For very heavy nuclei, 
however, it is expected that the momentum distribution 
falls off rapidly for momentum values k> kr, where kp 
is the maximum momentum of the corresponding ideal 
Fermi gas. This expectation is based upon the success 

1 E. M. Henley, Phys. Rev. 85, 204 (1952); J. B. Cladis, W. N. 
Hess, and B. J. Moyer, Phys. Rev. 87, 425 (1952). 
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of the shell model, and it suggests that the momentum 
distribution in the ground state of nuclear matter may 
be approximated by an ideal Fermi distribution vp(k) 
in calculations of nuclear properties. The idea is, in 
fact, the basis® of the well-known Brueckner theory of 
nuclear matter in which it is assumed that a pertur- 
bation theoretic treatment of nuclear forces, starting 
from the ideal gas state, can lead to the correct expres- 
sion for the binding energy per nucleon of nuclear 
matter. In any method based on this idea one only needs 
to calculate the ‘‘interaction energy,” since the kinetic 
energy is given by (3/5)Er, where Erp=??kp*?/2M [see 
Eqs. (67) and (38) ]. 

In the present investigation, it was felt that a 
thorough understanding of the momentum distribution 
should precede any attempt to calculate the ground- 
state energy of nuclear matter. Available for this 
purpose were the methods of quantum statistics in which 
distribution functions are readily related to the density 
matrix, which is then related to the grand partition 
function in the theory of the grand canonical ensemble. 
Thus, one is led to introduce the concept of a tem- 
perature 7 for nuclear matter in which the ground 
state is to be associated with the temperature T7=0. 
Proceeding along these lines, a general prescription for 
calculating the momentum distribution of a very low 
temperature Fermi system was developed’ by extending 
the quantum statistical methods of Lee and Yang.‘ It 
was shown that the momentum distribution and all 
intensive thermodynamic quantities can be calculated 
from expansions in which the weighting (or distribution) 
function in momentum state sums is the temperature- 
dependent function. 


exp8[gq—w’(k 


1 +exp8lq—w' (k 


w’ (k)= hk? /2M+-A(k,8), 
and where q is the thermodynamic potential of Gibbs. 
It was also shown that for a low-density Fermi gas 


p=2"'>D, v’(k), 


where p is the particle density, and therefore that 
v'(k) > ve(k) as T— 0 is the free Fermi momentum 
distribution in this case. In Sec. I the general results of 
this investigation are reviewed and the procedure for 
applying these results to an actual Fermi system is 
outlined. 

In Sec. II the leading contributions to (n(k)) and 
w’(k) are both determined for nuclear matter in an 
expansion in powers of the “pair-function” (12) of 


2K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955); H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

3 F. Mohling, Phys. Rev. 122, 1043 (1961), hereafter referred to 
as I; 122, 1062 (1961), hereafter referred to as II. 

4T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959); 117, 
22 (1960), hereafter referred to as LY IV. 


quantum statistics. It is shown quite generally that 
w’(k) is the energy-momentum relation for nucleons 
near the Fermi surface, and that up to and including 
two-pair terms v’(k) is the free Fermi momentum dis- 
tribution (the exact expression for (#(k)), Eq. (29), 
is rounded off from the free-particle form). It is also 
shown in Sec. II that in the low-temperature limit the 
pair-function expansion is equivalent to an expansion 
in powers of the function 


Qi(kike kak) 


defined by Eq. (13). This function can be explicitly 
calculated in terms of the wave functions of the two- 
nucleon system, as is exhibited by Eqs. (10) and (11). 

In Sec. III the expansion of the energy of nuclear 
matter to second order in Qi(kike k3ks) is derived. 
Then in Sec. V, Eqs. (73) and (74) it is shown that the 
function Qi (kik. k3ksy) can be exhibited as the matrix 
elements of a reaction matrix G; which is defined in 
terms of the two-body interaction V. This step facili- 
tates comparison with the Brueckner method® which 
makes use of a different reaction matrix Gg. Thus, the 
difference between the present theory and the one de- 
veloped by Brueckner lies in the use of different reaction 
matrices as expansion functions. 

In Sec. IV an expression for the pair-correlation 
function in nuclear matter is derived, and the (leading) 
second order terms in q; are exhibited in Eq. (61). 
Although the first equation in this section can be 
readily understood by the casual reader, the rest of the 
section relies heavily on notation and concepts of II. 

The purpose of deriving an expression for the pair- 
correlation function is so that one can unambiguously 
write down an approximate wave function for nuclear 
matter. This is done in Sec. VI, and it is shown there 
that the preceding results can all be interpreted in terms 
of a quasi-particle model of nuclear matter. These 
quasi-particles behave like free Fermions, with their 
energy-momentum relation given by w’(k). The energy 
of nuclear matter, however, is calculated not by per- 
forming the sum ).,w’(k)v’(k), but by taking into 
account the fact that the quasi-particle interaction 
energies A(k) arise as a result of the mutual interaction 
between all the nucleons [Eqs. (81), (84), and (85) ] 
Thus, the theory is analogous to the generalized 
Hartree-Fock procedure developed from perturbation- 
theoretic treatments. 

The present theory is also quite analogous to the 
Landau theory of the Fermi liquid® in that the relation 
between the binding energy and the quasi-particle 
energies is the same. An important distinction arises, 
however, when one considers the distribution functions. 
Whereas in the Landau theory the quasi-particle 

®K. A. Brueckner, in The Many-Body Problem (John Wiley & 
Sons, New York, 1958), pp. 47-164 

6 A. A. Abrikosov and I. M. Khalatnikov, Reports on Progress 
in Physics (The Physical Society, London, 1959), Vol. XXII, 
p. 329. 
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momentum distribution is given by v’(k), it is shown 
here that the quasi-particle momentum distribution is 
(n(k)) of Eq. (29) and not the “average function” v’(z). 
The present treatment is also applicable to a large finite 
box of nuclear matter (A>>1) as well as to infinite 
nuclear matter. 

The usual model for the two-nucleon interaction 
consists of a repulsive core outside of which are located 
the complex nuclear forces deduced from scattering 
experiments. When the core is assumed to be infinitely 
repulsive, then the model presents a special case to the 
theory and in the Appendix it is shown how the results 
of this paper may be generalized to include this mathe- 
matical idealization. 

The question of convergence of an expansion of the 
physical quantities of nuclear matter in powers of 
1 (kiks| k3k,) is reserved for a later paper. It is shown in 
Sec. II of this paper that the theory is restricted to the 
density region of nuclear matter for which 


q<4 (binding energy of deuteron). 
This restriction permits a wide range of densities in- 


cluding the observed equilibrium density. 


I. APPROACH OF QUANTUM STATISTICS 


In quantum statistics we begin with a general ex- 
pression for the grand partition function from the 
theory of the grand canonical ensemble: 


(1) 


exp(Q/)= X [exp(8q) ]* TryLexp(—BH™?) ], 
N =() 


where Q is the volume of the system under consideration 
and 8= (kT) refers to its temperature. The symbol 
Try indicates that the trace of exp(—SH’) is to be 
taken over a complete set of symmetrized or antisym- 
metrized .V-particle state vectors. Moreover, we assume 
in this paper that the .V-particle Hamiltonian H“? 
includes only two-particle interactions. The quantity / 
is called the grand potential and it is an intensive 
quantity. Finally, a quantity of great importance in the 
theory is the thermodynamic potential per particle q. 
It is defined by the thermodynamic relation 


OR )| 


a(N) or 


where (/:), (S), and (.V) are, respectively, the average 
energy, entropy, and number of particles of the system 
and p=(.V)/Q is its density. The quantity @ is the 
pressure. These thermodynamic quantities can all be 
calculated once the grand potential is known, by using 
prescriptions involving various partial derivatives of /f. 


CLEAR MATTER 


For example, the energy per particle is given by 


(I Of 
age. (3) 

(N ) 0B 

The distribution functions such as the momentum dis- 

tribution (,) and the pair correlation function (,2,-) 

can also be calculated from the grand potential. 

Using the well-known method of Ursell,’ it has been 
shown by Lee and Yang! that the grand potential can 
in general be expressed as a functional of the free particle 
quantity 

exp8[g—w(k) | hek? 
v(k) =———___— : = 
1—e exp6[q—w(k) | 2M 


w ( 


(4) 


where e= +1 for Bose statistics and e= —1 for Fermi 
statistics (we henceforth take e=—1). Now, the quan- 
tity v(k) is the true momentum distribution for free 
particles. On the other hand, for a zero-temperature 
bound system at equilibrium (®=0), the thermody- 
namic potential is equal to the binding energy [see Eq. 
(2) ], and v(k) vanishes identically. For such a system, 
and indeed for any low-temperature physical system, 
v(k) is totally unrelated to the true momentum dis- 
tribution. We therefore cannot expect to be able to 
calculate thermodynamic quantities very well as long 
as the grand potential is expressed as a functional of 
v(k). 

In an attempt to gain an understanding of the role 
of the momentum distribution in a low-temperature 
Bose system, Lee and Yang‘ were led to introduce + 
quantity .V(k) defined by 


V(k) = {expBq—w(h) ]} [1+ €(n(k)) ]. 


(5) 


They then showed that the grand potential could be 
written as a functional of the ‘‘more-physical”’ quantity 
V(k) instead of v(k). Their work was extended by the 
present author® and it was shown that one can explicitly 
identify those terms in V(k) which give large contri- 
butions for a very low-temperature Fermi system. 
Moreover, the terms identified were shown to be ex- 
plicitly summed wherever they appear in V(k) (and 
also in the grand potential) by means of the A trans- 
formation defined in II. Thus, after the A transforma- 
tion, the grand potential is expressed as a functional 
of the quantity 

V'(k) = {expBlg—w’(k) ]} [1+ €(n(k)) ], (6) 
where 


w’ (k) = w(k)— €A(k,B). (7) 


We call w’(k) the effective single-particle energy of the 
system corresponding to the momentum &. The pre- 
scription for calculating A(4,8) is given in II. 

Before the A transformation, the grand potential is 
expressed entirely in terms of V(k) and symmetrized 
matrix elements of the operator 


7D. Ter Haar, /:lements of Statistical Mechanics (Rinehart and 
Company, Inc., New York, 1954 
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R (tot) _— {exp (42H : 

Oly 

Xexpl— (4-4) H® | exp(—4Ho®)}, (8) 
where Ho? is the free, two-particle Hamiltonian. In I, 
Eq. (70), we have written these symmetrized matrix 
elements as 


MOHLING 


where k= (k,m,q) denotes momentum, ordinary spin, 
and isotopic spin state coordinates and P denotes the 
principal value. The summation }°ksk¢ is over all states 
of the two-body Hamiltonian H®, including any 
bound states. The particular form which this and sub- 
sequent expressions takes when the two-particle inter- 
action includes an infinite repulsive core is discussed 


in the Appendix. The quantities f, and fe are well- 


"r kiks 
= (ky k2| R(t2,t1) ksks 
kok. de | _ 
+ €(kik2| R(to,t1) | Raks) 
‘ Lexpii (a: +w2—w3—ws) | fi(Rike| Rsks) 


+ > Lexple(w + wo—ws5— we) ] 
keke 


defined functions which depend only on the two-body 
wave function corresponding to the interaction con- 
sidered. We have shown in I that in general f; and fe 
can be expressed in terms of the two-body reaction 
matrices (k| A“) | ko) each of which is equal to tané, (ko) 
; 7 on the energy shell, where 6;(ko) is the phase shift of 
XLexphi(os tae the Lth partial wave. We first exhibit the conservation 
of momentum and density of states factors in f; 
and fo. 


X fol kik | Rske| k EOP ( 


fi (Ryke| Ryka) =6 (ky +h— ky — ky) [(2)?/2]°F (hie | besa), 


fo(Rik2| keke k ks) =6 _ (k, +k.o—k;—k,)d 3 (ki +k.—k;—kg)[ (27)* 84 |*f (Ry 4. k 4 


From I we then obtain explicit expressions for /; and f, for the case of a spin-independent interaction: 


x 
m4Oq14 bya (2L+1) Pr (My2- fisg) Ryo (Ra4| A 
L= 


cos 6 kh, 
+ (antisymmetric expression 


n 0mm 40919309204 b (2L+1)P; (Myo: N34) R567 CR | Ree 


= 


(11) 


ks¢) Cos*6, (Rs) + (antisymmetric expression) for continuum states, 


7 sOg1y 5q204 >, (2L+1)P (hyo: Rie lk 4 ( ky." 


L 


a 
Fie 


X yz. (Ri2)byr (Roa) + (antisymmetric expression) for bound states. 
In this last equation the bound-state energies are related to y*? by w(y)= —f*y*/M. The functions ¢,,(%) are the 
Fourier transforms of the radial bound-state wave functions as defined by Eq. (1.74). 

The expression given as Eq. (9) is called a pair function, and before the A transformation the interaction terms 
in the grand potential are expressed in terms of pair functions. Similarly, after the A transformation the interaction 
terms in the grand potential are expressed in terms of transformed pair functions detined as follows 
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The quantity v(k) of Eq. (4) is also changed by the 
A transformation to a quantity v’(&) which is given by 
the expression 


exp8lq—w’(k) | 
l—e exp q—w’(k) ) 


v'(k)= (14) 


Moreover, the quantity .V’(k) of Eq. (6) can be 
generated from v’(k) with the aid of the integral 
equation 

: 


V'(k)=v'(k) rv") f dt L'(B,R,N’)}. (15) 


0 


Upon combining Eqs. (6) and (15), one then obtains 
for the momentum distribution the general expression 


n(k))= v'(k)+ev'(k) [14 ev’ (k) | 


8 


xf dt L'(B,t,R,N’). (16) 


The general prescriptions for calculating L’(t,t;,k), 
A(&,8), and the grand potential f are given in II. These 
may be explicitly calculated as power series in v’(k) 
and the transformed pair-function as soon as one deter- 
mines these two functions for a particular system. 

In order to proceed, it is necessary to make two 
assumptions concerning the behavior of A(&,3) and 
v’(k); namely, 


(1) A(k,B)— A(k)=finite as B 


Q7 Y(n(k))=Q27 De v'(R). (17) 
These assumptions must always be checked during any 
calculation. Thus, although assumption (2) appears in 
the present theory to have a general validity, it cer- 
tainly has not yet been proved to all orders of the pair- 
expansion mentioned above. Indeed, it may only be 
approximately true. 

The implication of the above assumptions can be 
seen immediately. Thus, with the aid of Eq. (14) we 
see that assumption (1) implies that in the zero- 
temperature limit v’(k) can only take on the values 
zero or one. We next define the Fermi energy /r by 
the expressions 


(2) p 


p= (6r’) 1 (2S+1)(27+1) ky, Ep Sik’ /2M, (18) 
where S is the intrinsic spin of a Fermion in the system 
and J is its isotopic spin. Using this definition we 
investigate the significance of assumption (2) above. 
The possible functional forms of v‘(k) at 7=0 are 
indicated in Fig. 1. The definition (18) fixes the scale 
of the parameters of Fig. 1 in terms of Fr. If cases (b) 
and/or (c) are permitted in the calculation of A(&,8), 
then the extra parameters must be determined by 


NU 


C 


LEAR 


Fic. 1. Possible functional 
forms of »’(k) at T=0. (a) 
A free Fermion momentum 
distribution. (b) A momen 
tum distribution with a gap. 
(c) A momentum distribu 
tion which depends upon 
the spin projection along 
some preferred direction of 
the system. (If no direction 
is preferred, then this case 
may occur for an arbitrary 
direction). 
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minimizing the system energy with respect to their 
variation. Of the three possible cases, the one which 
gives the lowest energy is then the one which must be 
chosen. The function »’() can, in general, also depend 
upon the direction of k as well as upon its magnitude,° 
but in this paper we shall for simplicity consider only 
“spherical” distributions and case (a) of Fig. 1. For this 
situation it is a simple consequence of assumption (2) 
that the thermodynamic potential at 7=0 is given by 


q w'(k; ) Er Atk; ). (19) 


With the above discussion in mind outline a 


general procedure which can be used to calculate the 


we 


physical quantities which characterize a low-tempera- 
ture Fermi system. By “calculate” we shall always 
mean an expansion in powers of the transformed pair 
function (12) and the quantity v’(k). That this is a 
natural expansion is Clear; that it is a convergent one can 
only be checked by explicit calculation for a given 
system. 
Outline of Procedure 


(1) Make the assumptions (1) and (2) of (17). 
(2) Determine L’(t2,4,k) using the prescription in IT. 
(3) Calculate the momentum distribution from Eq. 
(16). (4) Check assumption (2) of (17). (5) Calculate 
A(k,8) using the prescription in II, and then check 
assumption (1) of (17). The calculation involves solving 
a rather complex integral equation, because A(k,8) is 
functionally contained in the general expression (12) 
for the transformed pair function. This step is therefore 
the “‘self-consistency step” of the procedure. (6) Cal- 
culate the energy and other thermodynamic quantities 
of interest 

We note that this procedure can be applied to a large 
finite system, i.e., one for which the number of particles 
V is large (V>>1), as well as to an infinite system (one 
for which the density p remains finite as V, Q— «), 

The remainder of this paper will be devoted first to 
applying the above procedure to the nuclear many-body 
problem and then to interpreting the results obtained. 


$j.M Ward, Phys. Rev. 118, 1417 (1960). 


Luttinger and J. ( 
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Il. MOMENTUM DISTRIBUTION AND EFFECTIVE 
SINGLE-PARTICLE ENERGIES 


According to the procedure outlined at the end of 
Section I, we are to make assumptions (1) and (2) of 
(17) before proceeding with any calculations. We have 
seen that these assumptions enable us to specify the 
functional behavior of »’(k), Eq. (14), to one of the 
three cases of Fig. 1. For simplicity we select the free- 
Fermion distribution of Fig. 1(a) for the present 
analysis. We now show that a further consequence of 
the assumptions (17) is a physical identification of the 
single-particle energies when k= kp. 

Consider the second of the expressions (2) for the 
thermodynamic potential. Its meaning is that the 
separation energy of a single particle from a system, 
defined to be the difference between the equilibrium 
energies of two systems with (.V+1) and N particles at 
constant volume and temperature, is equal to g when 
N>>1. But if according to assumption (2) of (17) the 
average momentum distribution of a zero-temperature 
system is »’(k) (of Fig. 1a), then the separated particle 
must have a momentum k=kp. Moreover, according 
to Eq. (19) its energy can also be written as w’ (kr) =Q. 
Therefore, the energy-momentum relation for particles 
at the Fermi surface (k=k,) is given by Eq. (7), and 
it is plausible to call w’(k) the effective single-particle 
energy of the system for all &. We shall return to this 
point again in Sec. VI. 

We have shown in Sec. I that for a zero-temperature 
bound system at equilibrium, the thermodynamic 
potential is equal to the binding energy and is therefore 
negative. 

(E 
q(T=0=0) =’ (kp) =— <0 
v) 


(for a bound Fermi system). (20) 
If now we assume that w’(&) is a monotonically increas- 
ing function of k, we have the important result that the 
effective single-particle energies below the Fermi surface 
are all negative whenever qg is negative. This is the 
case for nuclear matter at its observed density. 

We next examine the temperature dependence of the 
transformed pair function (12). According to Eq. 
(11.68) this function only occurs when /:>1/;. Moreover, 
each contribution to the sum of the second term of 





DL’, (t,t kd=—-} DL 


kokaka 


Eq. (12) is ~exp(te—t)) (wi’+-a2’—ws—we) times the 
first term, where 


expt (w1/+we’ — w3— we) — for i~pB- =x 

when (w’+wo") < (wstwe). (21 ) 
But the sum over &; and kg is over all states of the two- 
nucleon system, and therefore 


(w5-++w6) minimum = (binding energy of deuteron). 


We now restrict our considerations to those densities 
of nuclear matter at T=O for which the thermodynami« 
potential is less than one-half the binding-energy of the 
deuteron, i.e., for which 
(22) 


§<} (binding energy of deuteron). 


Then, for example, 


te kik» , 
v’ (ky)v' (Re) | — Qi(Rkike kiko). 
St, ) 


1 

We see that this restriction immensely simplifies the 
calculation of L’(te,t;,k), A(%,8), and the grand poten- 
tial, because many terms with exponential factors of 
the type (21) become negligibly small in the low- 
temperature limit. And, of course, the condition (22) 
is indeed satisfied for nuclear matter at its equilibrium 
density. , 

We turn our attention to the calculation of L’(ts,t,,k). 
We write 


L’ (to,ti,k) = Ly’ (tat, k) + Ly’ (ta,t1,k) 
+ (3-pair terms)+- - -if 42>; 
= L<') (to,t),k) + (3-pair terms)+-- - 

if fg<t,, (23) 
where the N-pair terms are those in which V pair 
functions appear. Moreover, with the restriction (22) 
the one-pair term Ls’ (to,t;,k) not give an 
important low-temperature contribution. 

It is found in the lowest-order calculations of this 
paper that when /.>¢,, only the combination v’(k) 
< L’ (te,t1,k) ever occurs. Therefore, we only write down 
the expression Ly’® (t,t,,k:) for ki<kr. In this case, 
one obtains [with the restriction (22) ] 


does 


v'(ke)[1—v'(k ) IL1—v’ (Rg) JLexp(fo— th) (wy’ +a’ —w ‘’—w,') lai(k ky\ kik } 


1 
x[P(— are Jos (dats) + 5 r( a —) 
wi’ we’ —w;’ — wa’ kske wstwe—ws— wa’ 


1 
xP( ) fade abe ‘| 
wy, + (9) ’— ws— we 
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+4 > [1-— v’ (ke) |v’ (ks) v' (ks) exp ty (ws'+-w4' — wi’ — wr’) 
kakgka 
I j 
xP( : P )ax(ise k ka)Qs (Reka! Rik») 
wW TW4 —W1 —~We 


[1 —v' (ko) |v’ (Rs) v’ (Ra) LexpB (ws’ +1’ —w5— wr ) [exp t)(wst-we- 


)as(datel A ky) folk ks kske| kik») 
W6 


+ (negligibly small terms). (24) 
In deriving Eq. (24), we have used Eq. (15) to write 


N’(k) =v’ (k)[1+ (2-pair terms)+ - -- 


For Le’ (to,t),k1) we obtain: 


L'¢ (to,t1,k1) =3 > [1—v'(k ) |v’ (Rs) v’ (Ra) qi (kik Rk r/ 


Wy] 


 Lexp(ti— ls) (ws’ + ) 9 w»')- (w3’ +w4’ —@W1 - ‘) | Ce ky kik ) 


1 
7 > r( )Cewe. 11) (ws" + w4’ —wW5— we) f (eska\ Rake| Rxks) | 
‘ w tay,’ 


W5— We 


yh 6 


1 
¥ v'(he)v’(hs)v" (a) fo Bike| Roke| kaka r/ 


, , , 


XLexp(4i-—/ W3 TW4—-@) —w,') [1—exple(w ‘+ 
x Qi(Rsks| kike) + >? folRsks krks| kik») Lexp(8 —ti)(@ + W4 


1 
* r( )| + (negligibly small terms). (25) 
Ww ‘4 @4 —W7—Ws 


The derivation of Eq. (24) is the most difficult step in obtaining the ‘‘two-pair approximation” to the momentum 
distribution. We substitute Eq. (24) into Eq. (16) and use the identity 


kg 


v’(k)=[1—»'(k) ]{ expBlqg—w’(k) }} (26) 


to obtain for (n(k)) at T=0 
1 


n(ky) v’ (ki) +3[1—v’ (hi) ] a [1 () "(he'd Jae ky| kike) 
kak ah w/w.’ —w3'—wy’ 


kokaks 


1 
x {a (bts| ako ( - ) +S” fo(Riko| Reke| kaka) 
wy +w2'—w3'— wy J kake 


xo( 


I 
— hy’ (k;) . x V ke\EA—v' bs) C9 (4 : )ax(eseh ky) 
kokgk4 Ww tag’ — wy,’ = ws" 


x | s(bats| bak) ( — ‘ )+ x fo(k k| Rske| Rik2) 


, , / , 
w3 +w4 —on'—we 


) + (3-pair terms)+---. (27) 
6 
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Note that /(’ dt Ly’ (g,t,k) is actually infinite at 7=0 as it must be according to Eq. (16) in order to give a 
finite contribution to (n(k)). 
We next use the identity (1.77): 


1 1 1 1 
r/ )e( )-0-9 [°(-)-7(-) } ron. 
v y x y 


When this identity is applied to the product of the two energy denominators in the ‘‘f,-terms” of Eq. (27), then 
one sees that the 6-function products vanish. The final expression which we shall write down for the momentum 


distribution in nuclear matter is then 


1 — yp’ (k») lv’ (ks)v’ (Ra) Qi (Raks| Riko) Ay (Riko bk ( : 


[1—v'(k [10 (haa hal hake al As) ( : 


+ (3-pair terms)+:-- 


where [see also Eq. (66 
- 1 1 
hy (Ryko! Roky) = fi (Riko kaka) t+ DY fo(kike| Rokk to P( )-»/ 
Kake W1 +wW2— wW5— Ws wW ‘4 w,4)— 5 


Equation (29) reduces to Eq.’s (11.110) and (II.111) for the case of a low density Fermi gas. In addition it is 
easily verified with the aid of Eq. (29) that assumption (2) of (17) is correct up to and including two-pair terms. 

We next turn our attention to the calculation of A(&,8) [which is equal to the quantity 4 (4,3) defined in II 
when there is not an infinite repulsive core ]. According to the prescription Eq.’s (II.89)-(II.91), an expression for 
A(k,8) occurs as a by-product of the calculation of L’(t2,t,,k). We here give only the final result. 


A 


1 
bi (Riko! Raka)lea (Rakes bts P( 
Wstws 


1 
Qi(Riks| Rakg)hy (Roky bk.) P( ’ ) 
W3 t+w4!—w)’—w,’ 


ty'(k vy (Rs)Qi(Raks| Rike)li(Rike|k KP( 


, 


i(RyRe k ky) folk k,| Reke| Rik2)6(wstwe—wr’ —wr2 ) 


, c , , ie¢ ? ° 
+v'(ky)—1 J6(ws 5 — ws ) +6 (ws+we—w3—w4)} + (3-pair terms)+--- 


The third set of terms in this expression, involving the We observe from Eq. (31) that assumption (1) of (17) 

is satisfied up to and including two-pair terms. With 

[w’ (ki) +9 ]< (binding energy of deuteron). this expression one can calculate the effective single- 

' particle energies (7) and, in particular, the thermo- 

Thus, these terms only contribute for k,; values in the dynamic potential by Eq. (19). This is not a simple 

region k,22kpe, and they can be neglected for all task, however, since Eq. (31) is a rather complex 
integral equation. 


6-function products, vanishes for k; values such that 


practical purposes. 
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Ill. ENERGY PER PARTICLE 


The pair-function expansion for the energy per par- 
ticle in a low temperature Fermi system is somewhat 
tedious to derive and, we include here only a summary 
of the important steps. According to Eq. (3), we must 
first calculate the grand potential. If one again makes 
the restriction (22) and if for .V’(k) one uses Eq. (15) 
with .V’(k) replaced by v’(k) on the right-hand side, 
then one can verify the following expression for f from 
the general prescription of Eq. (II.95) (see also the 
beginning of Sec. VI in II): 


=— Dox Inf1—v’(k) ]+8 Sx »’ (R)A(R,B) 
FOL F? (g,8,0)+F (g,8,2) ] 


+ (3-pair terms)+--- 


Q/(q,8,2) 


where 


. ne 2028 
QF (g,B.Q)=2 > vedo" (es) f dt | |. 
wIkS 0 kik» t 


QF @ (q,8,2) 


8 t2 x B k kg , 
if ats f dt; >) v'(ks)v'(R,) 
0 0 kikokake k ky ts 


or kis , 
 { L1—v' (ki) —v' (Re) | | 
th 


1 


Pr Rik» 4 
T v' (ky) v' (Re) | 
kak, ty 


k Ry 


«8 Rik» 
— {expto[ A(k1)+A(k2) } | | 
q be 


4 


X fexpiil— A(ks) — A(Ra) }} . 


lim BUF (q,8,.Q)=(40)"' > 


T --0 kikokaks 
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v'(ks)v' (Ra) Qi (Rake kk) 
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[Note that the last term in Eq. (33) involves an 
ordinary pair-function, Eq. (9), and not a transformed 
pair-function. This special case arises in the derivation 
of Eq.’s (I1.83)—(I1.85) ]. 

We are interested in writing down an expansion of 
the ground-state energy of nuclear matter. For this 
purpose we substitute Eq. (32) into Eq. (3) and use 
assumption (1) of (17) which was demonstrated to be 
true in Sec. IL. In analogy with Eq.’s (I1.118)—(II.122) 
we then obtain for the ground-state energy 


= (pQ)! >> v’(k)w(k) 


—lim(p8)' LF (98,2) +F 
T 0 


(g,8,2) | 
(3-pair terms)+---. (34) 


Upon using the expression below restriction (22), one 
can readily verify that the zero-temperature limit of 
the one-pair expression 8 (8) is 


limp oF (g,6,2) 
T 0 


(70-1 Se 


— 


v'(ki)v’ (ke) (Rike| Rik»). (35) 


The limit of the two-pair term 


8"F)(8) is more difficult to derive. After using the 


zero-temperature 


identity (26), one finds the result 


L om v' (ky) [1 


—v' (ke) lqi(kikeZksks) 


1 
xr( )= Jackal sto r( 
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1 
r } 2 fol kik, | kske| kaka) r( 
Wp TW6 


—[v’(k:) +p’ (ko) } >. fo(Riks| keke k ky) 


5K6 


1 1 
A) 
Wp +wg—w;’ —w4’ w 1’ two’ —ws— we 


Equation (36) can be simplified by using the identity (28) and by then observing that none of the 6-function 
products contributes for nuclear matter. The result obtained, together with Eq. (35), can then be substituted 
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into Eq. (34) to give 
( E 0 

V) 


@W2 


XK dil Rake) Rike hy (Rike| Rake |»(— 
@) onl me 


peer 


where /1;(kyk2| ksk4) is defined by Eq. (30) and where 


= (pQ)-' © v'(k)w(k)— (2pQ)-! Fv’ (ky) v' (Re) (Rike| Rike)— (492) > 
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vy’ (ks)v' (kg 


kikakgks 


a 
nahn w3'— wa 


ye 3-pair terms)+-:--, 


‘tas’ — ws" 


lim (pQ)—! Sox v’ (k)w(k) = 2Ep. 


QO» 


It is to be emphasized that Eq. (37) is valid for a large finite system (.V 


finite p). 


’>1) as well as for an infinite system (with 


We conclude this section by defining a quantity #2(k1,ke). 


— Qi (kiko kik» 


‘wa 


_— pe Qi (Rye faks)| [10 (ha) —» (bs) Ja (bake Auk) : 


>” fo(Raka| Rske| Rik») P 


keke 


In terms of this quantity, the ground-state energy (34) 
can be written 
/ o> 


(k)w(k)+(2Q)-! D> v’ (ki) v’ (Re) tt2( ky, Re) 


+ (3-pair tersm)+---. (40) 


If we next use the identity (28) for products of energy 
denominators in Eq. (39), then by referring to Eq. (31), 
we obtain the following alternate expression for w’(k) 
w’ (Ro) =w (Ro) +A(Ro) 

=w(k \+>> v’ (Ro) to( RoR) 


‘ 5u2(ky,R») 
DL v’(hi)v’ (he) e 7 ' 

dv’ (Ro) 

+ (3-pair terms)+---, (41) 


where 6/ 6v’(k) indicates a functional differentiation. We 
finally observe from these last two equations that the 
expression for w’(k) can be derived from (E)o/Q by 
using the relation 

w’ (k) =8((E)0/2)/bv’ (k). (42) 


Care must be exercised in using this relation, however, 
since when the energy is expressed as in Eq. (37) the 


1 1 
xP(— ——— : . (39) 
/ ; , 
Wp twep— Ww —we' ) We—~W3 Ws 


6-function products in Eq. (31) are not obtained. We 
shall return to a discussion of these last three expressions 
in Sec. V. 


IV. PAIR-CORRELATION FUNCTION 


In Sec. VI we shall write down the wave function for 
nuclear matter to leading order in the pair-function 
expansion. In order to conclusively demonstrate that 
this wave function is correct we shall derive here an 
expression for the closely-related pair-correlation func- 
tion in nuclear matter. 

The pair-correlation function P(ko,ko’) is defined to 
be the probability per unit volume that one particle in 
a system has momentum (and spin) &o and another 
particle in the system has momentum f,’. The general 
expression for P(ko,ko’) is 


P (ko, ko’) 
=z [(n(Ro)n ( ky’)) 7 


4 (1+) (n(ko) )dko,k0’ | 


=E(V) 


N=1 ki- + -kN 


(kiko: + Rw| pw | ki- += ky) 


V N 
X (XE Sesto) (So 5k;,40"), 


i=1 7a 


(43) 
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where (k1---kw|pw“|ki->-kw) is a symmetrized (or 
antisymmetrized) matrix element of the N-particle 
density operator. When ko’=ko as can only occur for 
Bose statistics, then the right hand side of this equation 
is the average value per unit volume of NV (ko) [.V (ko) — 1 |, 


where .V(ko) is the number of particles in the state p. 


e| 
R 


e Bw (ko) 


e Bw (ko) — 


6 
P(ko,ko’) =8 te tts 
bu (ko) 


dw (ko’) 


6 
(n(ko) (n(ko')) +8 2¢ mn — 
dw (ko') 


( 


og A) 
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The right-hand side is clearly equal to zero for Fermi 
statistics when ko’ = ko. 

In analogy with the derivation of Eq. (11.5) one can 
readily show that the pair-correlation function is related 
to the grand partition function by functional differen- 
tiation with respect to w(ko) and w(ky’) (while holding 
the pair functions R constant). 


s 


= (n(ko))(n(ko’)) +€Lv (ko) }?5k0,k0’ + 2e5ko,ko’L (Ro) [1+ €v (Ro) | fm] 
bv( 0) R 


+ v(Ro)[ 1+ €v(ko) |v (Ro’)[1 teks] 


where 


f=—eDi In{i—e exp[B(q—wx) ]}+fint. (45) 
Now, in LY IV and in Sec. I of II it is shown that 
functional derivatives with respect to v(k) such as 
appear in the third line of Eq. (44) can be expressed 
in terms of contracted ¢{-graphs (¢=0, 1, 2, 
example, one finds that 


-++). For 


(46) 


ry 
fu =e) (all contracted 1 graphs), 
6v(k) R 


where the subscript & indicates that the external lines 
of the 1 graphs in (46) are all associated with the 
momentum &, It is also not difficult to show that 


f 7 
R 


5 8 
5v(k’) 5v(k) 


e 


0 
| 
5v(k’) 


=>" (all contracted 2 graphs); x’ 


> (all contracted 1 eraphs),| 
R 


+ ex’ (all contracted 1 graphs), |’. (47) 


If Eqs. (46) and (47) are now substituted into Eq. (44), 
then with the aid of Eq. (II.9) one can derive the fol- 
lowing expression for the pair-correlation function 


P (k,k’) = (n(k))(n(k’)) (1+ xe’) 
t+ v (Rk) 1+ ev(k) Jv(R’)[ 1+ ev(k’) J 


> (all contracted 2 graphs)... (48) 


This result is equivalent to theorems 1 and 2 in Ap- 
pendix D of LY IV. It shows that the pair-correlation 


6 
5v (Ro) 5v(Ro’) 


function is given by the product of two single-particle 
momentum distributions plus an interaction term which 
depends upon the details of the particle interactions. 
This second term varies as {2-' for a large Fermi system, 
and, therefore, it is only measurable for finite Fermi 
systems. 

Before proceeding we observe that the momentum 
subscripts & and k’ attached to the 2 graphs in Eq. (48) 
are associated with the incoming as well as with the 
outgoing external lines of these graphs. Moreover, two 
2 graphs with the same external momenta & and k’ and 
the same topological structure may or not differ by the 
assignments of their external momenta. This depends 
upon their internal symmetry. We finally note from 
Eq. (43), that 


P(k,k’) = P(k',k) > 0 
k’ =k 


[for Fermi systems], (49) 


which implies that this property must also be true for 
the second term in (48). 

Equation (48) for the pair-correlation function is 
expressed in terms of the unphysical function »(k), 
which we have shown to be zero for the ground state 
of a bound Fermi system. In analogy with the similar 
treatment of the momentum distribution in II, we now 
attempt to re-express the pair-correlation function in 
terms of V(k) defined by Eq. (5). But this goal is easily 
achieved after introducing the concept of reducible and 
irreducible 2-graphs (see Sec. I of IT). 


Definition 


A contracted 2 graph is called reducible if by cutting 
two of its (solid) internal lines open the entire graph 
can be separated into two (or more) contracted ¢ graphs 
one of which is a contracted 1 graph. An irreducible 
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2 graph is a contracted 2 graph which is not reducible, 
with its (solid) internal lines representing factors ¢.V(k) 
instead of ev(h). 

It is a simple matter to generate the sum over all 
contracted 2 graphs from the sum over all irreducible 
2 graphs. Thus, one may readily verify that the follow- 
ing identity is true. 


[.V (Rk) PLV (A) P & (all irreducible 2 graphs), «: 


- “ef 
: (PR) Il 
[v(k) PI 


p 


72 (50) 
(k’) P & (all contracted 2 graphs), «-. 


If this identity is substituted into Eq. (48) and if then 
Eqs. (II.9) and (II.10) are used, then one obtains the 
following expression for the pair-correlation function 


P(k,R’) = (n(k))(n(k’)) (1+ be x) 
+ (1+ «(n(k)) (1+ €(n(k’))) N(R) N(R’) 
> (all irreducible 2 graphs) (51) 
Equation (51) is still not an acceptable expression for 
the pair-correlation function, even though the right- 
hand side is now a functional of .V(k) instead of v(). 
The reason is that according to Eq. (5) V(&) is still not 
a truly physical quantity. In fact, V(k) is zero for a 
bound Fermi system which means that the sum over 
all irreducible 2-graphs must be infinite. The essence of 
II, however, is how to deal with this particular infinity. 

Thus, we first write 


> (all irreducible 2 graphs) 

=> (all irreducible linked-pair 2 graphs), (52) 
as we have done for 1 graphs at the beginning of Sec. II 
in II. We then write down the easily verified expression 


> (all irreducible linked-pair 2 graphs), »’ 


8 


f dt,dt dtodt L»(88 tals kk’) 
X G(t4,lo, RIG (ta,h1,k'), 


(53) 
where G(ts,t;,k) is defined by Eq. (11.22), and where 


8 
| dtadts L»(BB\ tats| RR’) 


wv. 


= >> (all master 2 graphs), ’. (54) 
Master 2 graphs are defined at the beginning of Sec. 
ITI in II, and the quantity L2(88 | t4t3| kk’) is defined in 
terms of master 2 graphs by Eq. (54). This last defini- 
tion can be stated in words as follows: 

L2(88 | tts kk’) => (all master L2 graphs), ,, (55) 
where a (transformed or untransformed) master 12 
graph is defined to be a (transformed or untransformed) 
master 2-graph in which (1) the integrations over the 
temperature variables (/; and /,) at the vertices to which 
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the incoming external lines attach are not performed, 
and with which (2) a factor 6(¢s—#;) is included if both 
incoming lines attach at the same vertex. 

We now have the ingredients assembled for casting 
Eq. (51) into a more useful form. The most important 
step in II is the use of the A transformation, in which 
quantities are re-expressed in terms of V’(k), Eq. (6), 
and transformed pair functions, instead of N(R) and 
ordinary pair-functions. In order to apply the A trans- 
formation to the present problem we first define a 
transformed master 2 graph to be a master 2 graph 
expressed in terms of .V’(k) and transformed pair 
functions. We then define 


Lo (88 | tatz| kk’) => (all transformed master L2- 

graphs), (56) 
in analogy with (55), where transformed master 
L2-graphs are defined below (55). It is then simply a 
matter of using Eqs. (11.83), (11.75), (11.62), (11.63), 
and (11.64) to derive the following relation connecting 


Lo and Ly’. 


8 
Vener f dt,dt tod, L»(BB ty kk’) 


XG(ta,to,k IG(t t1,R’) 


3 


= N’(k) Ve) fata dtodt, Lo’ (BB) tals RR’) 


XG" (talo,k)G' (ts,t1,R’), (57) 
where 

G’ (to,t1,k) = 6(to—t) + €L’ (ta,t1,k), (58) 

and L’(ts,t;,k) is the function calculated in Sec. II of 
the present paper. 

We substitute Eq. (57) into Eq. (51) to obtain our 

final general expression for the pair-correlation function 


P(k,k’). 
P(k,k’)=(n(k))(n(k’)) (1+ 6, , 


+[1+€(n(k)) [1+ (n(k’)) |.V'(R)N’(R’) 


8 
xf At dtydtodt, Ls" (BB | tyts| kk’) 


XG’ (ta,to,R)G’ (ta,t,R’). (59) 
It would seem at first sight that Eq. (59) represents no 
improvement over Eq. (51), since we know from Eq. 
(6) that N’(k) is not much more physical than V(&). 
The difference, of course, is that by means of Eq. (15) 
we have a useful iteration for V’(k) in terms of the 
physical quantity v’(k). Thus, we can obtain the leading 
term of the pair-correlation function by making the 
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replacements (1(k)) Sv’(k), N’(k) Sv'(k), and 
G' (t2,t1,k) 6 (t2—t)) 

in the second term on the right-hand side of Eq. 


P(k,k’) = (n(k))(n(k')) (1-8 4”) 
+ v'(k)v'(k’)[1—v’ (Rk) IL1—v'(R’) | 


8 
xf dtodt, L.' (BB tot,’ kk’) 


0 


+(3-pair terms)+-:--. (60) 


We wish to apply Eq. (60) to the determination of 
the pair-correlation function in nuclear matter. For this 
purpose we use the method of Sec. II to calculate the 
one- and two-pair contributions to L2’(8B\ tot,| kk’). 
When this is done, and when restriction (22) is again 


P(ky,R2) = (n(Ry))(n( Re) ) (1— 6k ko) 


+3[1—v’(hki) [1 —v’ (ke) ] Sv’ (ks) v’ (Re) 


kak 


kk 


— v'(ki)[1—v' (ke) ] Sv’ (Rs) [1 — 0’ (Ra) ( 
wo +a! 


kaks 


k3k4 


—[1—v'(k,) |v’ (ke) & [ivy Who ( : 


We shall interpret this result in Sec. VI. 


V. COMPARISON WITH THE BRUECKNER 
METHOD 


We wish to compare our work with the Brueckner 
method? for the calculation of the properties of nuclear 
matter. It is clear that the expansion functions for the 
two methods are different. In the Brueckner method, 
the expansion function is the “nuclear reaction matrix” 
Gy, which is the solution to the Bethe-Goldstone equa- 
tion,’ whereas in the present method the expansion 
function is the transformed pair-function (12). Never- 
theless, the methods may be compared by expressing 


Dn 


(7 koL) = cosbi (bi) f dk F, (kr)! 
0 


NUCLE 


E 


r Sy’ (ky)v' (Re) x [1—v’(ks) Il1 —v'(k,) i( 


es 


(k A | ‘ Ro) | 
5(ko—k) +24 r| . > sin[ kor— La /2+67,(ko) | 
k? ho ren 
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adopted, then one quickly finds that the 1-pair con- 
tribution to P(k,k’) is zero at 7=0. The reason is that 
vy, (1—»,/)=0 at T=0, so that fo° dtedt, Le’ (te,t;) must 
be infinite (which is not the case for the one-pair term) 
in order to give a nonzero contribution to P(k,k’). This 
zero-temperature infinity is of a very simple nature, 
such as that which occurs in Eq. (24) for Ly’, and it 
must be contrasted with the zero temperature infinity 
which occurs in Eq. (51) in the sum over all irreducible 
2 graphs. (The latter is formally treated by the A 
transformation, but its complexity can be fully appre- 
ciated by studying Sec. II of II.) 

We have just indicated that the 2-pair terms give 
the leading contribution to the pair-correlation function 
(60). A considerable amount of algebra followed by the 
application of identities (26) and (28) eventually yields 
the dominant low-temperature terms in the two pair 
approximation. The final result is 


1 2 
hy(kyk» k Ry ai(k hy| Rio) 

+4! —w 
1 » 
qi (kiky kaky)hy(k ky kik») 


gi(kik hoks)hy (Roky! Riks) 


W4 Ww 
1 


, ) 
11 — We 
, ) 
)) —We 
' ) 
— W3 

9 
; ) 
—We J 


—W 


1 


, 
W4 Wy 


1 
hy (Rik kokg)Qi (Rok kik) 


+ 


+ (3-pair terms)+---. (61) 


both expansion functions in terms of the two-particle 
interaction. This we shall now do. 

It is important to emphasize in connection with the 
quantum statistical procedure that the pair-functions 
of Eqs. (9) and (12) are related to the matrix elements 
of R(ts,t:), Eq. (8), and therefore are expressible in 
terms of the eigenfunctions of the two-particle Hamil- 
tonian H®). Such eigenfunctions are, in general, difficult 
to determine so that in Sec. I we have written down 
their general form in terms of reaction matrices. Thus, 
the radial wave function corresponding to the Lth 
partial wave, can be written for spin-independent 
forces, as 


(62) 


9 


9H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) A238, 551 (1957) 


‘ 
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for continuum states, and as 


(r yh)= 29 f dk Fy (kr)yx(k), (63) 


for bound states. Thus, we see how the reaction matrix 
enters into our procedure. 

We next prove an important identity. Except for the 
special case in which the two-particle interaction includes 
an infinite repulsive core, the wave functions (62) and 
(63) form a complete set of eigenfunctions over all 
space. When this fact is used together with identity 
(28), then the following completeness condition can be 
verified” 


(2—P)“[C1(k)—Cxr(1,k)] =0, (64) 


where 


> v' (kw (Rk) — (2S 


kiko 


1 
x| P| —--——--— 
, , , , 
wW3 +w4 —w “Gra 


+ (3-pair terms) +---. 


i y a v’ (ky) v’ (Re) ai (Riko 


1 
Act 
w3ta4—w1 
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A‘)! 1) cos*z (1) 
+ (2/R)(h?/M)kI (k| A | ko) 
ko 


1 
X(L| A | ko) cos*51 (ko) P |— = : 
ete 


+¥ (B+ Y*)by1(k) by (1). 


The first sum in Eq. (65) is over continuum states ko, 
and the second sum is over bound states y (R is the 
radius of a large spherical box containing the system). 
When this completeness condition is substituted into 
Eq. (30) for A:(Rik2|ksks), then one can readily verify 
that 


(65) 


hy(Rike| 


where Q:(kik2|ksks) is given by Eq. (13) and both of 
these functions are real in the representation which we 
have chosen. 

The identity (66) can be substituted into expres- 
sion (37) for the energy per particle. 


kaka) = Qi (Raks| Riks), (66) 


kik2)— (4p) ' ZZ 


kikekaks 


v’ (ki) v’ (ke) [ai (Rike kk) 


— )-Pr a+r eo1P( - 
’—w,’ ws’ +a,’ 


We see that the proper expansion function for the ground state of nuclear matter is the matrix Q\(kyk2| ksks) of Eq. (13). 
We next derive an expression for the matrix @g:(kik2|k3ks) in terms of the two-body interaction matrix 


(Riko|V | Rsk, 
elements (Rike'G | k3ks 


kik» G r k3ky)= kik» V k3ky) +> kik» 


kske 


). For this purpose it is useful to first express 9: (kik2| k3k4) in terms of the ‘ 
} which are defined by the integral equation 


V bsko)(— 
w3toy— 


‘outgoing”’ reaction matrix 


- ) at G*) | Rsk). 
W5— We +7 


We consider the complete set of “outgoing” wave functions in the momentum representation. 


kik» kzks v = (29) 


and 
{ kik» K 347 ) 


1 
6 “5 (k,—k; )6 é (kp —k4)dmym 30m» ym 409193042041 (Ry ko Gt | bake) — epintioa “ ), (69) 
W3 a — Ws ot+te 


= (29)*6 (ki +k.— Kgs) <hi2| y) 


where the normalization of the bound state wave functions (kj2| 7) is given by 


pe 


mim? Q1@2 


Then one can show by taking the matrix elements of R(/2,t:), Eq. 


Eas. (9) and (13) that 01 (Rik! Raks) is given by 


© Equation (64) is equivalent to the condition (&! U,,(0,0)|l)= 


d*kyo(y| Ri2)(Riv 


0, where the matrix elements of U’;, are 


y)= (2r)’ 


(8), with this complete set and by then using 


given by Eq. (1.75). 
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Qi (Rik: | k3k,) = (Rgk4| GH | kike)*+ yy (hike G keke) (Rsk4 Go kik) 


koke 
1 1 
ee ee, 
w1+w2— W 5¢—wee— te w1' +a’ — Wse—ws6 


+ } xs (wi +w2— W56—wy) (w3tws— We— wy) (Riko K sey 


Key 


I 1 
x (Keer| hats (- _-—__-_— )-( . : )| 
wi +w2— W5e—w, w1/ +a’ — Wsp—w, 


+ (antisymmetric expression), 


where W5¢ is the center-of-mass energy corresponding to the momentum Ks5¢=k;+kg. 
Equation (71) for g:(Rik:| ksk4) can be simplified by using the expression which results from substituting Eq. 
into Eq. (68) 


kyko| Gt k3k4)= > (Riko V kske)(Rske| kaka) v7 


kske 


together with the Schrédinger equation for the bound-state wave functions 


(wi +wo— W34—w) Riko Kay —> (hike V kke ) Rske K sy). 


With the aid of these two expressions one can show that @:(Aik2| k3k4) can be written as 


1 1 
i (Rike ksks) = — (kak, G . kik» + Chik: | ( )-?( a . ) |r laste) 
0, +-0.— B® —ie wo +e —-H®/ J | 


+ (antisymmetric expression). (72) 
Equation (72) can be written as 


| c 1 * 
Qi (Rik2| Rsk) = — (hk V 1+( on yr] kits) 
i & w,+wo—H?)+16¢ 
| 1 1 | : 
z¢ ky V ( nen )-r( ) |v exe) + (antisymmetric expression) 
L Nw +o.— H® +1 w1’ +w,'— 


| f 1 | . 
— (hak, V 1+7( )Jv ks) + (antisymmetric expression) 
w1' +wo'— H? 


ae (Rak4 G kyk»)*+ (Rak G kyikp)*, (73) 


1 
G=veve(. )r. (74) 
E’—H® 


Equation (73) exhibits the relationship between the function @; (kk! k3k4) and the matrix elements of the operator 
G, defined by Eq. (74). 

In the Brueckner method the ground-state energy is assumed to be expandable in terms of the reaction matrix 
Gp, which is defined to be the solution to the Bethe-Goldstone equation. 





where 


1 
(Riko GB kaka) = (kik | V kska)+ : ky ko| V kako) (— pene -) dak GB kaka). (75) 
6 


: , , ; 
koke>kr wW3 +wW4 —W5 —W 


It is seen from the preceding three equations that the difference between the present theory of nuclear matter and 
the Brueckner method resides in the use of different reaction matrices as expansion functions for physical quantities. 
The fact that we have arrived at the matrix G, is a direct consequence of the A transformation introduced in II. 


The author is greatly indebted to Dr. J. S. Bell of CERN Laboratories for indicating to him and proving the result given as 
Eq. (73). 
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From Egs. (71) and (72) one can derive an alternate form for the function g:(kik2! ksk4) 


Qi( Rik | Raky) = fi(Rike| Rsk) 


+(i ky\V ( —- ~- 
wi) too—- H® 
1 
— (hats V r( ee 
witwe— HH? 


filkike k3k4)= = 


= 


kok Go kiks)* 


+194 ps 6(@ T We Ws we) Rik» G . 


kske 


According to Eq. (67) the leading contribution to the 
ground-state interaction energy involves only the di- 
agonal matrix elements Q:(kik2!| kik). Moreover, from 
Eq. (76) one observes that quantity f;(A:k2! kike) is the 
real part of the forward scattering amplitude [see also 
Eqs. (10) and (11) for spin-independent forces ], which 
is an experimentally measurable quantity. The differ- 
ence between q; and f; is a function which when written 
in the form of Eq. (13) exhibits a strong cutoff for high- 
momentum intermediate One might therefore 
hope that a perturbation expansion of this term would 
converge sufficiently rapidly so that it could be simply 
calculated. Whether or not Eq. (76) exhibits the func- 
tion Q:(kik, k3ks) in a form which is most suitable for 
calculation is a question which remains to be answered. 
It is clear, however, that in the calculation of the 
diagonal elements the isolation of an experimentally 
determinable part is a useful step. 


States. 


VI. QUASI-PARTICLE MODEL AND THE 
LANDAU THEORY 


We suppose that to first approximation the wave 
function of nuclear matter can be written as an anti- 
symmetrized combination of products of single-particle 
wave functions, and that for a very large system these 
single particle wave functions are plane waves. Let by 
and 6," be, respectively, the annihilation and creation 
operator for a plane wave state in nuclear matter. We 
shall refer to such a state as a quasi-particle state. We 
shall also assume that the energy-momentum relation 


for quasi-particle states is given by Eq. (7),!* i.e., 


w’ (k)=w(k)+A(k,8) 


(77) 

The true ground-state wave function in nuclear 
matter |G) is, of course, not a simple antisymmetrized 
product 0) of quasi-particle states, because the quasi- 


? The quasi-particle energy w’(&) is not the energy-momentum 
relation for a collective excitation in nuclear matter. However. 
for an excitation of momentum (k.—k,), where ki<kp<ko, the 
real part of the excitation energy is given by [w’(k:)—w’(k;) J, as 
can readily be verified to leading orders in g;. The imaginary part 
of the excitation energy, which corresponds to the inverse of the 
excitation lifetime, is O(g:?) to leading order. In this connection, 
see N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958). 


Thus, one can show that 


@1 tags! —H ae) 
za ” 
ren '_H® 


kske A 


Roky G* Reke 


*-+ (antisymmetric function). 


particles interact. Let us now suppose that the inter- 
action Hamiltonian for the quasi-particles is given by 
b hal b boa, (Rike k k,), 


(78) 


where Qi(kik2| Rsk) is given by Eq. (13), and where 
=(k,m,g) denotes both momentum and 
coordinates. The interaction Hamiltonian 
Hermitian, because Q,(k3k4 kiko) H Qi (Riko 
The first-order correction to the 
function 0 


function | 1 


spin state 
(78) is not 
k3ks). 
» quasi-particle wave 
due to the interaction (78) gives the wave 
which can be written as follows 


Qi (Rike| Rsks) 


XK b2'b4'byb 


z 


We can use Eq. (79) to calculate both the momentum 
distribution and the pair-correlation function that one 
woud obtain as a consequence of the hypothesis (78). 
For this purpose we use the following definitions of 
these distribution functions: 


(n(k)) = (G| by*be |G), 
(n(k)n(k’)) =(G| byt by th by | G), 


n(k)n(k’) 

If the approximation |G)=!/1) is made in Eqs. (80) 
and if Eq. (66) is used, then one readily obtains Eq. 
(29) for (n(k)) and Eq. (61) for (n(k)n(k’)). Therefore 
(79) is a correct approximation to the wave function of 
nuclear matter. We conclude that (provided higher 
order corrections are small) nuclear matter is correctly 
described by the model of quasi-particles interacting 
with the interaction (78). 


where according to Eq. (43) P(k,k’) 
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We would next like to interpret Eq. (67) for the 
energy of nuclear matter in terms of the quasi-particle 
model. The most general expression for the energy can 
be written as 


(E ) => v’(k)w(k)+3 > v’ (ki) v' (ko) u(y, ke). (81 ) 
kK kyke 


The first order perturbation theory calculation of 
u(k1,k2), using the interaction (78), is 


1(Ri,ko) = —Quil(kike kiko), (82) 


which agrees with Eq. (67). Moreover, each quasi- 
particle experiences a potential energy due to inter- 
action with the other quasi-particles which in the 
notation of (77) can be written 


Ai(ki) = — Dd v' (ke) Qi (Riko! Rike) 


=> v’ (Re) (ky, Re). (8, 


ke 


This result is in agreement with Eq. (31). 

If the only important correlations in nuclear matter 
were those between two quasi-particles, then it would 
in general be true that A(k1)= Do ke v’ (ke)a(ki,k2). This 
is not the case, however, and therefore the potential 
energy which a quasiparticle experiences in nuclear 
matter includes a second term due to higher order 
correlations. The most general expression for A(k) is 


A(ko) = > v’ (k»)u(Ro,k2) 


Z 6u(ky,ks) 
+3 > v’(ky)v' (ke) : 
kike bv’ (Ro) 


, (84) 


where the second term has been called the rearrangement 
energy.'® 

We have already demonstrated Eq. (84) explicitly 
to second order in q;(kik2! k3ks) in the derivation of Eq. 
(41). From Eq. (67) we have for u(k,,k2) to second 
order in q:: 


Uo(ky,k2) 
—Qi(Rike| kiko) +3 S> [1—v'(ks)—v’ (Ry) | 


XLaitkike kak) vr 


—} + [ai(kike kk) rr ). (85) 
k3k4 wy’ +a’ —wW3—w4 


This expression agrees with Eq. (39) in the momentum 
region [w’(k,)+w’(k») |< (binding energy of deuteron), 
but for higher momenta it is incorrect and we must use 
Eq. (39) instead. 


‘8 The concept of a rearrangement energy was first introduced 
by D. J. Thouless, Phys. Rev. 112, 906 (1958). 
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We now discuss the second and third terms of Eq. 
(85) for mo(k,ko). The sums in these two terms are 
over the intermediate plane wave states ks and ky. In 
fact, if H,.».’ were Hermitian, then the second term 
would be exactly the second order perturbation theory 
contribution of Hyp.’ (Note that (1—v3’)(1—v4’) 
=1—y,;'—v4'+;'v4' and that a v3’v4’ term in Eq. (81) 
vanishes when H’ is Hermitian). Thus, we can under- 
stand the origin of the second term in (85). The third 
term is what we would get from second order perturba- 
tion theory by summing, without regard to the Pauli 
principle, over free nucleon intermediate states instead 
of quasi-particle intermediate states. The second order 
contribution to u(k,ke) is the difference between these 
two effects, and this difference vanishes for large ks 
and k, values where A(k;) and A(k,) are (expected to be) 
negligibly small. We conclude that the total second 
order contribution to (85) is a sum over intermediate 
states involving momenta which are not >kpr. High 
momentum intermediate states are unimportant! 

The quasi-particle model of nuclear matter which we 
have just presented follows rigorously from the theory 
of the grand canonical ensemble in quantum statistics. 
This model also seems to be equivalent to the Landau 
Theory of the Fermi liquid,® although we have only 
explicitly exhibited this fact to second order in 
Qi( kik» k3ks). Thus, Eqs. (81) and (84) are the general 
expressions for the system energy and the quasi- 
particle potential energy in the Landau Theory.” It 
should be emphasized, however, that there are im- 
portant differences between our work and the Landau 
theory. Thus we have shown that the quasi-particle 
momentum distribution and pair-correlation function 
in nuclear matter are given, respectively, by Eqs. (29) 
and (61), whereas in the Landau theory the distribution 
functions take their free-particle forms. The free par- 
ticle distribution functions are, of course, 
averages, and have that the “average” 
momentum distribution occurs as the weighting function 
in expressions for thermodynamic quantities. We 
conclude that one cannot invert such expressions to 
obtain the true distribution functions by functional 
differentiation, as is done in the Landau theory, unless 
one is extremely careful. For example, if one uses 
Eq. (29) in the expression for V=}0i(n(k)), then by 
functional differentiation with respect to v’(k) one 
obtains (n(k)) for the quasi-particle momentum dis- 
tribution. Alternatively, the second term in this sum- 
mation is actually zero so that one also has V = Dox v’(&). 
Functional differentiation of this last expression yields 
the result that the quasi-particle momentum distri- 
bution is v’(k), which is incorrect. 

We suggest that perhaps the present quasi-particle 
model is applicable not only to the ground state of 


correct 


we shown 


4 A general proof of the microscopic form of the Landau theory 
has been investigated by R. Balian and C. DeDominicis, Nuclear 
Phys. 16, 502 (1950); Compt. rend. 3285, 4111 (1960); and by 
\. Klein, Phys. Rev. 112, 957 (1961 
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nuclear matter, but also to the determination of the 
very low-temperature properties of liquid He’. 
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APPENDIX—-TREATMENT OF INFINITE 
REPULSIVE CORE 


The phenomenological analysis of nucleon-nucleon 
scattering leads to the current picture of a nucleon as a 


Rak 


1 
X fo(kiko| keke bho P(— nassotaiinmnee 


Wi +We—W5— Ws 
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particle with a hard core of diameter a. Such a core 
can be pictured as a repulsive barrier which is higher 
than any of the c.m. scattering energies now available. 
Suppose that the barrier height is 1 Bev. It then becomes 
sensible to use the mathematical idealization of an 
infinite repulsive core in nuclear problems. In particular, 
for nuclear matter Ep~50 Mev<1 Bev and therefore 
there are no momentum components in nuclear matter 
which are sensitive to the details of a core of this height. 

The use of nuclear wave functions corresponding to 
an infinite repulsive core interaction leads to a 6(t2—¢;) 
term in the pair function (9), as has been shown in Sec. 
V of I. To include this case we have therefore written 
the pair function in Eq. (II.70) as 


“rkike 
| = [expt (wi t+w2—w;—ws) | fi(kike| kaka) + 2 Lexpte(wit+w2—ws—we) |Lexpti (wst+os—ws—w) | 
th kk 


)-+8.—W)Lerph(erte—e.—ey) Lfa(Rike k Rs), (A.1) 


where the summation refers to a// states of the two-body Hamiltonian H®. The functions f; and f2 are still given 
by Eqs. (10) and (11). According to Eqs. (1.45), (1.78), (1.75), (64), and (65), f; is given by 


fa(Rike! kaka) =([(24)8/2 PS 8) (ki tke—k;— ky) f3(Ri2! sa), 


where for a spin-independent interaction 


(A.2) 


Fa(Bra| Bas) = (2e2)—'SmymabmomeBSerasBa200 D, (2L+1)P (Are: Asa) (2e)—(i2| Uz (0,0) | Bae 


L=0 


(2e)-(k| U 


(0,0) |) = (kl) “(2 —P)[C 1, (hI) —C (1k) ] > 0 


+ (antisymmetric expression), 


for a finite repulsive core. 


We have also shown with Eq. (II.71) that the transformed pair function for this more general case is 


kaka 


X Lexpt: (ws t+ws—w wa’) | fo(Rike! Reke| bkoP( 


te kik» /, 
=[1+eB(k) |[1+¢B(k2) }{ Lexpts (wr’ t+ we’ —ws’— wa’) Ji (hike k3ky)+ > [Lexple(wr’ +we’ —ws—we) | 


kske 


, , ) 
@1 +we — Wp WE 


+6 (t2—t;)[expty (w1’ +we’—w —w4') | fa(Rike k Ra), 


where instead of Eq. (13) we have for @:(Rike! kak) 


Qi(Rike| Rak) = filkike| Rika) + dD fo(kike| ksks baka P( 


keke 


1 1 
ce - i )-?( ) | 
Wi +w2—wW5— we w1'+we’ —w5—we 


+ e[A(ki)+A(ke) |fs(Riko| Rsky). (A.5) 


The function B(k) is defined by Eqs. (11.90) and (11.91), and we now obtain its leading contribution. This 


comes from the one-pair-function term and is simply 


B (ky) =2e2"[1+ €B(hi)] Ev’ (ka) [1 +€B(k:) ] 
k2 


Dd (2L+1)[1 + €bmimodera2(— 1)” (Rie U (0,0) ky). (A.6) 


L=0 


If one approximates B(k)= B®(k) on the right-hand side of this last expression, then it can readily be shown 


that the function 


D® (k) =1+¢B(k) 


(A.7) 
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satisfies the integral equation (setting e= —1) 


D®(k)=[1+(2&,D“) ], (A.8) 
where 


©(k,,D) = —20 ¥ v' (ke) D™ (ke) | (2L+1)[1 —SmymaBar02(— 1)“ ](Ri2| U, (0,0) | hie). (A.9) 


ke K=0 


We next study the function (k|U1(0,0)|&). One can show quite generally that this is simply the “excluded 
volume integral” 


(k| U (0,0) \L)= —2m(kl) f dr F,(kr)F (Ir), 
0 


(A.10) 


F 1 (p)=pjx(p) > sin(p—Ln/2). 
pn 


This integral can be evaluated to give 
(k| U (0,0) |1)= — 2x (RI) (Rk? —-2?) LIF 1 (la) FP’, (ka)—kRF 1_1(ka)F (la) |, if /¥k, 


(A.11) 
= — rak- TF 1 i(ka)F, ; 1(ka)— F,?( ka) ]<0 if (= k, 
where F',_;(x) is defined to be cose when L=0. One can also verify the following sum rule for the matrix elements 
(k| U,(0,0)|2). 


> (2L+1) Pi (hye Ai) (R U',(0,0) l —2rK ‘{sinKa— Ka cosKa | if k¥, 
L=0 (A.12) 
-—3na* if k=l, 


where K=k-—I. Finally, we write down the diagonal matrix element (&| Uz(0,0)|%) for the special case L=0 
(k|U1(0,0)| &)=ak-2[ (2ka)-! sin2ka—1] > —3xa°L1+O(ka)*] if (ka)<1 (A.13) 


We see that when kpa<<1, Eq. (A.9) is essentially an excluded volume correction, i.e., it is ~pa* (for nuclear 
matter kra=0.6). 

We observe from Eq. (A.11) that (&|U1(0,0)|%) is negative definite, and therefore that 6(4;,D), Eq. (A.9), 
is positive definite. This implies that D“(k) is less than unity. This factor therefore operates in Eq. (A.4) so as 
to reduce the magnitude of the transformed pair-function when the latter is calculated using infinite hard-core 
wave functions. 
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\ shape-independent formula for nucleon-nucleon phase shifts, approximately valid over wide energy 
ranges is derived, assuming only general properties of the wave function and potential. It is found to approxi 
mately reproduce the S, P, and D proton-proton phase shifts in the ranges 10-150 Mev and 10-310 Mev 
with two, or at most three, free parameters per state. A generalization, which includes part or all of the 


outer potential exactly, is derived at the same time. 


INTRODUCTION 

BD Hvesersn have been in general three approaches to 

nucleon-nucleon scattering at moderately high 
the range 10-300 Mev. On the one hand 
there have been attempts at correlating the data by 
means of more or less phenomenological potentials 
containing central, tensor and spin-orbit components.'~® 
On the other hand there have been phase shift analyses 
at various energies,® 


energies, i.€., 


the latest giving phase shifts 
although a com- 
pletely unique solution does not yet appear to have 
been found. 


8 


varying continuously with energy,’ 


A third approac h has been to impose boundary 
conditions with and without an additional potential. 
This approach was initiated by Feshbach and Lomon,’ 
who assumed that the logarithmic derivative at an 
appropriate radius varies slowly with energy. Raphael’? 
studied the restrictions such an assumption places on 
certain standard potentials, and proposed an expansion 
in powers of the energy for this logarithmic derivative. 
It has been shown by Noyes"! that the S-state phase 
shifts given by the Gammel-Thaler potential are 
approximately reproduced by the Raphael formula, 
although it has recently been shown by Perring and 
Phillips® and by Signell and Yoder" that the Raphael 
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and H. P 


Stapp, 


1961 


formula disagrees with certain potentials if low-energy 
parameters are used. In general, this approach assumes 
that most of the contribution which is not included in 
some assumed outer potential is due to an inner 
potential which is large compared with the kinetic 
energy. However, most successful potentials have large 
regions which are comparable with the energy variations 
considered, even at small distances, and there is no 
obvious reason why their contribution should be small. 

Of the above approaches, the second is purely 
and third are based 
on quite specific models or assumptions. In the present 
work an attempt is made 
formulas based only on some well-known qualitative 
or semiquantitative features of the potential and wave 


phenomenological, while the first 


to derive approximate 


function. The resulting formulas are equivalent to an 
energy-dependent boundary condition approach, but 
are independent of any specific model. 


VARIATIONAL PRINCIPLE FOR THE 
PHASE SHIFTS 


We shall now obtain a generalization of the usual 
variational principle for phase shifts.“ This will then 
be used as a starting point for the derivation of shape- 
independent formulas, which may or may not include 
exact tly part or all of the outer potential. 

Consider the radial Schrédinger equation that applies 
hard 
which may be zero). In the 


in some angular momentum state outside a 
repulsive core of radius r 


appropriate units, 


u’+[kR— (iW lu=0, I 


where & is the momentum of one nucleon ip the center 
of mass system. W contains the centrifugal term, the 
Coulomb potential (if there is any), and, perhaps, a 
part of the outer nuclear potential. LU’ contains the rest 
of the nuclear potential V, which, in general, we may 
take to be a symmetric integral operator. Thus 


. 
Vu f K (r.r')ulr’)dr’, 

where A (r,r’) is symmetric in r and 9’ 

The author is indebted to Dr. H. P. Noves fo 


to the work of Perring and Phillips and Signell 
4 J. Schwinger, Phys. Rev. 78, 135 (1950 
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SHAPE 


Now let »(r) be that particular solution of the equa- 
tion 


v’+[k—W }»=0, 


which has the same asymptotic form as u(r). 
Finally, let us consider the integral 


x 


s(a)= f dr[_ (u’*—v"*) + (W—*)(w—v*?)+0U j, (4) 


where the lower limit, whenever it is omitted, will 
always be r=r, for terms containing wu or #’, and r=a 
for terms containing v or v’. For the present, a can have 
any value. If U is not a local operator the expression 
w°U will always be understood to stand for ul’u, and 
similarly for ?W and wv. 

For exact # and 2, we have, using Eqs. (1) and (3), 


x 
sa)= f d/dr(u'u—v'v)dr=v' (a)v(a), 


since u(r.) =0. 
Writing [»’(a)/2(a) }=I'(a), we have 


v(a)'(a)=J (a). (5) 


Now it can be easily shown by the usual methods" 
that T'(a), as given by Eq. (5), is stationary with 
respect to variations in # and v as long as #—? as 
r— «©, u(r,)=0, and V has the form given by Eq. (2). 
Thus if we insert approximate values of « and 2 into 
Eq. (5), we obtain ['(@) with errors of a higher order 
than the errors in # and 2. 

Let us henceforth normalize our wave functions to 
be such that v(a)=1 and let f(k,r) be that solution of 
Eq. (3) which — F,(k,r) as r— ~ and g(k,r) that 
which — Gi(k,r) as r— x, where F,; and G;, are the 
usual regular and irregular Coulomb wave functions. 
In the absence of the Coulomb potential these become 
rji(kr) and —rn,(kr) where 7; and m, are the spherical 
Bessel and Neumann functions, respectively. Equation 
(5) now becomes 


I'(a) = {((d/dr) f(k,r) +tand(d/dr)g(k,r) Jn 


J 


[ f(k,a)+tandg(k,a) ]}=J (a), (6) 


where 6 is the nuclear phase shift. 


SHAPE-INDEPENDENT APPROXIMATIONS 


Our aim will now be to find a value of a for which « 
is a slowly varying function of energy in those regions 
where its contribution to J(a) is not small. 

Let a be some point such that # and @ are already 
approximately equal to each other at r=a, 
(u?—2") and (u?%—v? 


so that 
) are small for r>a. This means 
that a is a measure of the range of (' with most of the 
of U If, in addition, a is 
within, or at about the first maximum of uw, then is 
approximately independent of energy within r=a, 


contribution within r=a. 
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indeed, for some distance outside that radius, even 
over variations of energy comparable with the magni- 
tude of the potential itself (see Figs. 1-3). Beyond 
that, the integrand of J(a) is negligible, since U is 
small and v practically equal to w. 

As a first approximation we may thus replace « and 
v as they come into Eq. (4) by mo and %, which we 
will normally take to be functions resembling « and 2 
in an average way over a wide range of energies for 
those radii where the contribution to /(a) is not small. 
This procedure is usually (but not necessarily always) 
more appropriate for our purpose than just approxi- 
mating « and v by their values at some particular 
energy, as is done in the usual low-energy effective 
range theory approach. This latter approximation is 
appropriate if we try to reproduce very accurately 
measured phase shifts over a small energy range, 























Fic. 1. (a). Variation of the wave function with energy in the 
S state as long as a is near the first maximum. The wave function 
does not vary much at small distances, mainly because of the 
insensitivity of its shape, although the stronger the potential the 
less uw varies. It is obvious that @ is not a sensitive parameter, 
(More generally the wave function within r=a varies less when 
a is near a. maximum than when it is anywhere else, except within 
the first maximum.) (b). If a is too large we have large variations 
of « within the range 6 of the force. (c). If a is too small we 
have large variations of « and v within the range 06 of the force, 





Fic. 2. The wave 
function in the 1Spo state 
for a square well of 
depth 83 Mev and an 
energy variation of 166 
Mev with W=0. This 
potential does give the 
approximate values of 
the phase shift at high 
energies. 

















whereas what we are usually trying to do here is to 
approximate not-too-accurate phase shifts over a wide 
range. 

Thus Eq. (6) becomes 


lr (a)=A—k*B, 
where 


~ 


A =f dr[ uo" — v9?) + (ue? —v97)W+ueU |, 


(8a) 


B -f dr t4o? — v0" | 


and, since I'(a) is stationary with respect to variations 
of « and 2, the error in I'(a), as given by Eq. (7), is of a 
higher order than the errors in the magnitudes of the 
wave function and its first derivative resulting from 
our approximation, which was why we started with a 
variational principle in the first place. Equation (7) is 
equivalent to solving Eq. (3) with the boundary 
condition that the logarithmic derivative at r=a is 
linear in energy. 

Thus, if we have ['(a) as given by some theory or 
model or phase-shift analysis at two (or more) widely 
spaced energies in some energy range, Eq. (7) will give 


(8b) 














Fic. 3. The wave function for a square well of depth 83 Mev 
and an energy variation of 166 Mev with the potential for r>a 
=1 f included in W. The variation of the wave function < 10%, 
vhich should make the error asseciated with I'(a) of the order of 
1% or less. This variation should be smaller for deeper potentials. 
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the approximate values of I'(a) (and hence of the 
phase shifts) at all other energies in that range. 

The above situation actually holds for high-energy 
nucleon-nucleon scattering, even if I does not include 
any of the nuclear force. In this latter case an appro- 
priate choice of a@ would be the pion Compton wave- 
length (1.4 fermi), which would include most of the 
nuclear force and for which the first maximum would 
be close to or outside of r=a (see Fig. 2). Other possible 
choices of a will be brought up in the next section. In 
obtaining A and B it would be dangerous to rely too 
heavily on the low-energy parameters, since it is 
precisely at low energies that the outer parts of the 
wave function are most important, and these can be 
expected to vary rapidly with energy. Thus, if one 
wishes to use the low-energy data at all, one should 
use at most one parameter, say the phase shift at 5 
Mev. In the higher angular momentum states, this 
outer region plays an important role up to even higher 
energies, but it is only when the inner region becomes 
important, and hence Eq. (7) is valid, that this phase 
shift would begin to contribute to the cross sections to 
any extent. Besides, the one-pion exchange (OPEC) 
approach’ is valid until this happens. 

To remove the above difficulty and permit a simul- 
taneous description of both low- and _ high-energy 
scattering, one would have to include in W the outer 
forces, at least approximately. With a= 1.4 f, it should 
be sufficient just to include the one-pion exchange 
potential (OPEP). However, the most 
accurate results one should include as much of the 
known potential as possible, since then (v—w#) and U 
become small at smaller radii. This will enable us to 
choose a smaller value of a, and, naturally, the smaller 
a is, the less will be the variation of the wave function 
with energy in the inner region, both because the region 
is smaller and because the potential there is larger 
(compare Figs. 2 and 3). A good choice would be the 
OPEP together with a potential having a form, if not 
actually given by meson theory, at least suggested by 
it. Such a form, which we will call the MSOP (meson- 
suggested outer potential), may be expected to include 
most of the potential for r>1 f,)"* making it appro- 
priate to take ai f. Moreover, with this approach, 
the inner region is unimportant in the higher angular 
momentum states, making it possible to take A and B 


to obtain 


equal to zero, or else making rough estimates of them 
by obtaining them from some simple potential consist- 
ent with the appropriate low angular momentum 
parameters. The parameter B, in particular, can be 
estimated quite well in this way. 

To obtain a formula to any desired degree of accuracy, 


1% M. J. Moravesik, University of California Radiation Labo 
ratory Report UCRL-5317-T, 1958 (unpublished 

‘6M. Taketani et al., Suppl. Prog: Phys 
No. 3 (1956). 
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we could always take an approximation 
. 
wauZ=>) uZk", 
={) 


such that the error resulting from the use of the approx- 
mation 


V+l1 
uy" > (u’) PR 
Fas 


is of a higher order than the error (#—,) in #. Thus 
Eq. (6) becomes 


\ 
P(a)A—k YS BR. (9) 


APPLICATION TO HIGH-ENERGY 
PROTON-PROTON SCATTERING 


We shall only consider the case where W contains 
just the Coulomb and centrifugal terms. In addition, 
at high energies and short distances, we can take, 
except perhaps for normalization, 


Fi(kyr)=rjilkr), Gilkyr\=—rni(kr), 
and so, since a is a small distance, Eq. (7) becomes, on 
using Eq. (6) and the usual properties of Bessel func- 
tions, 

lL jys(ka)—tanéd jy_-1(ka) 
Aj — PB, — -+k——— oon 

a ji(ka)—tand ;,(ka) 


if J>0 (10a) 


~k cot (ka+6 1), if /=0, (10b) 
where 6;; is the nuclear phase shift in the state with 
total angular momentum j and orbital angular mo- 
mentum /, 

Expanding the Bessel functions, and dropping the 7 
subscript for the singlet states, we have for the 'So, *P;, 
and 'D». waves 


k cot (ka+60)==Co— Bo, (11a) 


ka cot (ka +6 j,)=1 — ka (Car kB 51), 
ka’ 


ka cot (ka+6)=1— ee . 
3—k’a/(Co— RB») 


(11b) 


(11c) 


where C j,= (l/a)+-A ju. 

We shall not consider the tensor force in the *P» state 
explicitly, i.e., we assume it can be approximated by 
an equivalent potential, as might be given, say, by 
the WKB approximation." 

At this point, we could take a to be such that B=0 
to obtain the Raphael formula." This would tend to 
make the wave function stable in the immediate 
neighborhood of the repulsive core, and would thus be 


'7R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950). 
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200 
ENERGY, Mev 
(b) 

Fic. 4. Plots of the calculated phase shifts as compared with 
those obtained from the Stapp, Moravcsik, and Noyes phase 
shift analysis (denoted by full lines). The dashed curve is calcu- 
lated from the parameters of Table II while the dot-dash-dot 
curve is calculated from those of Table III in each case. The 
experimental errors are of the order of a degree. 


appropriate if the potential is strongest at very small 
distances. Another choice would be to take a such that 
I'(a)=0 at some suitable energy, say near the upper 
end of the energy range being considered. This would 
correspond to taking a near the first maximum and 
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Pape I. Phase shifts calculated from Eqs. (11) with C and B obtained from the results of the 
Signell-Marshak potential in the range 18-150 Mev 


B Phase shifts from Eqs. (11) 


in f) 18 Mev 40 Mev 


49.3 
50.1 


50.3° 


O0.84a7 
0.42a7 
0.15a7 
—Q 04a 
—0.40 
0.14 
1.30 


0.22 


otrEs 


me UI Oe 
) © © Oo 


° 


Pas 


would tend to make the wave function stable in those 
regions where it is most likely to be important. How- 
ever, the easiest and perhaps the most appropriate 
procedure would be to take a=1.4 f. This may be a 
little beyond the first maximum in the 'Spo state but 
appears to be adequate. 

Thus if we plot kacot(ka+6)), k®a/[1—ka cot(ka 
+6;:) ], and 

ka 
3— ka? [1—ka cot (ka+6:) ] 
with phase shifts from some phase-shift analysis or 
theory, and draw the best straight lines through them, 
we obtain the constants Cp, Bo; Cj, Bjr; Co, Bo. The 
magnitudes of the errors should be taken into account 
in drawing the lines. 

This procedure was first applied to the Signell- 
Marshak potential'* (for which the choice a=1.4 f is 
meaningful) in the range 18-150 Mev. The results are 
shown in Table I, which also shows the effect of varying 
a in the 'S» state. There is some improvement for 
smaller values of a, probably because the first maximum 
is within 1.4 f and the potential is weak except at very 
small distances, but the errors are of the same order of 
magnitude. The phase shifts obtained from Eqs. (11 
should be compared with those obtained by Signell 
and Marshak.'* 

Table II shows the result of applying the above 
procedure in the range 10-150 Mev to a phase-shift 
analysis recently made by Stapp ef al. at the University 
of California,® the results of which are reproduced at 
certain energies in Table IV. The same procedure was 


Tape II. Phase shifts calculated from Eqs. (11 


9.68 Mev 


with C and B obtained from the phase shifts of Table IV in the 


Signell-Marshak phase shifts** 
100 Mev 150 Mev 18 Mev 40 Mev 100 Mev 150 Mev 
29.3° 51.4 42.9 28.1 19.2° 
28.9° 
29.3° 
28.9° 
4.0° 
16.3 


—15.3° 


1.0° 
8.5 
-~6.3 


46 


also applied in the range 10-310 Mev, although 
necessary to use Eq. (9) with V=1 
in the 'S» and *Pp states (see Table IIL). In the former 
case this would probably be due again to the first 
maximum being within a=1.4 f at very high energies 
and, in the latter, to the presence of strong repulsion 
at small distances followed by a long range force, as 


instead of 


would be the case with the usual description by a strong 
short-range spin orbit, together with a long-range tensor 
potential. It should be noted .that the differences 
between the parameters in the 10-150 Mev range and 
the corresponding ones in the 10-310 Mev range are 
not necessarily very small when we are using different 
average forms for u and 2 in the respective ranges. 


USE OF EQUIVALENT INNER POTENTIALS IN OTHER 
PROBLEMS OF CLASSICAL NUCLEAR PHYSICS 
We. have seen that if one incorporates the outer 

potential, even approximately, into W, one can obtain 
accurate phase shifts from Eq. (7) at both low and high 
energies. A particularly appropriate choice for the outer 
potential, as we have seen, is the MSOP. This potential 
which we shall assume from now on, would be a good 
approximation to the correct potential for r>2 f and 
at least a fair approximation for 1 f<r<2 f, with the 
error small at r=2 f but becoming steadily larger as the 
distance becomes smaller. 

Since Eq. (7) is shape-independent and depends on 
only two parameters, any reasonable two-parameter 
inner potential will give the phase shifts to the same 
1—k*B) 
at two widely spaced energies in our range, i.e., if it 
{ and B as the correct potential. We 


accuracy if it gives values of (a) equal to 
gives the same 


range 10-150 Mev 


Phase shifts at various energies 


25.63 Mev 39.4 Mev 68.3 Mev 95 Mev 143 Mev 


) 35.9 27 
i} 7 1.8 3 
; 15.0° 14 
13 
9 


55.4° 5 14 
0.0 ( ( 4 
1.9° 
-0.9° 


04 


10.0 ‘ee 
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Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 
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Pasve III. Phase shifts calculated from Eqs. (11) with C and B obtained from the phase shifts of Table IV in the range 10-310 Mev 





a c 
(in f) (in f-) 
0.105a~ 

2.62 

0.98 

3.55 


1.92 


(in f*) 
0.445a7 0.165a~ 
0.095 
0.34 
0.50 
0.42 


(in f) 


0.077 


TABLE IV. Some phase shifts taken from solution 6 of the Stapp, Moravesik, 


9.68 
Mev 


56.4 
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Phase shifts at various energies 
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and Noyes phase shift analysis.* 


The error is of the order of a degree. 


Phase shifts at various energies 


39.4 Mev 


9.68 Mev 25.63 Mev 


49.7° 
0.4° 
8.3° 
-4.0° 


2.0° 


shall call such a two-parameter potential an equivalent 
inner potential. The generalization using Eq. (9) is 
obvious. 

Suppose we now simultaneously integrate in from 
infinity using the equivalent and the correct inner 
potentials respectively. Since they give the same phase 
shifts (within an error of order 1% or less), the two 
wave functions will be essentially equal until we come 
to r~1f. At about this point they begin to deviate 
somewhat from each other, because the potentials 
begin to differ by large amounts. This error ¢ in the 
wave function is small, however, since it is mainly 
within the first maximum of #, where the shape of the 
wave function is not sensitive even to large changes of 
the potential, and also since both potentials have the 
same parameter B, which gives an approximate measure 
of the integral of the square of the inner wave function 
[see Eq. (8b) and Fig. 5}. 

Now it is well known that all the usual problems of 
classical nuclear physics require either a correct phase 
for the asymptotic wave function or a good over-all 
wave function. The first class includes such problems 
as nuclear reactions, binding energies, etc., while the 
second arises from the coupling of nucleons to other 
fields. Thus any potential which will give these proper- 
ties of the wave function accurately will give accurate 
results for such problems. We shall now give two 
arguments to show that the MSOP together with any 
equivalent inner potential will give these with negligible 
error (i.¢., with an error of an order of magnitude 
smaller than ¢). These two arguments can always be 
used together, with one applying to some forces and 
the other to the rest. The first argument only considers 
two-body forces, while the second takes multibody 
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forces into account, but is 
satisfactory in other respects. 


probably somewhat less 


(a) Consider a collection of nucleons (and, perhaps, 
other particles which interact in a known way with 
nucleons) under the usual conditions of classical nuclear 
physics, and suppose that the correct inner potential 
between just two of the nucleons is distorted into an 
equivalent inner potential. If these were the only 
nucleons present, then, as we the only non- 
negligible error in the wave function is of order € at 
small distances. If there are additional particles in the 
neighborhood, there is an additional distortion (not 
error). Although this becomes large at larger distances, 
it is small at smaller distances (within 1 f, say, where 
it is of order AS10%), again mainly because of the 
insensitivity of the wave function within its first 
maximum with our normalization. The resultant addi- 


saw, 








Tr 


Fic. 5. Error € in the wave function for r<1 f due to the use of 
the equivalent instead of the correct inner potential in the S state. 
We can expect € to be of the order of at most 10%, which is the 
error associated with a distortion of the inner potential comparable 
with the magnitude of that potential itself (see Fig. 3). It is also 
smaller in the higher angular momentum states and at higher 
energies because of the increased importance of the centrifugal 
and energy terms in Eq. (1). 
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Fic. 6. Additional distortion (not error) due to neighboring 
particles. It is small for small r, where it is comparable with e, 
but becomes large for larger r. The dashed curves are those of 
Fig. 4. It is obvious that the over-all wave function has an error 
of at most only a few percent within 2 f, even at low energies. 


tional error in the asymptotic wave function is, how- 
ever, an order of magnitude smaller than ¢ or A. (This 
is shown variationally in Appendix I, although it may 
also be seen qualitatively.) Thus the error in the 
over-all wave function is also negligible, since if we now 
integrate in from infinity as before, we see that the 
only non-negligible error in the wave function is still 
of order e, which, however, resides mainly within a very 
small region. Since the typical internucleon distance is 
2 f, whereas ¢ is confined largely to within a distance 
of 1 f, such regions altogether only occupy about 
R~10% of the total volume. Thus the effect on the 
over-all wave function is negligible over the average 
volume occupied by the two nucleons (see also Fig. 6). 

This fact in turn means that the neighboring particles 
are affected even less by our distortion from the correct 
to the equivalent inner potential, which, incidentally, 
was why the effect of these particles in producing the 
additional distortion in the wave function was essenti- 
ally the same in both cases. Thus, if we similarly 
distort the potentials, one by one, between all the 
nucleons, we still have the correct asymptotic and 
over-all wave function to first order (i.e., with negligible 
error) over the average volume occupied by these 
nucleons. The reason why the percentage error remains 
within the same order of magnitude every time we do 
this is because only a few nucleons interact through 
the inner potential simultaneously. Indeed we shall 
show in part (b) that essentially only two nucleons 
interact through the inner potential. 

b) In our second argument we may take multibody 
forces into account, assuming, however, that such forces 
are not excessively large attractively at small distances. 
Suppose we know the approximate three-body potential 
for distances 21 f, i.e., for all distances for which the 
nucleons do not simultaneously come within 1 f of each 
other. We would again take for such a potential a form, 
if not actually given by meson theory, at least suggested 
by it. Such a form would thus have a negligible absolute 
error at 2 f and a steadily increasing error for smaller 


distances. We will now show that the multibody 
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correlation errors (not the multibody correlations 
themselves) resulting from the use of this approximate 
three-body potential, together with our two-body 
MSOP plus equivalent inner potential, are negligible. 

To see this, we note that under the usual conditions 
of classical nuclear physics, the probability P* that 
three or more nucleons simultaneously come within 1 f 
of each other is negligible, since the typical internucleon 
distance is of the order of 2 f which makes P?~1%. 
(Even if this were large, however, the distortion in the 
wave function would not be too great because of its 
insensitivity to large perturbations at small r.) P* is 
further reduced by the repulsive core, which pushes 
out the wave function, and, for like nucleons, by the 
existence of the so-called Pauli repulsion.’ This argu- 
ment shows that three-body correlation errors are 
negligible for r<1 f for any reasonable assumed 
potential, which is also why we could neglect multibody 
forces for r<1 f. Since only three- and two-body forces 
have ranges 21 f, this also shows why we only needed 
two- and three-body potentials. 

Although most of the error in our assumed approxi- 
mate potentials lies within about 1 f, there is also some 
error for r>1 f. This error, which is small at r=2 f, 
becomes increasingly larger for smaller r, but at the 
same time the probability for three nucleons to simul- 
taneously come within that radius decreases also, 
keeping the three-body correlation errors comparable 
with those in the preceding paragraph. 

We are now left with only two-body correlation errors 
to consider. This means that if the effect of distorting 
the two-body inner potential between just two nucleons 
gives the asymptotic and over-all wave functions with 
negligible error for the average volume occupied by 
them, we could do the same for all the other two-body 
potentials and obtain only negligible errors. But this 
former is shown to be true in the first paragraph of 
part (a), which thus completes the argument. 


CONCLUSION 


We thus see that it is possible to describe nucleon- 
nucleon scattering in terms of only a few parameters 
per angular momentum state, and assuming only 
certain qualitative or semiquantitative properties of 
the potential. If the outer forces are not taken into 
account explicitly, one has to describe the low and 
high energies separately. If, however, an approximate 
outer force (specifically the MSOP) is assumed, one 
can describe both low- and high-energy phase shifts in 
terms of a few parameters. 

Moreover, any equivalent inner potential obtained 
from these parameters, when used with the MSOP, 
should give negligible errors when it is applied to 
problems which can be described by potentials acting 


%S. D. Drell and K. Huang, Phys. Rev. 91, 1527 (1953). 
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between nucleons.” Different types of inner potentials 
may be appropriate for different problems. It is prob- 
ably more convenient to use a local potential plus hard 
repulsive core for two-body problems, while it may 
be more convenient to use, say, a nonlocal separable 
inner potential for multibody problems. Such a po- 
tential can be made to have the same effect as a very 
strong core for two-body problems, while causing none 
of the usual difficulties associated with such a core in 
multibody problems. 

Thus we have a definite approximate method of 
relating the nucleon-nucleon S matrix in a limited 
range of energies to all such problems. This is probably 
the most one can extract from the nucleon-nucleon S 
matrix for application to such problems, since the 
interaction is almost certainly nonlocal for small 
distances, which means that there is not much point in, 
say, deriving a more accurate local potential from the 
S matrix, because the errors due to the nonlocality and 
lack of uniqueness are then of the same order as our 
other errors. At the same time a general nonlocal 
potential cannot be derived uniquely from the phase 
shifts. However, the errors arising from the use of an 
equivalent inner potential are of the order of 1% or 
less. Such potentials should therefore be adequate for 
most purposes. 
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APPENDIX 1 


We shall show that the asymptotic wave function in 
any particular angular momentum state, and hence in 
every angular momentum state, is correct to first 
order with any equivalent inner potential in the 
presence of neighboring particles. 

Let us first consider the case where the potential is 
correct. Let AU be the additional effective potential 
(which may be explicitly energy-dependent, and, 
indeed, depend on anything else we please) due to the 
presence of other particles. 

Then, replacing W by (1V7+AU’) in Eqs. (3) and 
(4), and with the MSOP included in W, Eqs. (4) and 


20.\ trivial modification of the argument (a) in the preceding 
section can be given even if we have internucleon distances 
somewhat less than 2 f, since such distances would be accompanied 
by larger energies, giving correspondingly smaller values of the 
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(6) become 


I'(a) -{ dr[ (u’?—v")+ (W—R)(?—v)+U | 


Dn 


+f (w—v)AUdr. (A1) 


Note that any uniform part of AU’ can be incorporated 
into k®. Indeed in what follows, we shall assume as 
much of it has been so incorporated as to make the 
distortion A from the free function at small 
distances as small as possible for a given k?, even 
though the meaning of &? is different from that for free 
scattering now. 

Now the wave functions u and v in (A1) do not differ 
much from those for free scattering at small r, i.e., in 
those regions where their contribution to the integral 
in (A1) is not small, the difference being of order A. 
Thus it follows from the variational principle that, 
within an error of order A’, the first integral in (A1) 
is just T'y(a), the (a) for free scattering. Now since 
the insertion of approximate # and v into both I';(a) 


Wave 


and into ['(a@) gives results with an error of order higher 
than the error in # and 2, the insertion of an approximate 
uw? and 2 into f-@(#—7*)AU dr alone will give a value 
of (a) to the same order of accuracy. In other words, 
we are justified in treating AU as a perturbation as far 
as I'(a) is concerned, even though AU may be large. 
In particular we may replace # by u? and 2 by 2, 
where u, is the wave function for the equivalent inner 
potential U,. The resulting error is thus only of order é. 
Thus, to this order of accuracy, 


raf dr[ (u’?—v") + (W—k*)(w—v?)+2U | 


x 


+f (u.2—v,.")AUdr 


=ry(a)+ | (u2—v.7)AUdr. 


(A2) 


(A3) 


But I's(a) is given accurately by the equivalent inner 
potential also, and, as before, one may use the wave 
functions wu, and », for scattering in the presence of 
other particles instead of the corresponding free 
scattering wave functions. The error, as before, is only 
of order A’. 

Thus, to that order, (A3) becomes 


l(a)= f dr[ (u."*—v.") + (Wk) (ue—v2)+u2U. | 


tf e—v2yavar, (A4) 


which is just the P'(a) for the equivalent potential. 
Note that because of the variational principle, only 
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errors of order A? and é& were involved in going from 
(A1) to (A4) [in addition to the negligible error involved 
in going from the I’y(a) for the correct potential to the 
corresponding I';(a) for the equivalent potential ]. This 
is not a trivial result. Had we used a boundary condition 
at r=a instead of an equivalent inner potential, for 
instance, the error in the asymptotic wave function 
would have been of order A, which is not negligible by 
our definition. 


APPENDIX 2. TENSOR FORCES 


If we have tensor forces, we will have coupled 
equations of the form 


uy’ +R { WitU,) \ur— \ W iv tU w)uy =9, 


(A5) 
My "4-[ Re — ( W, +Uy ) jer — WwtUw)u,=0. 


Now let 2, 7) be that particular pair of solutions of the 
equations 
oe” +[R—Wje— Wary =0, 


(A6) 
oy’ +-[R—Wr joey —-Wa1=0, 


the same asymptotic form as that pair of 
solutions #;, uy of Eq. (A5) which we are considering. 
Consider the integrals 


having 


£ 
Ji(a) f dr{ ( u)*—v,")— (ke — W 1) (u?—v?7)+u7U}}, 


Jy(a)= i dr{ (uy — vy") — (RP — Wy) (uy? — dy?) 
‘ (A7) 


+uy?Uy}, 
x 
J wa) -f Ark W yy (tyre — 0,01’) +U yur}, 


where, as for central forces, the lower limit, whenever 
it is omitted, will be r=r, for terms containing u or u’ 
and r=a for terms containing » or v’. 

For exact 1), ™); 01, dy it can be easily shown that, 
if [v,'(a@)/0:(a) ]=T (a), [ov’(a)/0y- (a) ]=T (a), then 


vr a T,(a \+-v, 2 a Ty (a) =J,(a)+J yp (a)+J w (a). (A8) 


Now it can be shown in a straightforward manner 
that if, for a particular solution, ';(a) and T' (a) depend 
on a parameter 7 (one of our three real generalized 
phase shifts for instance), then [as it occurs in I’;(a) 
and I',,(a)] is stationary with respect to variations in 
the wave function as long as u—>1 and 
u(r.) =0. 

Using exactly the same arguments as for central 
forces, we have, in the shape independent approxi- 
mation, an expression of the form 


d +o,7*(a)r, \a =17(a)[A.— kB, ] 
T vy "(a [Ay -k®?By \+0,(a)v, (a)Fy ° 


as r—> © 


=(a Tr, 
(A9) 


In addition, we can make the approximation 2, (a)/ 
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v,(a)2E=constant. This is certainly true for small 
energy variations, and can also be seen from the 
WKB approximation,” for which [w(r)/ui(r)] is 
energy-independent. At r=a, this ratio is =[v-(a)/ 
v,(a) ] which is thus approximately energy-independent. 
This approximation is really similar to the other 
approximations made and should be of about the same 
accuracy as the others within or at the first maximum. 
Equation (A5) now takes on the form 


lj (a)+ET, (a2)=G—FRH. (A10) 


There are three equations of the form (A10), corre- 
sponding to three different solutions of (AS). Of these, 
two will be linearly independent, and the third will be 
some linear combination of the independent solutions. 
Thus we can solve for our three generalized phase 
shifts at each energy using Eqs. (A10). 

Thus if we are given the phase shifts at two (or more) 
widely spaced energies in some energy range, the Eqs. 
(A10) will give the phase shifts at all other energies in 
that range. E would be determined by taking it equal 
to [v,(a)/2,(a) ] at those given energies and taking an 
appropriate average. After that, of course, it has to be 
always treated as a constant. This constant has to be 
found first, before we find G and H from our phase 
shifts at those two (or more) energies. 

The extension to higher approximations is obvious, 
just as for central forces. Thus (A10) would become 


ri(a)+( 


It was pointed out that Eq. (7) is equivalent to 
solving Eq. (3) with the boundary condition that 
the logarithmic derivative at r=a is just J(a)=A —R°B. 
We will now give a variational method of solving this 
problem. Consider the integral 


s(a)= f 


a 


N N 
>» Eat D(a) =G—-k# > Hk. (A111) 


i=() 0 
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x 


in| (v’?—h’) 


e? IJ(l+1) 
+(++ - #8) (ei pew] (A12) 
r 


where h is the asymptotic form for 


satisfying the 
equation 


1(1+1) 
w"+-(#- 


r 


For exact v and /, we have 


h?(a)[h'(a)/h(a) |=J'(a)+e(a)J(a). (A114) 
} is stationary 


>h 


»>#,. Thus, any approximate form for / and 1 


It can easily be shown that [h’(a)/h(a 
with respect to variations in v and # as long as % 


as 7 
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will give [A’(a)/h(a)] (and hence the phase shift) 
correct to a higher order than the o and A. If » and h 
depend on free parameters, these may be found in the 
usual way by using the stationary character of [h’(a) 
h(a) }. 


PHYSICAL REVIEW 


VOLUME 12/4 


THEORY 611 
If the Born approximation conditions are valid for 
r>a, we may take +h. In that case Eq. (A14) becomes 


x 


[h' (a)/h(a) J=[hA(a) } ‘ h®?Wdr+(A—RB). (A15) 
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It is shown that the r°-pole term predicts a large difference by nearly two to three orders of magnitude 


for the branching ratio of the D° 


>A°+2y decay mode, depending upon the value of the 2 


A relative 


parity. It is further argued that this difference is not masked, even if we include other diagrams. It is thus 


suggested that a study of the branching ratio of the 2 


relative parity 


HE determination of ©—A relative parity is at 

present an urgent problem for the development 
of the theory of elementary particles. Suggestions have 
been made! to determine this parity unambiguously 
from correlation effects in the Dalitz decay, =°— A° 
+e++e-. In this letter we wish to point out that a study 
of the branching ratio of the 2° — A°+7+7 decay mode 
could also serve this purpose. 

We will denote even and odd Y—A parities by 
P=+1, respectively. The corresponding parameters 
will often be denoted by the superscripts +. First of 
all, we notice that under the assumption of charge- 
independent strong interactions and minimal electro- 
magnetic interactions the decay =° — A°+2y is strictly 
forbidden for either parity, as long as we switch on only 
those interactions which involve the particles with 
integral isotopic spin (2, A, and w) and the photon. 
This is because the above-mentioned class of inter- 
actions is invariant under the isotopic rotation e‘*” 
(under which >°——2D®, A®—A°) together with 
y—-—vy (y from the isovector current). The decay 
takes place only when? the strong and electromagnetic 
(minimal) interactions involving the particles with 


* Richard C. Tolman, Post-Doctoral Fellow. 

1 J. Sucher and G. A. Snow, Nuovo cimento 18, 195 
N. Byers and H. Burkhardt, Phys. Rev. 121, 281 (1961) ; L 
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2In this case one photon comes from the. isoscalar and the 
other from the isovector part of the current. 
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>A°+2+y decay may serve to determine the 2—A 


half-integral isotopic spin (.V, =, and A) are switched 
on. Thus if we neglect the A-meson cloud, the decay 
has to occur only through baryon (half-integral isotopic 
spin) loops, the main contribution of which may be 
expected to be given by the 7°-pole term, shown in 
Fig. 1. 

Let us, therefore, first study the contribution of Fig. 
1, hoping that it dominates. The possible importance of 
other intermediate states will be discussed at the end. 
The 2°— 2y vertex in Fig. 1, involving the baryon 
(half-integral isotopic spin) loops, can be estimated from 
the observed rate of 2° decay. We denote the 2° — 2y 
matrix element by 


(2a) 484 ( .= k — ko )F 5 €a875€ 1a€23k 1yR25, 


where four-vector ¢:1,. denotes the polarizations of the 
photons with four-momenta k;,2, respectively. We may 
safely assume that the form factor F, is nearly a con- 


stant. Then in the rest frame of D°, the rate of 


(£9, A) 


Fic. 1. The 7° pole diagran Fic. 2. The (2°,A)-pole 
for 2° — A°+2y decay. diagram for Y°—» A®°+2y 
decay. 
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2y is given by 


Eaqmax 
W (2° — A°+ 27) = W (9° — 2y)[(g+zax)?/40 my f dEx 


where W (2° — 2y)=\F,\*m,°/64m is the rate of 
m—2y decay and E,y™*=(my?+m,")/2mzy. g*saz 
denotes® the renormalized pseudoscalar (P=+1) and 
scalar (P=—1) coupling constants for = <A+z, re- 
spectively. The upper and lower signs in Eq. (1) cor- 
respond, respectively, to P=-1. If we use‘ 


W (x° — 27) ~0.5 X10!6 sec, 


we obtain 
W (=° — A°+2y) 


_ var)” (9X10? sec- 1 for P=+1 
——X (2) 
4n  (2.4X10" sec for P=—1 


Thus a large difference between the branching ratios 
of the 2°— A°+2y mode for the two parity cases is 
expected, insofar as Fig. 1 is the dominant mechanism. 

Let us now consider the normal decay mode 
>°-— A°+v+¥. In the absence of an experimental® value 
for the absolute rate of this mode, we have to resort to 
theoretical prediction for this rate at present. Denoting 
the effective interaction for >°— A°+~¥ by 


™ ‘1 ) 
Lutes A ( > 
aM vAACys| - a y 
2M SA m iys bY 
where 


p*zsa = (e/2my)X*2z5, Oy = (1/21) (Yr — Wn), 
and F,,=0,A,—9,A,, the rate of 2°—> A°+-7 for either 


parity case is given by 


: Cc (X*za)¥o? 
W (2? A°+y)= 
4r m 


= (X*z,)?5.53X 108 sec“, (4) 


where w denotes the energy of the photon in the rest 
frame of 2° (w~76 Mev). By (2) and (4), the branching 


* We explicitly assume 
without derivative. 
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York, 1960)] for the =°-+ A°+¥y rate is W(2®°-—+ A°+7) =10" 
sec~. Recently methods have been suggested by J. Dreitlein 
and H. Primakoff (to be published) to determine the 2° radiative 
transition rate. 
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(Ex- macy 2)4( Ey my) (me +mye— 2mzEs)* 


[m;? +m,2—m,2— mE a? 


ratio for the =°— A°+2y mode is given by 


W (2° A+ 2y) 


, 

W (2° A°+7) 

1.6X10-° for P=+1 
x (5) 

(X+3,)? 43x10-§ for P=—1. 


(g* Dar)? 4 


~— 


For the even-parity case, hyperfragment analysis® indi- 
cates that (gtya~)*/49r~15, consistent with global sym- 
metry,’ while for the odd-parity case, the same analysis,® 
as well as the recently proposed Nambu-Sakurai,’ 
method, indicates that (g~s4,)?/4r~0.5. We therefore 
shall use” these values in Eq. (5). The values of Xz, 
are also unknown and depend on the structure of 
strong interactions. From the results of various sym- 
metry hypotheses" and other serene ions,”!8 however, 
it seems plausible to take X¥*+y,~1-2. For the odd-parity 
case, there is no symmetry princ a to guide us. At 
any rate, rough perturbation calculations’ and the 
recent calculation by Dreitlein and Lee,!* based on the 
hypothesis of the dominance of the 27 resonance in the 
(T=1, J=1) state, indicate that |NX~s,| ~1-0.3. 
Using these values, we obtain from Eq. (5) 


+1 


for P=— 


(0.6-2.4) X 10-8 
(0.2 


for P= 
(6) 
-2.4) XK 10-5 


Apart from the absolute decay rates, the energy 
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state, these authors obtain W (2° — A?+7) ~ (gyyegy4, g° aNNg) 
X9.1 10" sect for either parity. So, if we choose gyy, =¢*y\,= 
gnwz for the even-parity case, we get Lef Eq. (4) ] |X *za == 1.3, 
while if we choose (gys,2~y,4,/2°N Nx 1/15 for the odd-parity 
case, we get | X-y,| ~0.33. 


1714 
1958). 
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spectra of the A hyperon and the photons are also 
expected to be different for the even- and odd-parity 
cases. These spectra, calculated from Fig. 1, are shown 
in Figs. 3(a) and (b). 

We have shown [Eq. (6)] that the 2’-pole term 
predicts a large difference by nearly two to three orders 
of magnitude for the branching ratio R depending 
upon the value of P. We have, however, to study the 
effects of other diagrams, especially for the even- 
parity case, since the r°-pole term leads to a very low 
branching ratio ~ 10~* due to the P-wave pion emission 
in this case. The first set of candidates, in order of 
increasing mass, after the one-pion-pole term, would 
appear to be terms involving a higher number of pions. 
Fortunately the 27, 4n, configurations cannot 
contribute to the process by the G (=e'™’:Xcharge 
conjugation) invariance of strong interactions, and we 
may reasonably neglect the contributions from 3, 
Smr:-+ intermediate states. We also neglect the inter- 
mediate states involving nucleon (cascade) and K 
(A) meson, partly because of the higher mass involved 
and partly because the A-meson coupling constant 
seems to be smaller than that of the # meson. Rough 
perturbation-theoretic calculation justifies this omission. 

We explicitly calculate the contributions from >°- 
and A-pole terms (Fig. 2), which give roughly the same 
contribution for even- and odd-parity cases. This con- 
tribution is strongly dependent upon the magnitudes 
of the transition moments!* Vyos: and Nya, as well as 
upon Xys,. However, XYy°ro and Y,, receive contribu- 
tions only from the isoscalar part.'® If the isoscalar part 
is small for (2,A) hyperons as in the case of nucleons 
(us —0.06 e/2m, for nucleons), it is plausible'® that 


’ ? " ? 
and Xaa| 30.2. 


4 We define Xy°y? and X,q in the same way as Xyq [see Eq. 
(3) ], ie., pj = (e/2my) X;j;. 

16 This is easy to see by writing u~=u,+T7 su» in obvious notation. 

16 This is true under the hypotheses of many symmetry schemes. 
For instance in the limit of strict global symmetry (P= +1), or 
symmetries somewhat weaker than global symmetry, the magnetic 
moments of 2° and A vanish. In this connection, see G. Feinberg 
and R. E. Behrends, Phys. Rev. 115, 745, 1959; K. Tanaka, 
Phys. Rev. 122, 705 (1961), and G. Feinberg (to be published). 
There are also perturbation-theoretic calculations [see W. G. 
Holladay, Phys. Rev. 115, 1331 (1959) ], which indicate that the 
A and 2° magnetic moments are quite small (<0.1 e/2m,) as long 
as the K-meson coupling constants are not as large as the x-meson 
ones. The hypothesis of unitary symmetry," on the other hand, 
gives pys0= — Hy, = —Funeutron. This symmetry scheme, as em 
phasized by Gell-Mann, must however be badly broken, since 
experiments indicate that KNA and ANZ coupling constants are 
much smaller than the NN coupling constant in contradiction 
with unitary symmetry. It is hard to tell, therefore, how much 
one has to rely upon the conclusions of this scheme about the 
magnetic moments in the presence of other unknown strong 
symmetry-breaking interactions. At any rate, we hope a choice 
between the above results can be made by a direct measurement 
of the magnetic moment of the A hyperon. The magnetic moment 
of 2° can be obtained indirectly from a measurement of the mag 
netic moments of + and =~ by using the Marshak, Okubo, and 
Sudarshan relation py++py-=2uy", which is based on charge 
independence alone. 
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Fic. 3. The energy spectra of the A hyperon (a) and the photons 
(b), for even (P=+1) and odd (P=~—1) relative Y—A parities. 
The spectra for P= +1 are normalized to have the same area. 


In this case Fig. 3 leads to a branching ratio for the 
>°— A°+2y mode less than 3.8X10~-* for either parity 
case with any choice of signs for Xyeye and Xq,. This 
is still much smaller than the contribution from the 
m-pole term for the odd-parity case [cf. Eq. (6) ]. The 
situation does not change by considering the inter- 
ference term between Fig. 1 and Fig. 2 either. 

Thus we have shown that the large difference between 
the branching ratios for even and odd relative parity, 
obtained by the consideration of the r°-pole term, 
remains true even if we consider other diagrams. We 
therefore feel safe to conclude, allowing a rather large 
margin for the uncertainties in the coupling constants 
and the hyperon-electromagnetic form factors, that 
if we can see one >°—> A°+2y event out of less than 
10° >° decays, the 2—A relative parity must be odd; 
while if we cannot see any such event in more than 10° 
>° decays, the relative parity must be even. Of course, 
if one is optimistic enough, one may hope that the 
value of Nya, or equivalently the rate of =°— A°+¥ 
decay, is somewhat smaller than that chosen in this 
article. For instance, if Ny, is less than 0.2, one may 
hope to see (if P=—1) one event of 2° — A°+2y out 
of even 2X10* or less D° events. This, if seen, would 
unambiguously determine that the (ZA) relative parity 
is odd. An accurate determination® of 2° lifetime would 
therefore be particularly interesting in this connection.” 

As to the experimental possibility, we hope that, with 
enough intensity, a study of the =°— A°+2y decay 
may be feasible, for instance, in a heavy liquid chamber. 


‘7 Alternatively, we may note that, if the branching ratio of 
> — A®+2y is found to indicate odd relative parity, then the 
same data can be utilized, either to infer the value of Xyq, 
assuming that of g~yaz, obtained by other %* methods, or to 
deduce the value of g~sar, knowing Xya by an independent 
method. The same cannot, however, be done for the even-parity 
case, since in addition to Fig. 1 there exist other competing dia- 
grams (for example, Fig. 2) with somewhat uncertain contri 
butions. 
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One process'* that may be looked for is: K~+-nucleus — 
>°+2-+ (nucleus) *; 2°—> A°+2y, with the subsequent 
pair production by the two photons and the (px~) 
production by the A hyperon. This may be feasible in 
a heavy liquid chamber, specially since the photons are 
expected to be energetic. 

In conclusion, except for the large’ intensity re- 
quirement, which will be a drawback, the method 
described above seems to have certain advantages over 
the other! methods, since it does not need any polar- 


ization of =°, and does not involve the somewhat 


difficult task of studying correlation effects such as be- 
tween the spin of A° and the plane of the pair in the 
2° Dalitz decay. 


'§ This was suggested to one of us (J.C.P.) by G. A. Snow 
' The methods suggested in reference 1 involving Dalitz decay 
of =° require nearly 10* to 105 polarized ° events for an unam 
biguous determination of P. The present method, on the other 
hand, needs nearly 10° to 10° =° events without any restriction on 
their polarization 
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Range of the Nucleon-Antinucleon Annihilation Potential 
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It is shown that the assumption of the validity of the Mandelstam representation for nucleon-antinucleon 
scattering leads to a potential, fitting the data at a given energy, with an imaginary part, the range of which 


cannot exceed half the nucleon Compton wavelength. 


ANY theoreticians state that on the basis of field 
theoretical arguments, the range of the nucleon- 
antinucleon annihilation potential must be of the order 
of the nucleon Compton wavelength.' However, this 
is not obvious because one has to define in a correct way 
a complex potential describing scattering and disap- 
pearance of the nucleon-antinucleon system. To our 
knowledge this has not been done up to now. Conse- 
quently other theoreticians, mainly under the pressure 
of early experimental results in the low-energy region 
these results turned out later to be wrong) and of more 
recent results in the 1-2 Gev region,” tried to construct 
field-theoretical* or phenomenological* models in which 
the annihilation force has a long range. 

We do not wish to discuss here the experimental 
situation. We would like to show that it looks very diffi- 

1J. S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1958); 
J. S. Ball and J. R. Fulco, ibid. 113, 647 (1959). 

2 Proceedings of the 1960 Annual International Conference on 
High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York, 1960), p. 658. 

3M. Lévy, Nuovo cimento 8, 92 (1958); J. Mandelbrojt, 
Nuovo cimento (to be published 

*Z. Koba and G. Takeda, Progr. Theoret. Phys. (Kyoto) 19, 
269 (1958); B. Jancovici, M. Gourdin, and L. Verlet, Nuovo 
cimento 8, 485 (1958) ; M. Lévy, Phys. Rev. Letters 5, 380 (1960) ; 


J. Mandelbrojt (to be published); O. Hara, Phys. Rev. 122, 669 
(1961). 


cult, in the framework of Mandelstam representation, 
to have a nucleon-antinucleon annihilation potential 
with a range larger than half the nucleon Compton 
wavelength. 

In a paper published elsewhere’ Targonski and the 
author have indicated a method of construction of an 
energy-dependent nucleon-nucleon potential, fitting a 
scattering amplitude at a given energy, when this scat- 
tering amplitude has the analytic properties implied 
by the Mandelstam representation, with respect to the 
scattering angle. This potential is a superposition of 
Yukawa potentials. There is no objection to applying 
this method to the case of nucleon-antinucleon scat- 
tering at a given energy. The only change will be that 
the potential obtained in this way will be complex, 
since absorption takes place. For simplicity we shall 
neglect spin complications and assume that the energy 
at which we try to construct the potential is below the 
one-meson production threshold. We shall assume that 
there is only one kind of nucleon, to avoid the troubles 
due to pp— nfi scattering, but this can be easily cor- 
rected because one can start from initial states with 
given isospin. 

Let us summarize briefly the general method. The 


5 A. Martin and Gy. Targonski, Nuovo cimento 20, 1182 (1961). 





NUCLEON 


scattering amplitude has two cuts in the cos plane, 
one from 
cosé= 1+ (apmin 2/2? 
to 
cosd=-+ ~, 
the other one from 


cosé= — [1+ (QEmin )? 2k? | 


cosé= — «, 


where & is the c.m. momentum. Then, provided 2a¢> «ap, 
one can try to fit it by a potential 


x 


( "pla lexpl—ar lda 


+ Pyr f C'rlade Xxp| — ar da, 


where Py, is the Majorana exchange operator. Step by 
by step, one can construct Ce(a) and Cp(a) from the 
knowledge of the discontinuities across the cuts, and 
if these are known till 


cos#= +[ 1+ (Qmax)* 2k* ], 


then Cge(a) and Cp(a) are known for a<a@yyax. Physically 
this means that the first thing we can get is the external 
part of the potential; the farther we know the discon- 
tinuities, the better we know the inner part of the 
potential. 

Let us apply now these considerations to the nucleon- 
antinucleon case. The scattering amplitude 7 for this 
process can be split into two parts T, and T, (Fig. 1 

T, is a purely elastic amplitude analogous to t} 
nucleon-nucleon amplitude; it satisfies the unitarity 
condition, which expresses the absence of any possible 
reaction other than scattering (we are below the meson 
production threshold). In the absence of anomalous 


1¢ 


thresholds it is easily seen that the lowest singularities 


of T, for fixed energy are given by 


t= —(N,—N,)? 


nu” (one-meson pole), 
l (2u)* (first branch point), 
t= —(N,—N,)?= (2M), 


where uw is the w-meson mass and M the nucleon mass. 
The lowest singularities in 7, lie at 


t=i= (2M). 


To be more accurate we should everywhere replace 2M 
by the deuteron mass but this is unimportant. 

If we return to the variable cos@, we see that in the 
region 


cos6| <<1-+4M?2/2k?, 


the only contributions to the discontinuities come from 
T, and that the left-hand cut is missing. Hence Cr(a)=0 
for a<2M; and Cp(a), for a<2M, is the same as if 
T, were absent. We know, however, that 7, satisfies 
an elastic unitarity condition. Therefore Cp(a) is 


ANTINUCLEON ANNIHILATION 


POTENTIAL 


Fic. 1. The two con- 
tributions to the scat- 
tering amplitude T. The 
dashed lines represent 
mesons (x mesons, K, 
K mesons). 


necessarily real for a<2M. From this we conclude that 
the range of the imaginary part of the potential cannot 
exceed half the nucleon Compton wavelength. 

Strictly speaking, our analysis is restricted to energies 
below the meson production threshold. However, as 
long as the meson production cross section is small, 
T, satisfies fairly well an elastic unitarity condition 
and therefore Cp(q@), in the range uf aX 2M, is almost 
real. Concerning the problem of the energy dependence 
of the potential, we can guess that the Charap-Fubini- 
Tausner argument® can be applied to 7, and therefore 
the external part of the real potential is energy-inde- 
pendent in the low-energy region. This is probably not 
the case for the imaginary potential. We are probably 
in a situation analogous to that of the optical potential 
in nuclear physics; the real potential has a weak de- 
pendence on energy while the imaginary potential has 
a strong energy dependence. 

As far as we can see, the weak points of our reasoning 
are the following: 


1) The assumption that the Mandelstam representa- 
tion holds for 7, and 7). 

(2) The assumption, underlying the work of reference 
5, that the potential one obtains eventually is not too 
singular at the origin. 

(3) The use of a potential model. This is, however, 
the way the experiments have been analyzed up to now 
and on the other hand, we cannot see any clearer way 
of defining a range in configuration space. 


As a concluding remark we wish to point out that 
if one takes our argument seriously, it imposes a very 
severe restriction on the phenomenological analysis of 
the data on nucleon-antinucleon scattering. At low 
energies this restriction seems to be compatible with 
the known experimental facts.’ At higher energies, it 
is not yet clear, in our opinion, that it is incompatible 
with experimental facts.‘ 
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Eliezer has contended that the Dirac equations for the motion of a particle in a Coulomb field, when 
the radiative reaction is included, do not have physically realizable solutions. The problem is reinvestigated 
and Eliezer’s conclusion proved false. Two-dimensional solutions (spirals) are found, which can be described 
with the exclusive use of integrable functions. One-dimensional solutions (radial trajectories) are found 
for both a repulsive and an attractive pole. The radial solutions involve distributions (in the sense of 
Schwartz). A consequence of the solutions is the emission of a strong pulse of radiation when a particle hits 


an attractive pole or when it leaves a respulsive one. 


I. INTRODUCTION 


HE emission of electromagnetic energy by an 
accelerated charged particle is well proved experi- 
mentally. However it has remained, to date, a theoretical 
controversy. While no one seriously doubts the funda- 
mental nature of Dirac’s' radiative reaction (nor 
Wheeler and Feynman’s* interpretation of it), well- 
behaved solutions of the resulting set of equations have 
been proved nonexisting in cases of physical significance. 
Our intuition, however, demands proper answers in such 
cases. 

The chief destroyer of proper solutions has been 
Eliezer? who showed in a series of papers that physical 
solutions do not exist for three particular fields of force: 
the field of a thin infinite charged plate, the attractive 
Coulomb field, and the repulsive Coulomb field. At this 
point, the opinion was even held that the three-dimen- 
sional relativistic set of equations proposed by Dirac 
does not possess any solution when the particle is 
influenced by an external force. However, Plass* showed, 
that this is not the case and that a proper solution exists 
as long as the external force does not become infinite 
at any point on the trajectory. Plass even showed that 
certain infinities were permissible but that others were 
not. The pole of a Coulomb field remained forbidden. 
While Plass’ work limits Eliezer’s conclusion for the 
Coulomb field to the case when the pole is on the tra- 
jectory, it nevertheless leaves our intuition baffled in 
one very important physical case. It should be noted 
at this point that Eliezer’s reasoning is complete only 
for a particle moving radially from or toward the pole 
of the field. Eliezer himself does not claim that he has 
a proof for the nonexistence of a solution when the 
particle spirals around the pole either before it falls 
into it or after it is released from it; he only advances 
some heuristic arguments to substantiate his contention. 

We shall prove that there is indeed a well-behaved 
solution which is tangent to a logarithmic spiral at the 
pole. This solution, however, is not very satisfactory 
because, while some such spirals will pass through any 


1p. A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 
2 J. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 17, 
157 (1945). 

3C. J. Eliezer, Revs. Modern Phys. 19, 147 (1947). 

4G. N. Plass, Revs. Modern Phys. 31, 37 (1961). 


point in space, the velocity of the particle at that point 
is fixed in magnitude and must remain tangent to a 
fixed cone apexed at the point in question. One has 
the feeling that many more solutions must exist which 
spiral into or out of the pole of the field and pass 
through a given point in space. One would expect that 
at a given point in space one can choose the magnitude 
and the direction of the velocity of the particle within 
some dense and rather large domain and obtain a tra- 
jectory which reaches or has previously reached the 
pole. In particular, proper solutions are expected for 
particles moving on the straight line defined by the 
point in question and the pole. 

This apparent 
remembers that the integrable functions do not form 


paradox can be resolved if one 
a differentiable group. In order to form such a group 
one must add to the integrable functions the measures 
and the distributions defined by Schwartz.® Eliezer’s 
proof of the nonexistence of a radial solution which 
includes the pole is based on the use of integrable 
functions exclusively. It happens, as will be shown 
later, that the proper solution in this case is not de- 
scribable with 
solution exists 


integrable functions exclusively. The 
but its description requires the intro- 
duction of one of Hadamard’s pseudo-functions. The 
spiral solutions can also, in general, only be described 
with the introduction of We 
however, restrict in this paper the search for solutions 
in the case of a Coulomb field to the spirals describable 
with integrable functions exclusively and to the proper- 
ties of the radial trajectories. 


distributions. shall, 


II. COULOMB FIELD, SPIRAL SOLUTION 

DESCRIBABLE EXCLUSIVELY BY 
INTEGRABLE FUNCTIONS 

relativistic classical 


In Cartesian coordinates the 


equations of motion of a charged particle including 
radiative reactions are 


s= (e/mc)F yuk +1/b(ii;— (1/7) uj i;,). (1) 


5 L. Schwartz, Theorie des distributions (Hermann et Cie, Paris, 


1950). 
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The tensor F’, is the electromagnetic field tensor: 


| 0 H. —H, E, 
Fa= | 0 dH, &£E, 
—#, © £, 
-— -k, 6] 


The parameter 0 is the reciprocal of the time taken by 
a light signal to travel a distance equal to two-thirds 
of the classical electron radius: 


b=3(mc/e?). (3) 


The mass m is the rest mass of the particle with charge 
e, cis the velocity of light, and / and H are the retarded 
electric and magnetic fields. The velocity « is the rate 
of change of location x; per change of proper time r. 
The dots are for differentiation in function of proper 
time, thus: 

Uj= Ti. (4) 


We shall use intrinsic coordinates. Let t, n, and b be the 
unit vectors in the direction of the tangent, principal 
normal, and binormal, respectively. Let u be the 
three-dimensional vector representing the proper ve- 
locity and u be its magnitude. We obtain: 
u= ut, 

du/dr= ut+hkyn, 
d@u/dr?= (ti— ky2u®)t + (3k i+ (dk, /ds)u*®)n— ky Rou*b. 
The following Frenet formulas have been used: 

dt ds= Ain, 

db f‘ds= kon, 

dn/ds= —k,t—kob. 
In the Frenet formulas, &; is the curvature, ke is the 
torsion, and s is the arc length along the trajectory. 


After the introduction of intrinsic coordinates, the 
Dirac equations become 


uw u eb 
u—bu- = k,*u*{ 1+ — (P+u7)?k,, (7) 
CH C mc 


el 


) 
ku? +k,(3ui— bu?) = [uH,—(e+uw)'E, |, (8) 


mi 


eb uH,+(2+v)i ky 
kyu 


>= (9) 
mc 


To find, in the case of the Coulomb field, a spiral 
solution exclusively describable by functions, one 
replaces F, and F, in Eqs. (7) and (8) by 

E,= (A/p?) cosg, (10) 
E,,= (A/p*) sing. (11) 


The angle ¢ is the angle between the tangent to the 
trajectory and the radius of that trajectory. The polar 
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coordinates (p,9) originate at the pole of the field. If ¢ 
has a limit go when p decreases to zero, the trajectory 
will be tangent at the pole to a logarithmic spiral of the 
form 


p= po exp(0/tango). (12) 


The arc length is given by 


(13) 


S= p/COS Yo. 
The curvature is given by 


(14) 


k= SiN go p= tan ¢o $. 


Expanding the velocity in powers of the arc length one 
finds that the velocity reaches a finite limit # at the 
pole, given by 

(15) 


SIN go. 


uy = (eb/m)A 
Equation (15) obtains, provided 


1! (eb/me*) A (16) 


(cos2¢o)! ( 1 —cos2¢n ‘ 


The bars are for absolute value. 
There is always a solution for a value of go between 
0 and 7/4. This solution is such that 


uA >0. (17) 


It satisfies Eq. (17) which is the condition for a proper 
solution. Indeed, Eq. (17) states that when the field is 
attractive the velocity near the pole is directed toward 
the pole and when the field is repulsive, the velocity 
near the pole is directed away from the pole. 

If one is not contented with the logarithmic spiral, 
one can improve the accuracy of the result by expanding 
p and w in series of s. 

Let us write 

p=s cos( got ¢15). (18) 
One also defines 


U=UotnU\S. (19) 


The parameters ¢; and 2 are finite constants. It is of 
course not necessary for ¢ to be simply 
g= got ¢15. (20) 
The definition of polar coordinates yields 
(ds/d0)?= p?+ (dp/dé)?. (21) 
Using Eq. (18) and Eq. (21), one obtains 
ds/d0= (s/tango)[1— ¢gis(tango+2/tan¢o) } (22) 
dp/d0= (s cos¢o/ tan go) [1— gis(3 tango+2/tan¢o) ]. 
(23) 
For any curve, however, one has 
tanyg=p/(dp/dé@). (24) 
The introduction of Eq. (24) leads to 
3 ¢= got2eis. 


For any curve, one also has 


ky d( gt+86) ds. 
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Thus, the curvature becomes 


ky = (tango/s)[1+ ¢is(tango+4/tango)]. (27) 


Replacing the radius by the arc length in Eqs. (10) and 
(11) one finds 
E,.= A/s* cos¢o, (28) 
E,= (A tango/s? cos¢o)[1+2¢15(tango+1/tan¢go) ]. 
(29) 


Replacing in Dirac’s equations, one obtains 


4 
2( taneo+— —~} 
tan go 
My cA cos¢o 210° 
= (- Bosheciancs tn Ne } (30) 
uy \euo(c2 +7)! sin? yo CHU? 


eA(ce+uy?) if tyre, 1 
1 , 
———— = ~ . — +2 tan got tae — . (31) 
Mc COS¢y Lee+ud tan yo 


The values of #, and ¢; are extracted easily from Eqs. 
(30) and (31). 

We could improve step by step our knowledge of the 
solution. Barring the occurrence of indeterminacies at 
a later step, the only degree of freedom is the trivial 
rotation of the trajectory around the straight line 
defined by a point on the trajectory and the pole of the 
field. 

When the pole is due to a single positive charge and 
the moving particle is an electron, one obtains 


A=—e, 
go~r/ 6, 
ug= — 1.44c, 
(the corresponding real-time velocity is 0.82c) 


¢gi= —5.25X10" (cm) 


’ 


ty —?2.88x 10 Cc (cm 

One notes that within the approximation, the proper 
velocity decreases toward the pole. This reversal of 
expected behavior will be clarified in the next section 
of the paper. One finds in general that the electron first 
increases its velocity toward the pole, that the velocity 
passes by a maximum and then, very near the pole, 
decreases rapidly. The decrease of the kinetic energy 
is, of course, accompanied by the emission of a con- 
siderable amount of radiation. 

In the case of a repulsive single pole, one obtains 

go~n/6, uo=1.44c, 


~1> 1.83X 10" 
uy — 1.00 10"c 


(cm), 


(cm~'). 
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The radiative reaction is so intense that the electron at 
first loses kinetic energy while spiraling away from 
the pole. 

The behavior of both the attractive and the repulsive 
systems suggests an analogy with nuclear models. The 
penetration of an attracted particle or escape of a 
repulsed one is hampered by a short-range force. 


III. RADIAL MOTION IN A COULOMB FIELD 


The behavior of the only solution describable ex- 
clusively with integrable functions suggests the reason 
for the lack of other solutions of that kind. The ac- 
celeration changes sign near the pole. Suppose now 
that this change of sign occurs in general at the pole 
itself, then the solution must lead to an indeterminacy 
at the pole. The velocity of the particle will have two 
values at the pole, one reached by analytic continuation 
of the neighborhood value toward the pole and the 
other obtained at the pole itself. Thus, an attracted 
particle will be continuously accelerated toward the 
pole and, when reaching it, will suddenly be decelerated. 
On the contrary, a particle which is repulsed by the 
pole will suddenly lose a certain amount of kinetic 
energy before it leaves the pole. The sudden loss of 
kinetic energy in both cases is compensated by the 
emission of a burst of electromagnetic radiations. 

We shall restrict our treatment of this problem to 
radial motion and indeed find that the @ priori con- 
clusions hold. The Dirac equation of motion becomes 


1 
= ———(c?+’)! 


2 
We analyze first the case of an attractive pole. 
this case, one must reach the pole at a time 
>. 
We may assume 


s>QQ. 


A proper solution will be such that 


One introduces 


G exp( br). 


(2+1?)} 


The formal integration of Eq. (42) leads to 
u+(c?+)i=[u 


xexr f G explbr dr] 


The velocity uw is the value of u at the origin of time. 
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Integrating Eq. (43), one finds 


s= so 3a (e+ m4) f ex f G exp(br de fr 


( 


2[ uo+ (72+)! | 


xf exo| - f G exp(br)ar [ar (44) 


The arc so defines the position of the particle at time 


zero. 
Equation (38) can be written 


Gis? exp(br) = —ebA/me. 


J 


The constant Go is an integration constant. 
It will, however, be more useful to write 


mt exp —br) 
a7 
« 52 

ebA 

. f 

mc ¥, 
From Eq. (44), for given G(r) and 7, it is possible to 
find a starting location and a starting velocity 


It leads to 
ebA 


* exp(—Or) 


G= dr+Gp. (46) 


mc s? 


ebA 
G=- 
me 
"! exp(—br) 
dr+Gp. (47) 


9 
s 


sy>O, (48) 


Uy <0 (49) 


provided 


f eof — f G exp(bridr [ir 


>. 


Tl T 
f exo f G exp(br)dr ir 


It is the case as long as G is finite. From Eq. (46), a 
difficulty can only occur at the pole, when s becomes 
zero. As a matter of fact it has been shown by Eliezer* 
that a solution which would involve only integrable 
functions does not exist at the pole. 

Equation (46) is, however, not the complete solution 
of Eq. (45). One can certainly add to G a punctual 
distribution P located at 7;, such that 


Ps?=0. (51) 


The distribution theory of Schwartz’ is still not widely 
used in the United States. While the best work on the 
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subject is Schwartz’s own book, publications in English 
include introductions by Halperin® and Giittinger.’ 


The natural choice for P leads to 


) 


" exp(—dr) 


ebA 


Sak exp(—dr) 
“ (vif dr 
mC 0 $ 
(0 


The symbol Pf is for pseudo-function or Hadamard’s 


finite part of the integral. The form of Eq. (52) is such 
that G tends toward infinity near the pole but never 
is satisfied and a correct solution exists up to the pole. 
The proof that Eq. (52) is solution of Eq. (45) is given 
We define the constant 
_ 7 exp(—br) 
rif dr )+G,. 
' $ 
We can, in an analogous manner, replace Eq. (44) by 
TI TI 
xf ew| - f G exp (br)dr fd 
xf csn| [ G exp (bridr fir (55) 


G 


ebA 
p eens 


mc s 


ebA 
G, = Go- = 
mc 


" exp(—dr) 
(53) 


52 


ebA 
G ( 54 ) 
mc 


reaches it. Because G never reaches infinity, Eq. (50) 
in the Appendix. 
ir). 
It permits us to replace Eq. (52) by 
s=—}Luot(C+u7)* | ep f Gexp(br)tr| 
— ex | G exp(br dr] 
ty?) ? 


When 7 tends toward 7,, the right-hand side in Eq. 
(54) is of the form 


G(r) ebA, me F ( r1)—-F(7r)—F (71) 1— Yr) +-G. (56) 
In Eq. (56), F (7) is positive, F (71) is infinite and Vr 
is Heaviside’s step function starting at 7;. Thus, near 
71, G(r) is given by 
G(r)=— (eb A/mc)F(r)+G). 

At 71, G(r) becomes 
G( T1) G. (58) 
* 1. Halperin, Introduction to the Theory of Distributions (Uni 
versity of Toronto Press, Toronto, 1952 
7W. Giittinger, Phys. Rev. 89, 1004 


1953 
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Because of Eq. (58), the velocity at the pole is given by 


= 3 mot (2+u2)*] exp f G exp(br)dr| 


Cc " 
-— exn| - f Gexp(br)ar| (59) 
2[ uot (2 +u")*] 


The velocity at the pole must be negative. 

Because of Eq. (57) the velocity is discontinuous 
near the pole and tends to infinity before it reaches the 
value given by Eq. (59). The important fact, however, 
is that, because G is integrable from 0 to 7, Eq. (55) 
is valid. The infinite term in the velocity is the one 
which involves 


Tl 
exp f Gexpbridr], 


it is not the one which involves 


60) 


exp] — f G exp(bridr] 


As expected a priori, the velocity remains negative, 
tends toward infinity and finally changes abruptly at 
the pole to the finite value given by Eq. (59). The 
kinetic energy lost in the abrupt change of velocity at 
the pole is accompanied by the emission of a burst of 
electromagnetic energy. One should note also that the 
solution is a function of the conditions at the origin of 
time. It thus includes all possible radial motion toward 
an attractive pole. A simple mathematical form for 
s(t) has not been found. While we know the behavior of 
the solution, exact numerical computations require 
programming on a computer. It was done by Plass‘ for 
cases where the pole is not on the trajec tory. 

To get a possibly better feeling for the significance 
of the discontinuity at the pole, assume that even near 
the pole 


(61) 


s=U;(tT1—T7). (62) 


Of course Eq. (62) can only be valid at the pole and 
not much can be expected from such an approximation. 
Replacing in Eq. (54), one obtains 


ebA exp(—6r;) 1 
G = ( ) +G). 
mc uy? T1—-T 


(55) and differentiating, one obtains 


esol f G exp(br)dr| 
eb. { Ta” c 
xexn| in( )|- 
meu; T1-T QF tot (c?+ 97)! | 


‘ L 


xexn| — f G exp(6r ir| 


ebA 
xer| —_—— 


meu; 


(63) 


Replacing in Eq. 


i. tee 
in( = —)| (64) 
OS ek 5 
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The value obtained is infinite for 7 different from 7. 
The important fact is that, because A is negative, the 
infinite value is negative. 

In the case of a repulsive pole, it has been shown by 
Plass* that a proper solution exists provided the particle 
does not start at the pole. Suppose a particle starts at 


The time delay is made arbitrarily small but finite. The 
time 7, is the time at which the particle started from the 
pole. One can write 


s=syt+h[+(Ce+u,’)'] 
T T 
xf ex f Gexplbr)ar ir 
Ti+ € rive 
cC 


2[ i+ (e+u;*)' | 


xf exo] - f G exp(br)ar fir (65) 


Ti 
One can also write 


ebA 


G (06) 


mc 
In the present case, we have the following inequalities: 


A>O0, 
THT, 


u>O, s>0O, 


u,>0, s,>0. 


Because G is still given by Eq. (42), the value of G at 
infinity is 


G(«)=0. 


ebA . exp(— dr) 
G; f . dr: 
me Tit+e s° 


One also has 


it yields 


x 


ebA exp(— br) 
G= f Ir. 
mc 


T 


(68) 


Because G is positive, a proper solution is obtained. 
When ¢ is made infinitely small, there is little reason 
for Eq. (68) not to hold. 


The following limit does not hold: 


lim ea f G exp(br ar| 1 


The velocity «, in Eq. (65) does not become the velocity 
at the pole. If 1 is to be the velocity at the pole, one 
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must write 
TI+€ “ 
sLuit+(e+u,)') exp| - lim f G explbr)dr| 
ow J, 


) 


T T ce 
xf exp f G exp(br)dr|dr— , ——- 
r 1 2[ 1+ (?+u,?)*] 


Tite 
xexp im f G exp(br)dr] 


Tl 


xf en - f G exp(br)dr fir (70) 


Replace G by its finite part. It is of the form 
PiG= eb me[ P| 7)—F (7) (A- Yr) ]. (71 ) 


The function F(r) is positive; the function (7) is 
infinite. 
One obtains for Eq. (70) 


s=3(m+(Ce+u,/)'] exp| —lim f G exp(br)dr] 
eo r1 


T T C 
xf cso} f PIG explbr)dr|dr— acetentiomnemens 
“ a a 2[ 1+ (P+?) ] 


xexpftim f Gexplbridr| 
xf eso] - f PIG exp br) fr. (72) 
Tl . Tl 


Equation (72) yields the same result as Eq. (70) outside 
of the pole, but, at the pole itself. Eq. (72) yields 


u=}[u4 (2-+u?)!Jexp| —tim f 


( 


Tit+e 


G explbr | 


2[ i+ (e+?) ] 


xexpfim f G explbr dr] 
It is infinite. 


Thus, before the particle leaves the pole, it loses a 
considerable amount of kinetic energy and emits a 
burst of electromagnetic radiation. 

Because “, can be chosen at will, we have obtained 
the complete set of solutions for a particle leaving 
radially a repulsive Coulomb pole. 


73) 
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APPENDIX: ORDER OF INFINITUDE OF A 
PSEUDOFUNCTION 


We wish to show that 
Ps?=0. 
The distribution P is defined by 
d 7 dr 
rE rif 
dr Tt s? 
The following condition holds: 


s(r1)=0. 


U(r) far 7° 


e/ 


Let one write 
(77) 


the pseudofunction can be made explicit in the following 
manner: 


"dr 
pif = U(7,)—U(7)—U (71) 1— Yn). 
$* 


T 


(78) 


The function Y is Heaviside’s step function. The defi- 
nition of P yields 


a l (71)6r}. (79) 


The symbol 6 is for Dirac’s delta function. From Eq. 
(77), one obtains 


$?(71) U (71) =0. (80) 


The form of Eq. (74) is similar to 


The solution of Eq. (81) is 


f(0)=0. (82) 


Thus Eq. (74) is fulfilled. One proves Eq. (81) by 
projection on an appropriate functional space, the 
space of the class D of functions. The functions of the 
class D have all compact domains; they are also ab- 
solutely continuous and always differentiable. The 
derivative of any function of the class is a function of 
the class. Thus, for any function ¢ of the class D 


Lt 


{(r)do- ¢ f f(r)boe(7 \dr [ f(r 


x 


(83) 


g(r) ] . 

' 
Because ¢(Q) is finite, or zero, the projection on the 
right-hand side of Eq. (83) will be identically zero when 
Eq. (82) holds. 

Schwartz’s major contribution to algebra has been the 
replacement of the coordinates of common algebra (the 
Dirac delta functions) by the much more useful, because 
much better behaved, functions of the class D. 
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Decay Modes of K* + 


M. A. B. B&éc, P. C. DECELLEs, AND R. B. MARR 
Brookhaven National Laboratory, Upton, New York 
(Received May 26, 1961) 


Using strong selection rules alone, the principal decay channels for the Kx resonance (A*) are enumerated 
It is pointed out that the reactions K* — K+-(e++e~) and K* — K+2x determine the spin on qualitative 


grounds alone. A plausible estimate is made of the radiative width (x,,~107I'x,,) 


Experiments are 


suggested which may shed some light on the electromagnetic coupling of the K*K system 


HE experimental data' on the A* (a resonance in 

x+K scattering at an energy of 88543 Mev 
and width Ttotai= 16 Mev) indicates that the spin (J) 
of the resonance is <2. Recent theoretical studies? of 
this resonance give evidence for excluding J=0 and 
thereby result in the tentative identification J=1; i.e., 
K*= Ky in the notation of reference 2. Since K* > K 
+7, the K* is scalar or vector (rather than pseudoscalar 
or pseudovector) relative to the S-wave Am system. 

In this note we wish to discuss various possible 
alternative decay modes of A*, contrasting those of 
Ky with K’. Using strong selection rules only, we 
show that it may prove feasible to determine experi- 
mentally the spin of the A* on qualitative grounds 
alone. 

In Table I we list the principal decay modes of Ay 
and K’ which are not forbidden by strong selection 
rules (i.e., parity, angular momentum, or strangeness 
conservation). 

Clearly the A+7y and AK+2z decay modes are the 
most significant ; a single event of the type K* — K+7, 
or K+2x (unambiguously identified) would 
establish the identification A*=Ky on qualitative 
grounds alone.* 

The total width of Ky may be expressed as 


A+e*+e 


r PeietD il; I'x,7(1+6), 


where the summation extends over all open channels 
other than the Az channel. A plausible estimate of 6 
based on available experimental data is given in the 
Appendix, where it is found that 


P =< +0.365 
6~0.155" 6155 


That is to say, it seems consistent with present experi- 
mental data that the rare decay modes constitute a 
substantial part of the total Ky width. 


t Work performed under the auspices of the U. S 
Energy Commission. 

'M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. 
Graziano, H. K. Ticho, and S. G. Wojcicki, Phys. Rev. Letters 
6, 300 (1961). 

2M. A. B. Bég and P. C. DeCelles, Phys. Rev. Letters 6, 145, 
428(E) (1961). See also C. H. Chan, Phys. Rev. Letters 6, 383 
(1961); M. Jacob, G. Mahoux, and R. Omnes (unpublished) ; 
S. Minami, Progr. Theoret. Phys. (Kyoto) (to be published). 

* Strictly speaking, K’ + K+e*+e™ is not forbidden; however, 
since (K’|j,'K)=0 even if the photon is virtual, the transition 
probability for this process is probably negligible, being 
proportional to a‘. 


Atomic 


Consider the radiative decay modes. Of these the 
processes Ky — K+a+y and Ay—A+27r+y7 give 
continuous energy spectra for the photon with an 
inner bremsstrahlung peak at zero frequency. In 
contrast to this the photon energy spectrum in 
Ky — K-+¥ has a sharp peak at an energy £,=306 
Mev in the c.m. system (with a full width at half 
maximum of 16 Mev). 

In the c.m. system of the A+72+¥7 final state, the 
high-energy end of the photon spectrum is at 215 Mev 
whereas the minimum photon energy in the K+7 final 
state may be considered to lie around 290 Mev. Experi- 
mental detection of the photons with a moderate 
energy resolution could distinguish between the two 
alternatives. 

We next estimate the partial width for Ky — K+y. 

The matrix elements of the electromagnetic current 
contributing to this transition may be written quite 
generally as 

a(q*) 


(K|j*| Ky) eB bike, (1) 


(Sqoko’ ko)! 


where g, k’, and k are the 4-momenta of the photon, 
Ky, and K, respectively (qg=k’—k); and e«#’* is the 
4-dimensional Levi-Civita symbol. Equation (1) im- 
mediately leads to 


Vk+y a(Q) |7£.,3/127, )) 


where E.,,=306 Mev and a(0)! is a coupling constant 
having the dimensions of length. It is difficult to make 
a reliable calculation of the constant a(0) . However, 
for a not unreasonable value of | a(0)|?=aX10~** cm’, 
I'x+,= 14.2 10-? Mev. 

The constant |a(0)| may be determined, for example, 
from an experiment of the type first suggested by 
Primakoff.‘ The differential cross section for production 
of Ky°(Ky°) in the Coulomb field of a heavy nucleus 


TABLE I. Allowed decay modes of K* 
Decay mode 
Particle K+r+7 
K’ allowed forbidden 
Ky allowed allowed 


K+-r K+y K+27r K+2r+y7 


allowed 
allowed 


forbidden 
allowed 


allowed 
allow ed 


“H. Primakoff, Phys. Rev. 81, 899 
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Fic. 1. Plot of de /dQ(K+Ze— Ky+Ze) in units of aZ*5 a(O) /4xr| 
vs cos#=k-k’, for incident K of 1.15-Bev/c momentum. 


(charge Ze) may be written as 


do a(0) P 
=oZ* 
dQ 4dr 


* sin’ 


(1+22— 2h cos)?” 


where A?= 1— (my?—mg*)/ k\?, k is the momentum of 
the incident K°(K°), and my is the mass of Ky. The 
Coulombic contribution to Ay production may be 
identified from the sharp small-angle peak (see Fig. 1). 

The non-Coulombic contribution can be suppressed 
by choosing a target nucleus of zero isotopic spin. 
Furthermore, as was pointed out in reference 2, in 
connection with the reaction K+p— K*+ ), the 


exchange of a single pion in the production of the Ay 
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gives rise to a nearly isotropic angular distribution of 
the Ky in the c.m. system. If this behavior persists for 
the pion exchange contribution to the reaction 
K+A-— Ky+A, the Coulombic production may be 
separable from the background for a nucleus of any 
isotopic spin. 

Another possible method for determining | a(0) 
would be to determine the residue, at the A (Ky)-meson 
pole, of the cross section for the reaction y+.V — 
Ky°(K°)+N. However, due to the large mass of the 
K (Ky), one has to venture rather far into the unphysical 
region. This would, of course, make the analysis 
unreliable. 


APPENDIX 


An estimate of 6 is obtainable in the following manner. 
Let o* be the cross section for A~-+p— AK*+ and 
o for K-+p— K*+p— K++ . Then 
«ST k++ a ag 
o=o”" = ; AD 


pee Fy 


31+8 
Also, within the framework of the approximation in 
reference 2 (i.e., that the production process is domin- 
ated by the single pion exchange process), we have, 
for 1.15-Bev/c incident A-, 

(4 mb Mev )I'x,,~ (§ mb Mev ')I/ (146). (A2) 
Thus 


(A3) 


(1+6)*~ (75 mb Mev )I/e. 
Using T=16 Mev and o&}o(A-+p— K'+n-4+ ) 
1+0.42 mb in Eq. (A3), we get 


= = +0.365 


6~0.155 


(A4) 


1.33 mb. 

Actually, if 6 were as large as the extreme value 
6~0.52, the method of analysis used in reference 2, 
and here as well, would fail. 


0.156) 


where the lower limit 6=0 corresponds to @ 
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Bound-State Model of Weak and Strong Interactions* 
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(Received June 13, 1961) 


The pion-nucleon coupling constant is calculated from first principles by use of the V/D matrix method. 
Three models are introduced which contain pions, nucleons, and weakly interacting intermediate bosons 
of the scalar, pseudoscalar, and vector variety. The basic interactions are taken to be parity and isotopic 
spin conserving. Certain physical assumptions in the nature of boundary conditions and the known fact 
that the weak coupling is very weak, together with use of the Born approximation for N, enable us to 
obtain an eigenvalue equation which expresses the pion-nucleon coupling constant in terms of the three 
masses in the problem. The correct value for g,* can be obtained for an intermediate vector meson of mass 
comparable to the nucleon mass with essentially no cutoff employed; on the other hand, the experimental 
value is also obtained with a spin-zero boson and a relatively small cutoff energy. 


I, INTRODUCTION 


NE of the most intriguing problems in physics is 
that of understanding the relation (which most 
people believe exists) between coupling constants and 
masses. In an effort to understand this fundamental 
question, there have been many attempts to produce 
field-theoretical models in which not all the parameters 
are independent. As an example of such theories, 
van Hove' has considered a modified Lee model in which 
weak-interaction effects appear in the presence of only 
basically strong-coupling terms in the interaction 
Lagrangian. Fermi and Yang? have pictured the pion as 
a bound state of a nucleon-antinucleon pair, the binding 
effect by nonlinear terms in the interaction. This idea 
has been extended to the strange particles by Sakata and 
Goldhaber.* Nambu and Jona-Lasinio* have constructed 
a model nonlinear theory of elementary particles based 
upon an analogy with the theory of superconductivity. 
In spite of the attractiveness of these various models, 
there has not been too much progress because of the 
difficulty of making convincing calculations. This is not 
a particularly rare phenomenon in field theory. The two 
standard approaches to the calculation of bound states 
are the Tamm-Dancoff method® and the Bethe-Salpeter 
equation.® Both of these schemes have well-known 
shortcomings. Thirring’ has recently devised an ex- 
tremely clever method of solving the Bethe-Salpeter 
equation for two fermions in the limit of large binding. 
This method was applied to a model of a pion assumed 


* Supported in part by the U. S. Atomic Energy Commission 
and the Air Force Office of Scientific Research, Air Research and 
Development Command 

Tt Now at the Department of Physics, Northwestern University, 
Evanston, Illinois. : 

1L. van Hove, Physica 25, 365 (1959). 

* E. Fermi and C. N. Yang, Phys. Rev. 76, 1739 (1949 

3S. Sakata, Progr. Theoret. Phys. (Kyoto) 16, 686 
M. Goldhaber, Phys. Rev. Letters 1, 467 (1958 

*Y. Nambu, Phys. Rev. 117, 648 (1960); Y. Nambu and G. 
Jona-Lasinio, ibid. 122, 345 (1961). 

5 F. J. Dyson, Phys. Rev. 91, 1543 (1953). 

* E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 

7.W. Thirring, Nuclear Phys. 10, 97 (1959); 14, 565 (1960); 
K. Baumann and W. Thirring, Nuovo cimento 18, 357 (1960); 


K. Baumann, P. G. O. Freund, and W. Thirring, ibid, 18, 906 
(1960) 


(1956): 


to be a bound state of a nucleon-antinucleon pair. The 
latter are taken to interact via the exchange of a vector 
meson of very large mass weakly coupled to the nucleon 
field. It is necessary to regularize the interaction because 
of the singular nature of the spinor Bethe-Salpeter 
equation. When the weak-coupling constant and cutoff 
are chosen to fit the pion mass, the effective pion-nucleon 
coupling constant (which is easily computed from the 
pion wave function) turns out to be 


2 
4dr =In(m,/M)? 


The experimental value is about fourteen*; neverthe- 
less this is not bad agreement from such a simple calcu- 
lation. There is however one very weak point : Once the 
pion is formed as a bound state it will contribute by far 
the most important part of the potential. It has a longer 
range and stronger coupling to the nucleon than the 
weakly interacting vector meson. What this means is 
that crossing symmetry is being badly violated in the 
Bethe-Salpeter ladder approximation used by Thirring. 

We shall present a method of calculation which at 
least avoids this criticism. It is a generalization of the 
procedure of Blankenbecler and Cook in their treatment 
of the deuteron binding energy. Our model is basically 
the same as Thirring’s in that we have a weakly coupled 
boson (hereafter called a V meson), nucleons, and pions. 
In our dispersion theoretic approach we need not 
commit ourselves as to whether the pion or the V meson 
are bound states. Except for the fact that we shall ulti- 
mately make certain physical assumptions in the nature 
of boundary conditions, we treat the V and the pion 
quite symmetrically. We derive a set of coupled integral 
equations for the vertex functions describing pion- 
nucleon and V-nucleon interactions. This set of equa- 
tions is solved assuming that the V-nucleon vertex 
function vanishes for large energies and also assuming 

®N. S. Amaglobeli, Yu. M. Kazarinov, S$. N. Sokolov, and 
I. N. Silin, Proceedings of the 1960 Annual International Conference 
on High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York, 1960), p. 64 


*R. Blankenbecler and L. F 
(1960) 


Cook, Jr., Phys. Rev. 119, 1745 
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that the V-nucleon interaction is very weak. We obtain 
an eigenvalue condition which expresses the pion- 
nucleon coupling constant in terms of the three masses. 
We try various models for the V meson, scalar, pseudo- 
scalar, and vector, where in all cases it is taken to have 
isotopic spin unity and to interact in such a way as to 
conserve parity. 

Naturally we will have to make approximations, 
many of which are difficult to assess. It is our feeling 
that our approach is a sensible and perphaps amusing 
one. We share what will probably be the great skepticism 
of the reader about some of the approximations and the 
final numerical results. 


II. N/D MATRIX METHOD 


We present in this section a sketch of the essential 
steps of our procedure which enables us to calculate 
the pion-nucleon coupling constant from first principles 
by use of the V/D matrix method. The arguments for 
making various approximations are discussed in some 
length, but many of the specific details are deferred to 
the following sections in order to clarify the procedure. 

We first introduce the vertex functions 

7= (0) f| NV)(2Eiko/M)}, (2.1) 
and 

F=(0| f, Nw)(2E2qo/M)', (2.2) 
where one nucleon has been taken off the mass shell at 
each vertex. The symbols M(p)E, m(k)ko, and u(qg)go 
label the mass (momentum) energy of the nucleon, 
weakly interacting V meson, and pion. The operator f 
represents the Heisenberg current for the nucleon. The 
nucleon-V meson and nucleon-pion scattering states are 
always to be regarded as ‘‘in”’ states and are referred to 
as channel 1 and channel 2, respectively. In the time- 
honored fashion we ignore the fact that the mesons are 
unstable ; and we shall postpone for the moment answer- 
ing the pertinent question as to which particle or parti- 
cles, if any, are to be regarded as composite. 

The two vertex functions can be expressed in terms 
of several invariant form factors in the usual fashion, 
with the explicit construction depending upon the trans- 
formation properties of the mesons. The construction is 
spelled out in detail in the next three sections for V 
particles of the pseudoscalar, scalar, and vector varieties. 
If we assume isotopic spin conservation, it is already 
clear from the above equations that only total angular 
momentum J=}3 and isotopic spin 7=}4 states are of 
interest in discussions of the scattering states. 

Next we consider the V+V and N-+fm scattering 
amplitudes, 


Ty =t(p’)(V"| f| NV) (Ako koE1/M)', — (2.3) 


T= U(p’)(V'| f| Nx) (ARo'qoH2/M)', (2.4) 


T 22 = a(p’ ix’ | f| Nr) (4qo'qoE2/M ) i 
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Fic. 1. Dispersion diagrams for the scattering amplitudes 
Ti, Tiz, and T22 in the ‘‘one-meson” approximation. 


These Feynman matrix elements will later be written in 
terms of-invariant scattering amplitudes which can be 
more conveniently expanded in partial waves. Consider 
the unitarity conditions for these matrix elements in the 
‘“‘one-meson” approximation where only the nucleon-V 
meson and nucleon-pion intermediate states are re- 
tained. These relations can be illustrated graphically by 
the dispersion diagrams in Fig. 1. Let M represent a 
two-by-two matrix describing the two channel scattering 
amplitudes in a particular partial wave. The row index 
refers to the final channel, and the column index refers 
to the initial channel. The unitarity conditions in matrix 
notation for the given partial wave then become simply 


ImM=M*oM (2.6) 


along the physical branch cuts in the W? plane. The 
variable W is the center-of-mass energy of the NV or 
Nx state, and o is a diagonal matrix whose elements 
contain phase space factors which vanish below the 
relevant thresholds. 

The unitarity conditions for the vertex functions G 
and F in our ‘“‘one-meson”’ approximation are pictured 
by the dispersion diagrams in Fig. 2. Let H represent 
the two-channel row matrix whose two elements consist 


Fic. 2. Dispersion diagrams for the vertex functions G and F 
in the “one-meson”’ approximation 
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of the partial-wave form factors analogous to the same 
partial wave elements of M. The unitarity conditions for 
these form factors in matrix notation are then given by 


ImH = H*oM. 


(2.7) 


At this point, we introduce the V/D technique of 
Chew and Mandelstam” as generalized to multichannel 
processes independently by Bjorken and Nauenberg."! 
Again in matrix notation, we define 


M=ND", 
and 


H=2D", 


where N and D are two-by-two matrices and 2 is a row 
matrix similar to H. The D matrix is analytic every- 
where except for the physical branch cuts along the 
positive W® axis, while N contains the dynamic singu- 
larities on the left. By means of the Mandelstam repre- 
Frautschi and Walecka® and Frazer and 
Fulco” have located the dynamic singularities for the 
partial wave pion-nucleon scattering amplitudes. They 
find that the singularities lie not only along the negative 
W? axis but also in the complex W? plane. Since the only 
singularities of the partial-wave form factors lie along 
the positive W? branch cuts of D, the two \ matrix 
elements are merely constants, (A1,A2). We shall set 
\,=0 and in the following try to justify this choice. 

The form factors associated with the vertex functions 
of (2.1) and (2.2) are related to the renormalized vertex 
function T',(W*) of field theory by" 


sentat ion, 


H,(W?)=SrSpr-T,;(W?), i=1, 2, (2.10) 


where Sp is the inverse propagator of the nucleon in 
the Born approximation, and S,,’ is the corresponding 
fully renormalized propagator. In the asymptotic limit 
W2— «x, Sp Sp,’ — Z--' (where Z2 is the nucleon field 
renormalization constant) and the above reduces to 


lim H,(W*)=Z, (2.11) 


W2-+2 


lim T,(W?). 


W2- x 


Under the rather general assumption that no ghost 
states exist in relativistic field theory, Lehmann et al.'® 
have shown that the vertex function ',(W?) must vanish 
in the asymptotic limit if the theory is to possess exact 
solutions. Drell and Zachariasen'* have further pointed 
out in an analogous situation that if the renormalization 


© G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 

4 J. D. Bjorken, Phys. Rev. Letters 4, 473 (1960); M. Nauen 
berg, thesis, Cornell University, 1960 (unpublished). 

2S. C. Frautschi and J. D. Walecka, Phys. Rev. 120, 1486 
1960 

3 W. R. Frazer and J. R. Fulco, Phys. Rev. 119, 1420 (1960). 

4 See for example S. D. Drell and F. Zachariasen, Phys. Rev 
119, 463 (1960). This paper treats the electron-photon vertex 
function in quantum electrodynamics with the photon taken off 
the mass shell, but the two expressions are comparable. Note, 
however, the misprint in Eq. (14) and the following sentence in 
which Z; should be replaced by Z;"'. 

‘SH. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento y 425 (1955 
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constant Z,~' is finite, then it follows necessarily that 
H,(W?) +0 as W*— o. For our purposes, only the 
ratio of the partial wave form factor in channel 1 com- 
pared to that in channel 2 is of interest, so that we need 
not make any definitive remarks about the finite vs 
infinite nature of Z.~'. We simply write 


H,(W?) 
lim —— = 
Wi+«0 H»(W?) 


lr, (W?) 
lim , 
Wie T',(W?) 


We now argue that the above limit is in fact zero. To 
do this, we make the following two observations: 


(1) Evaluated on the mass shell of the nucleon, 
T',(M*) and [,(M?) are proportional to gy and g,, re- 
spectively, by definition of the renormalized coupling 
constants gy and g,. Moreover, we know experimentally 
from studies of beta decay and collision processes that 
if the weak intermediate V meson actually exists, then 
surely gv<g,. 

(2) Imagine a model in which the V meson and pion 
are regarded as bound states of the nucleon-pair system. 
Lee and Yang'*® have pointed out that the absence of 
any known K meson decays involving a V meson as one 
of the decay products demands my>yx. Therefore, on 
the basis of a bound state model, the V particle must be 
less strongly bound than the pion. 


These two observation suggest that I'\(l¥*) is initially 
several orders of magnitude smaller than [.(W?) and 
has in addition fewer high-frequency Fourier compo- 
nents; it thus seems plausible that I'\(W*) asymp- 
totically approaches zero more rapidly than T',(W7?) as 
W?— «. Equation (2.12) then becomes 


Hy( W: 
lim 
Wwis+o0 Ho(W 


We offer this bound-state model simply as a physical 
interpretation of the choice of boundary conditions im- 
posed by the above procedure. We are well aware that 
this is not the only plausible interpretation and the 
reader may feel free to substitute some other model as 
he sees fit. 

From Eq. (2.9) we form the ratio 


H/ He= (Ayde2— odo 7 Aid jo+Acd 1). (2.14) 


The normalization of the D matrix is arbitrary, and we 
choose to fix it by setting 


D(wW?)=1, 


lim 
W200 
where the right-hand side represents the unit matrix. 
It then follows from Eq. (2.14) that the limit of this 
ratio is given by 
Hy( WwW? 
lim — 


W2+0 H.(W?) 
N. Yang, Phys. Rev. 119 


(2.16) 


16T. D. Lee and C 1410 (1960 
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and in view of Eq. (2.13), we are led to set \;=0, which 
was to be shown. For arbitrary W?, Eq. (2.14) now 
reduces to 


H\(W?)/H2(W?) = —de(W?)/dyy(W?); (2.17) 


and in particular, on the nucleon mass shell, correspond- 


ing to W?= M?, the ratio becomes 


gv/ge= —d2(M?)/dyy(M?). (2.18) 


Now, the unitarity conditions (2.6) and (2.7) are 
satisfied if we set 


ImD=— oN 


(2.19) 
along the physical W? branch cuts, and 


ImN=[ImM ]D (2.20) 


along all the dynamic singularities. An application of 
Cauchy’s theorem together with unitarity then requires 


that 
i o(W”)N(W”) 
D(Iv2)=1- f Pn els 
Ww YH (M+yn)? W”"— W?—7e 
1 [ImM(W”) ]D(W”) 
New)=- f dy" ~.. 
W"—W?—ie 


7 L 


In writing the above, we have made a subtraction at 
infinity in D consistent with the limit (2.15), but we 
have explicitly assumed that no other subtractions are 
necessary. Moreover, we have ignored the possibility 
that the partial-wave scattering amplitudes might 
vanish in the physical range which automatically pre- 
cludes the existence of the familiar ambiguities found in 
the solution of the Low equation by Castillejo et al." 
Both of these assumptions are absolutely vital to the 
success of our prescription for computing the pion- 
nucleon coupling constant ; if either is invalidated, arbi- 
trary constants must be introduced into the above 
equations which prove self-defeating. Needless to say, 
we proceed under the above assumptions. It is perhaps 
instructive for the reader to consider the number of 
assumptions made in treating bound states by more 
standard methods, the Bethe-Salpeter equation, for 
example.® 

If Eq. (2.22) is then substituted into Eq. (2.21), one 
obtains a system of coupled integral equations for the 
matrix elements of D(W?). Even in our “one-meson”’ 
approximation, an exact solution of these equations 
would be possible only if ImM(W?) were known 
along the dynamic singularities, which are all con- 
tained in N(W?). The same situation obtains for 
the pion-pion and pion-nucleon problems where the 
integral equations are uncoupled. In such cases,- ap- 
proximate solutions have been found by the use of 
iteration procedures'’ or by the replacement of the 

‘7 L, Castillejo, R. H. Dalitz, and F. J. Dyson, Phys. Rev. 101, 
453 (1956). 


18G. F. Chew, S. Mandelstam, and H. P. Noyes, Phys. Rev. 
119, 478 (1960 
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dynamical singularities by a set of poles.” Our program 
is considerably less ambitious, and we simply replace 
N(W2) in the integrand of (2.21) by the first Born 
approximation B(W) for the partial-wave scattering 
amplitude M(IW2). In this approximation, it is more 
desirable to work in the cut W plane rather than the 
cut W? plane. Therefore, we redefine all our amplitudes 
accordingly and rewrite (2.21) 


1 
Diw)=1-- f 
= 5 


p(W’) BW’) p(—W’)B(-W’) 


W’—W—ie 


@ 


dW’ 


1+ 


———], (2.23) 
W'+W+ie 


d;;(W)=6,;— (gvg,/8n)]5;(W), 


where as indicated, the physical branch cuts in the W? 
plane along the positive axis divide into two sets of 
branch cuts lying along both the positive and negative 
real axes in the W plane. The second expression above 
simply serves to define the integral 7,;(W) from which 
the two coupling constants have been extracted. 

In the above approximation, Eq. (2.18) for the ratio 
of the form factors then becomes 


gi gvgr/ 8m°)Io,(M) . 
2.24) 


er 1—(gy?/8m2)In(M) 


We have thus succeeded in obtaining an eigenvalue con- 
dition between the coupling constants gy, gx, and the 
masses of the nucleon, V boson, and pion. If we now 
make use of the experimental fact that gy? is small, 
we finally find 


gx°/4a=2r/Io(M), 

which can be regarded as an expression for the pion- 
nucleon coupling constant as a function of the weak 
intermediate boson mass, m. This is a rather amusing 
result. It is very similar to the eigenvalue condition on 
the binding energy of the deuteron in terms of the pion- 
nucleon coupling constant and masses that was found 
by Blankenbecler and Cook in considering the deuteron 
problem by dispersion techniques.® Their calculation was 
simplified by the presence of an anomalous threshold, 
which of course is not present in our problem for the 
mass values of interest. 

It is clear that this matrix method can, in principle, 
be applied to any choice of transformation properties 
for the V boson. One need merely determine the partial 
wave amplitudes which are relevant for the construction 
of the form-factor and scattering matrices H and M. 
We consider first the cases of pseudoscalar and scalar 
V mesons where the V/D method derived above can be 
applied directly. The case of a vector meson is treated 
last, because a suitable modification of the matrix 
method is required. 
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Ill. PSEUDOSCALAR CASE 


A pseudoscalar V meson represents the simplest of 
the three cases considered, for here its transformation 
properties are identical to those of the pion. The vertex 
functions defined in Eqs. (2.1) and (2.2) must transform 
like pseudoscalars in spinor space. We write for F in the 
center-of-mass system of the pion-nucleon state 


F=—i{F,+F.[iy: (p+q)+M ]}vsu(p) 
= — (5, (1+y.)+5_(1—y,) }ysu(p), 


or, in two-component notation, 


F.0-q 


i 
F_(F:+M) 


F=—i(2M(E:+M)] | 


where 


$,=F,+(M—W)P», 


F_=F\+(M+W)Fs. (3.4) 


All y matrices are Hermitian, and the spinors are nor- 
malized to iu=1, with x the usual two-component 
spinor. The invariant form factors F; and Fy: are func- 
tions of W?, and $, is the ?P; or (1—) partial wave form 
factor with $_ the corresponding 7S; or (0+) partial 
wave amplitude. All form factors refer to the J =}, 1=} 
amplitudes, and hence these labels will always be sup- 
pressed. Note that on the mass shell of the nucleon, the 
coefficient of F, vanishes and F,\=v3g, by definition of 
the coupling constant.'® An analogous construction 
exists for the V-nucleon vertex function G in terms of 
the form factors G;, Ge, G,, and G_. The substitution of 
symbols is so trivial that we do not spell it out here. 

The kinematics of the pion-nucleon scattering prob- 
lem have been summarized in detail by Frautschi and 
Walecka.” We include here only the most relevant 
formulas. We relate the scattering amplitude J». de- 
fined in Eq. (2.5) to the S matrix by 


Soo= 1+ (29)4i(M? 4Eo' Exqo'qo)! 


XT 25(p'’+q'—p—q). (3.5) 


Since Ts. transforms like a scalar, in the center-of-mass 
system we set 


Toa= u(p’)LA2— Liy ° q+q') Bz \u(p) 
= (4rW iM xo*L fit feo-d’o-d )x., 


where f; and f2 are related to Az and B, by 


(W+M)—p?* 
f= [Ao+(W—M)Bz], (3.7) 


16xW? 


(W—M)—2 
=< r 


fo= [—A.+(W+M)B,]. (3.8) 


l6rlV 


The symbol @ signifies a unit vector in the direction of 
the momentum q. In the language peculiar to the Man- 
delstam representation, the amplitudes A, and By are 


'* The factor v3 enters from isotopic spin considerations. 
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functions of the invariants s, 4, and “, two of which are 
independent ; for example, one can choose as the inde- 
pendent variables W? and cos@. If f; and fe are ex- 
panded in / waves according to 

fi=TiA+ fi P|, 


the 1— and 0+ partial waves are given by 


fi-=fitf?, 


(3.9) 


(3.10) 
and 

for = fio+ fe’. (3.11) 
Since the partial waves A,' and B,! are functions only 
of W?, the fi_ and fo, amplitudes are not independent 
but are related by the following reflection principle 
first pointed out by MacDowell” 


fo (W)=—fir_(—W). 


(3.12) 


In what follows, we can thus restrict our attention 
to fi_(W). 

The N+V scattering and reaction amplitudes are 
completely analogous to the V+ scattering amplitudes 
discussed above. Corresponding to Eq. (3.6), we have 


T= U(p’)[A1—4iy: (R4+K’) By Ju(p) 
= (44 W/M)X,"*(¢i4-gee- k’o- k1Xx,, 


(3.13) 
for the V+V scattering amplitude and 


T 12= U(p’) [A 12—4iy- (g+k’) Biz ju(p) 


= (44W/M)X,"*[h+te-ko-g2, (3.14) 


for the V+x— N+V reaction amplitude. The ampli- 
tudes g1_, gos, 4_, and é, are written in a fashion analo- 
gous to (3.10) and (3.11) and obey similar reflection 
principles. In particular, 


(3.15) 


gi-= gi' +g", 
(3.16) 


ty = t)'+-1.°. 


After these preliminaries, we are now ready to make 
use of the reduction formulas in order to determine the 
unitary conditions in the physical region. Consider the 
N-+- scattering matrix element 72.2 defined in Eq. (2.5). 
If the nucleon is contracted according to the reduction 
techniques of Lehmann ef al." the corresponding ab- 
sorptive part along the physical cuts can be written 


Im T22= 3 (2%)*(4q0'qo)*’i(p’) 
x { >. (x f N"x" { V"_! f x 
p’’.q’’ 


xK5(p"+q"—p—g)t+ DL (a | f| NV" 
, 


KIN"V" | fi 5 (p" +k” — p—q)}ul(p), (3.17) 
when only the Nx and NV intermediate states are re- 
20S. W. MacDowell, Phys. Rev. 116, 774 (1959 
"1H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento 1, 205 (1955). 
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tained. Use of the definitions (2.4) and (2.5) together 
with the equations given in this section, then leads 
one to write 


Imfi-=q! fi- 2+), (3.18) 


for the ‘“‘one-meson” approximation. The nucleons can 
be contracted in the remaining scattering matrix ele- 
ments 7); and Ty, and one finds, in a similar manner, 
the unitarity conditions 


Imgi-=q | ti |?+ | gi-,’, (3.19) 


Imét_1= ghi—* fi_+kgi*h 
= fi*h_+khy_*g1. (3.20) 


The symbols g and & refer to the magnitudes of the 
three-momenta whose squares are given by 


g=((W+MP—w (W-MP—w)/4W?, (3.21) 


and 
P=((W+M)—n? |L(W-—M)—n? AW. (3. 


Now consider the pion-nucleon vertex function F de- 
fined by (2.2). If the nucleon is contracted, in the “‘one- 
meson” approximation the absorptive part is given by 


ImF = }(2)*(2qo)! 
x{ , 3 (0 f Ne" )(N' " ry r) 
a 4d 


I 


x5(p"+9"—p—g)+ X Olf|N’V”) 
tn 


KIN" | f\e)i(p" +k” — p—g)}u(p), 


and the unitarity condition for F, becomes 


Ims,.= g54* fi +a( ) Gi*h1 : (3.24) 
1 


Likewise, for the V-nucleon vertex function, one is led 
to write 
k.—M\} 
Img.=4(— ~ ) F4*t_+RGi*g1-. (3.25) 
E\- M 
The five unitarity conditions given above now suggest 


that we define the two-channel partial wave scattering 
matrix M and form factor H by setting 


op 
E.—M 


(3.2%) 


The unitarity conditions (2.6) and (2.7) are then con- 
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™ UM ia an 


a2 —>2————— 


a a” er 


Fic. 3. Feynman diagrams contributing to the Born amplitude Bz). 
sistent with this choice if we take the p matrix equal to 


M sk O 
ak? 
4r WW \O g 


We now observe from Eq. (3.3) and the remarks follow- 
ing it, that on the nucleon mass shell 


(3.28) 


H,/H2=Ss/54=gv/g«- (3.29) 
This ratio can now be set equal to that given in Eq. 
(2.18), and the prescription of Sec. II can then be 
carried out directly to determine the D matrix elements. 
In particular, we need to evaluate J2;(M) which in- 
volves Bo:(W), the 1— partial wave Born amplitude for 
the reaction VN+V— \V+7r. The two Feynman dia- 
grams contributing to the scattering matrix element 7's; 
in lowest order are pictured in Fig. 3. In order to ensure 
the adoption of a consistent sign convention, we may 
write the interaction Lagrangian in the form 
Lr= —igZ1 Wrst: ovy— igeWyst° Gx. (3.30) 

This agrees with the explicit construction of the vertex 
function F, Eq. (3.1), on the nucleon mass shell in 
lowest order perturbation theory. Taking into account 
a relationship analogous to Eq. (3.5) between the T and 
S matrix elements, one then finds that the Born ampli- 
tude for T2; in the isotopic spin =} state is given by 


iy-(ptk)+M 


T 2 —gvgui(p)| 3 
M?—W? 


iy: (p—q')+M 
= Juco 
(p—q')?+M? 


From this we identify 
W-—M 
th=((2£1+M)(E.+M) }i— (a+), 
Sal’ 


ri 


W+M 
t= [(E,:— M)(E,— M)}}+—— 
Sal 


(a+8), 


with 
a= gvg,(3/M*—W’), 


B= gvgrL(p’—k)?+M? ]. 


Next, the 4; amplitude is projected out and By.;= M2 is 
calculated from the definition in (3.26). 

We now observe from Eqs. (3.28) and (3.21) that 
p2o(W)*is an even function of W. The integral Jo,(M) 
appearing in the expression (2.23) for dei(M) then 
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becomes 
2M * dW Bu(W) Ba(—W) 
In(M)=— f _ acw)( —_ ) 
over 4 Min W W-—-M W+M 


x 


dW 
= uf — q(W)J(W), 
Vv W 


+e 





(3.36) 
which also serves to define J/(W). For a V meson of the 
pseudoscalar variety, we find 

" l 


W-—M*) E’—M 


(W+E,)y?m* — 
i E2—M?*)(W?-—M*) W(EfY-—M) 
1 2Esko—m*+2gk 


> In— ; 
4gk 2Esko—m*—2gk 


JI ps(Vh 6 


(3.37) 


We shall complete the calculation of J2:(M) and g,*/4r 
for the pseudoscalar case in Sec. VI, but first we turn to 
an analysis of the scalar and vector V meson cases. 


IV. SCALAR CASE 


It is of some interest to see what effect a particular 
choice of parity for the V meson has upon the final 
results obtained in Sec. VI for the pion-nucleon coupling 
constant. This is most easily demonstrated in the spin- 
zero case where the procedure for a scalar V meson can 
be contrasted with that for a pseudoscalar V meson as 
treated in the previous section. The main difference to 
be expected between these two cases is that the 1— and 
0+ partial wave channels are mixed for the reaction 
amplitude V+r— V+ V. 

Since the transformation properties of the pion- 
nucleon vertex function and the elastic pion-nucleon 
scattering amplitude 7». remain unchanged, Eqs. (3.1) 
through (3.12) are still valid. In addition, the structure 
of the elastic V-nucleon scattering amplitude as given 
by Eq. (3.13) remains unaltered. We must thus recon- 
sider only the V-nucleon vertex function and the re- 
action amplitude Ty». 

The vertex function G defined in (2.1) now transforms 
like a scalar in spinor space. In the center-of-mass sys- 
tem, we write for G 


G={Gi+G.[iy: (p+k)+M ]}u(p) 
= 39+(1+-74)+$-(1—v4) Ju(9), 


or in two-component notation 


C 
G=[2M(E,+M)] | 


1+( E,+ M) 
fs 


—C_e-k 
where as before 
G,=G,t+ (M—W)G:z, 


G-=Gi+ (M+W)G:. 


BLANKENBECLER, 


AND GOLDBERGER 
Here, however, G, is the *S; or 0+ partial wave form 
factor and G_ the *P; or 1— partial wave amplitude 
which is just the reverse of the situation found in 
Sec. ITT. 

The structure of the scattering matrix 7)». in the 
present case is given by 


Tis= —ia(p’ A yo— diy: (k’+¢ Bio bysu(p) 
— (4nW/M)ixi'* (the: k’+ too: 6 ]xo. 


z (4.5) 


Here again the amplitudes 4; and /2 can be related to the 
invariant amplitudes A 2 and By by 
[(W—M)*—m? }C(W+M)— 2" 
i= es . 7 > 
l6rlV? 

M(— As 


[(W+M)—m* }C(W—M)—p 


l6rlt* 


X (4+ W By). (4.7) 


Time-reversal invariance then enables one to write the 


construction for the scattering amplitude 7, in terms 
of t; and 2 as follows: 


T= (4eW/M)iX.'*(thho-k+t0-G')X;. (4.8) 


An | wave expansion of ¢; and ¢. can be carried out 
similar to that performed in Eq. (3.9) for the f;. For the 
only total angular momentum state of interest, /=4, 
the two partial wave amplitudes are given by 


4.9) 


for the reaction V+ — V+ V from an initial *P, (1 


Nx state to a final *S; (0+) VV state, and conversely ; 
and 


A + t,! $.10 


for scattering of pions from nucleons in an initial 
*S, (0+) state into V mesons and nucleons in a?P (1 
final state, and conversely. In order to avoid the labeling 
confusion which can arise due to the fact that the initial 
and final partial wave states are mixed, we have desig- 
nated the above partial wave amplitudes by A, and A 
rather than by ¢,;— and fo, as was previously done in the 
pseudoscalar case. A reflection principle analogous to 
(3.12) connects these two partial wave amplitudes. 

In terms of the matrix element definitions and our 
new partial wave amplitudes, the three partial wave 
unitarity conditions become 
2+k\A,|?, 


Imfi-=q! fi (4.11) 


ImA, = gA,* fi_+kgo,*A, 


= fr*A,+kAy*go, (4.12) 


Imgo,=q! Ay |?+h! gos |? (4.13) 


These relations take the place of the unitarity conditions 
(3.18)—(3.20). Likewise, the unitarity conditions for the 
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form factors now become 


E£i+M\i 
q54* fit “( — +) C,*A,, 
E.—M 


E.—M\} 
Img.=4(— -) F,*A,+RC,*90,. 


These are to be compared with Eqs. (3.24) 
for the pseudoscalar case. 

The N/D matrix method is now introduced just as 
before. Taking note of Eqs. (2.6) and (2.7), we find the 
above unitarity relations are satisfied identically if we set 


( E i+M 
m (Sa) 
F,—-M 


ki 


Ims, 


(4.15) 


and (3.25) 


tr WV 


(4.17) 


M sk O 
o=— ( ). (4.18) 
4rW XO q 
With this choice of matrices, the pion-nucleon coupling 
constant can be calculated directly following the pro- 
cedure developed in Sec. II and applied to the pseudo- 
scalar case in Sec. III. 

For this purpose we need the Born approximation for 
the reaction amplitude 72;. We maintain a consistent 
sign convention for the coupling constants by writing 
for the interaction Lagrangian 

Li=gvbr dvb —igdyst: bev, 
where the V meson is assumed to be of the isotopic 
vector variety. The two Feynman diagrams contribut- 
ing in lowest order are illustrated in Fig. 3. Taking into 
account the relationship between the S and T matrix 
elements as given in Eq. (3.5), we find for the isotopic 
spin 7=} Born amplitude 


(p+k)+M 

M?—W? 

iv (p—q')—M 

, (p—a')? +. Mf 

If this amplitude is then expressed in two-component 
spinor notation, comparison with Eq. (4.8) enables us 
to identify 
4=([(2£:—M)(£.+M) ]}(W—M/8xW)(a—B8), 
tp=((E1+M)(E.—M) }}(W+M/8rW)(a—8), 


(4.19) 


Ts) 


. - , 
=—1gygrtl(p ) 


route. (4.20) 


(4.21) 
(4.22) 


G= [2M (E+ aN} 


AK 
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where a and 8 have been defined in Eqs. (3.34) and 
(3.35). If the A, amplitude is then projected out accord- 
ing to (4.9), the M2; matrix element of (4.16) in Born 
approximation, 1.e., Bs; as it is referred to in Sec. IT, can 
be calculated. 

Finally the integral J.; of (2.23) must be evaluated in 
order to find the pion-nucleon coupling constant accord- 
ing to Eq. (2.25). In terms of the function J (IV) defined 


in Eq. (3.36), we find for the scalar case 
4 1 

J ps(W)+———_ 
2 M? 4kq 


Ts(W) 


2E2ky— m+ 2kq 
Xxha——__———— 
2 E2ko— m?— 2kq 


(4.23) 


which is analogous to (3.37) 
meson case. 


for the pseudoscalar V 


V. VECTOR CASE 


We now turn our attention to the more interesting 
case of a vector meson. The V meson must transform 
like a vector (or axial vector) particle, if it is to be 
identified with the “physical” intermediate boson of 
beta decay as formulated by Lee and Yang.!* In 
principle, our plan of attack for this case is identical to 
that of the pseudoscalar and scalar cases, but the V/D 
matrix method must be modified in order to accom- 
modate the complications introduced by the spin of the 
V particle. As noted in Sec. IV for the scalar case, 
Eqs. (3.1) through (3.12) for the pion-nucleon vertex 
functions and pion-nucleon elastic scattering amplitudes 
remain valid, while the corresponding expressions in- 
volving the V meson must be altered. 

We represent by &, the polarization four-vector of the 
V particle. In the rest frame of this particle, we demand 
that the time component £9 vanish so that 


&-k=0. (5.1) 


Since the left-hand side of this expression is an invariant, 
the above equation holds in any frame of reference and 
corresponds to the Lorentz condition of electrodynamics. 
Unlike the case of electrodynamics, however, we are not 
free to choose a particular gauge in which, say, &)~0. At 
most, &) can be related to — through Eq. (5.1). 

With these considerations in mind, we construct the 
V meson vertex function (2.1) by writing 


G= —i{Git-GoLiy: (p+k)+M ]}y- Eu(p) 
4 (Git GLiy- (PER+M]) 


here again the G, are functions of W? 
notation, 


2a) 


E-pu(p); (5 


. In two-component 
this becomes in light of (5.1) 


(50, +5, )E- k+G, io -&Xk 
{(_+ (4£14+-M)S 


)x ly (5.2b) 
j—-k+ (£,4-M)G_io-EXkjo-k 
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where 
Gi =Git (MFW)C, 
G's =G:+ (MFW)G,, (5.4) 
H,=[(S,—WG’, ](E:4+M)/(W—E)), 5) 


(5.3) 


and 


x_=[G_+WS'_](E2—M?)/(W-E,). (5.6) 


Now there are four invariant form factors present; 
however, on the nucleon mass shell, two of them con- 
tribute to the structure of G, as seen from 


a(pt+k)G=ia(p+k)[—iGry-&+G3&- p ju(p). 


This situation may be contrasted with that existing in 
the pseudoscalar and scalar cases, where only one form 
factor remains when the vertex function is evaluated on 
the mass shell of the nucleon. This new complication 
will demand some further discussion of our technique 
for calculating the pion-nucleon coupling constant, and 
this point will be returned to later. 

We now turn our attention to the structure of the 
reaction amplitude 7, given in Eq. (2.4). This matrix 
element is very similar to that for photoproduction of 
mesons as treated by Bincer, for example.” Six invariant 
amplitudes characterize the problem. Since it is easier 
to work only with the two-component expressions, for 
ease of writing we refer the reader to Eqs. (30) and (31) 
of reference 22 for the covariant four-component struc- 
ture of T,2. In two-component notation we have 


T 2= (4nW/M)iX,"*[ hyo: &*+t2(io- kX E*)o-G 
+0: kk*-g+teo-G&*-G+teo- ke*-k 
+ tea -GE*-k \X2 


(5.7) 


= (4nW/M)iX,'*T (B,9)Xo. (5.8) 


We simply note at this point that the last two terms 
vanish in the meson photoproduction process if one 
chooses to work in the Coulomb gauge. As remarked 
earlier, such considerations do not apply in the presence 
of the weak vector boson. 

It is customary to make a multipole expansion of the 
t;. But since only the /=} amplitudes are of interest, 
we find it more convenient to expand the #; directly in 
partial waves up through /=2 according to 


= t9+3t)P,(R-g)+5t2P2(k-g), (i=1, ---, 6). (5.9) 


We can then determine the partial wave transition 
amplitudes as follows. We first apply the proper projec- 
tion operators to the right of the matrix T(&,g) which 
select the total angular momentum J=} and appro- 
priate / wave in the initial pion-nucleon state. From the 
left we then project out the final V-nucleon orbital 
angular momentum of interest. In particular, we find 


dQ” dQ’ 
(Pi P))= f - 3P 
4n 4 


= (a+b)&*- ko-G+alio-&*Xk)o-4, 
2 A. M. Bincer, Phys. Rev. 118, 855 (1960). 


(k-k’)T(R" G’)e-G'0-4 


(5.10) 
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AND 


dQ’ dy 
(Sy « sy= f° pen an T(k”’ 4’) 


4n Ar 
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= (c+ 3d)a-&*, 
and 


dQ” dQ’ 2 7. 
t(D, _— s)=f - —5P.(k-k’’)T( ”” ’) 
4dr 4dr 

=d(—}o-k*+e-ke*-h), 
where 
a=t!'—t.°— 419+ ht, 


b= t+ Got fle thts +h", 
c= t)— te! + fly — Hee, 
d=t)'+t3'+le+ie+te'. 

In a similar fashion, we would find for f(P;<— P), 


f(Py— P;)=fre-go-§. (5.17) 
We emphasize here that the letter appearing in the 
spectroscopic notation refers only to the orbital angular 
momentum. Since the pion transforms like a pseudo- 
scalar and the polarization vector of the V meson 
changes sign under space inversion, the parity of the 
initial and final / waves must be equal as indicated in 
(5.10-12). 
Finally we remark that the scattering matrix element 
Tx, is given by 
: a ve 4Eyqoko ; 
T= w(p’)(n'| f\ NI ( 
M 
4n W : 
= ———iX,'*[ t\0-&—loo-G(io- k XE) 
M 
+tyo- kE-G+te-GE-G+tso- hE-k 
+teo-GE-R]X, (5.18) 


as demanded by time-reversal invariance. Moreover, 
the partial wave transition amplitudes now assume the 
form 

t(P,— P;)=(a+b)&-ko-G—ae-G(io-EXk), (5.19) 


t(S; — S;)= (c+}de-&, 5.20) 


t(S; — Dy) =d(—4o-E+e- ké-h), 5.21) 


where a, b,c, and d are again given by Eqs. (5.13)—(5.16). 

To complete the kinematical preliminaries for the 
vector case, we should now construct the elastic 
nucleon-V meson 7); matrix element defined in (2.3). 
This construction is completely analogous to the elastic 
neutron-deuteron scattering problem. Here one finds 
that twelve invariant amplitudes are necessary to de- 
scribe the problem. Fortunately, we can forego the 
specific details and simply refer the interested reader to 
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the paper of Blankenbecler ef a/.% The reason for this 
is that the weak coupling constant is so small that in 
our approximation procedure the specific structure of 
the partial wave amplitudes for the 7}; elastic channel 
never enters (cf. the previous sections). Moreover, we 
shall be able to construct the partial wave scattering 
matrix M and form factor matrix H without detailed 
knowledge of the elastic nucleon-V meson matrix 
elements. 

We now form the unitarity conditions for the partial 
wave scattering amplitudes and form factors in the 
‘“‘one-meson” approximation illustrated in Figs. 1 and 2. 
It is sufficient for us to consider only the p-wave ampli- 
tudes. Following the reduction formalism of LSZ*! to 
calculate the absorptive parts of the various scattering 
amplitudes, we find from equations similar to (3.17) 


Imf(Py;— P;))=¢ >! f(Py— P|? 


+k XS |t(Py— P,)\?, (5.22a) 


— 
a’',t 


and 
Imf(P;<— P3) 


=9¥ *(Py— Py) f(Py— Py+-+-,  (5.23a) 


for the unitarity conditions along the positive branch 
cuts. The dots indicate the term neglected according to 
the prescription given in the preceding paragraph. If the 
integrations over solid angle and summation over 
polarization direction are carried out, use of Eqs. (5.10) 
and (5.17) enables one to identify 


Imfi-=q] fr-|2+h(3|a|2-+a*%)+5%a+ |b|?]). (5.22b) 


Im(a+b)=q(a*+0*) fi_+::-, (5.23b) 
Ima=ga*fi-+---. (5.23c) 


In an entirely analogous fashion, we find for the partial- 


4dr W 
M=— 
M 


(= M 


H=((K4+G,) Gy 54), 


k\-! 


M 
9= 


4a W 
%R, Blankenbecler, M. L 


} 
' ) (a+b) ( 
VM 
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k 
0 
0 


Goldberger, and F, R, Halpern, Nuclear Phys. 12, 629 


E.—M 
E,i—M 


AND STRONG INTERACTIONS 633 


) 
X[— (90,*+5,*) (a+b)+ 


E.—M\} 
~~ - ) 5rato+--- (5.25a) 
E,\—M 


E,—M\} 
Img.=a(— _ -) F,*a+:-- 
E,:—M 


It is immediately obvious from the above unitarity 
conditions that we can mot construct a two-by-two 
partial-wave scattering matrix M and corresponding 
form factor matrix H from which the above conditions 
can be read off according to Eqs. (2.6) and (2.7). For 
example, the presence of the factor 3 in (5.22b) rules 
out this possibility. Clearly the difficulty arises because 
of the presence of two different p waves, ?P; and *P,, in 
the V meson-nucleon states as opposed to only the 
single » wave, ?P:, in the pion-nucleon states. This 
suggests that we replace the single matrix element Mi 
for elastic channel 1 scattering by a two-by-two matrix 
whose elements are related to the partial wave ampli- 
tudes in the V-nucleon elastic scattering amplitude 


g( Py — Py) =guk*- R'E-k4+-gick*- k' (—io- EXk) 
+ goi(io- &*XR)E-R 
+ goo(io- &*Xk')(—io- EX). 


wave form factors 


ki-M 
ImF,= 5s ji+h( 


E.—M 


2G,*a], (5.24) 


Im(30,+S,)= -( 
and 


(5.25b) 


(5.26) 


A detailed study of T,; would bring out this dependence. 
It suffices for us to recognize that the N/D matrix 
method of Sec. II can be employed if the partial-wave 
scattering matrix M now represents a three-by-three 
matrix whose first two rows and columns refer to the 
nucleon-V meson channel and whose third row and 
third column refer to the nucleon-pion channel. Likewise 
the form-factor matrix H is now understood to represent 
a row matrix with three elements. A brief study of the 
above unitarity conditions then reveals that the choice 


jy 
E,—M 


, 


0 0 
2k O 
0 gq 


1959). 
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leads to a consistent set of unitarity relations when 
Eqs. (2.6) and (2.7) are applied. 

We now introduce the V/D matrix method in which 
the definitions M=ND~ and H=2D>~ refer to three- 
by-three matrices for V and D and a row matrix similar 
to H with constant coefficients for 2. The matrices N 
and D satisfy the same system of coupled integral 
equations given in (2.21) and (2.22). By an argument 
similar to that presented in Sec. II, we are led to set 
A1=A2=0; consequently, we find from (2.9) 


(det D) (50,46, y= 3(doyd32—do2d31), (5.30a) 


(det D)c. = \3(d31djo—d30d11), (5.30b) 


and 
(det D)F,= 


X3(@31d22—d2d2}). (5.30c) 


If we now form the ratio of two of the above equations 
and make use of the fact that the diagonal elements 
dy, and dz» are essentially unity while the off-diagonal 
elements are small, we obtain 


C. F, = —d3o ‘dog = —d3. (5.31) 


On the nucleon mass shell, G,(M)=G,(M?) and the 
nucleon-V meson vertex function assumes the structure 
indicated in Eq. (5.7). In the absence of G;, we would 
identify G,(M*) (up to a factor v3)"* with the renorma- 
lized V-nucleon coupling constant corresponding to the 
unrenormalized coupling constant appearing in the 
structure of the interaction Lagrangian 

L1= —gvbiy ut: ov. H— geyser: bx. 
In analogy with quantum electrodynamics, we have 
assumed the validity of a principle of “minimal inter- 
mediate boson interaction” in writing down the vector 
coupling appearing in the above Lagrangian. The pres- 
ence of G; in Eq. (5.7) demands some reinterpretation. 
One could introduce into the interaction Lagrangian a 
derivative coupling term with suitable coupling constant 
which serves to generate the G; term in (5.7). We find 


(5.32) 

















w 


Fic. 4. Integrand of /2;(M/) from threshold up to W=6 
for the pseudoscalar V-meson case, 
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this rather distasteful. An alternative is to regard the 
G; term as being induced by the weak boson coupling 
of (5.32). This interpretation is rather attractive but 
without a detailed dynamics, we are unable to express 
the dependence of G; and G; on W? and, in particular, 
to relate these form factors to the renormalized coupling 
constant gy exactly. To resolve this dilemma, we shall 
assume that G;~0 and set Gi=V3gy on the nucleon 
mass shell. Equation (5.31) then reduces to 


er — —dyo(M)= (g £. 8m?) I30(M) (5.33) 
or 
ge/4r= 2r, 'T 39 ( M a 


where 


8a % B3(W) Bs2.(—W) 
T30.(M)= . f awescw)( —— . ) 
Lveer vi W—M W+M 


rs 


- q(W) 
=uf dw J(W) 
W 


M+u 


Recall that B3.(W) refers in our approximation to the 
Born amplitude for the partial wave matrix element 
M3. A comparison of the above equations with their 
counterparts, Eqs. (2.25) and (3.36), in the pseudoscalar 
V meson case reveals that both sets formally have the 
same structure. Thus, according to our approximation 
procedure, the detailed differences among the three 
types of V mesons considered are all buried in the 
factor J(W). 

Turning now to the calculation of this factor, we find 
for the Feynman amplitude 72; in the isotopic spin 
} state 


Tam gveealp)|3 


iy: (p’+q')+M 
M?—W? 


-c 


—iy:(p’-—q)+M 

+y:é front (5.35) 

(p’-— q foe Mw 
with use of the lowest-order diagrams in Fig. 3 and the 
interaction Lagrangian (5.32). If this matrix element is 
then spelled out in two-component notation and com- 
pared with the structure given in Eq. (5.18), one can 

immediately identify the amplitudes 
t:=((Ei+M)(E:+M) }!}(W—M/8rW)(a—B), (5.36) 
tp= —[(E,—M)(E.—M) }}(W+M/8rW) (a—8), (5.37) 
t;= —[(£,\—M)(E.—M) }'(2(E.4+-M)/8xW 8, (5.38) 
ts= (2. +-M)(E.+M) }'[2(E.—M)/8xW Js, (5.39) 

ts=((E,+M)(E2.+M) }'(Ei—M/W—E,)(1/8"W) 

XC(W-—M)a—(2E,.-W—M)pg], (5.40) 


and 
tg=[(E,—M)(E.— M) }*(1/W—£,)(1/8"W) 
x {—(W+M)'a+[2E.(E:+M)+m?]3}, (5.41) 


where a and 8 have been defined in Eqs. (3.34) and 
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Fic. 5. Integrand of J2:(M) from threshold up to W=6 
for the scalar V-meson case. 


(3.35). We must now form 


4 W 
(F,—M/F,—M)a, 
f 


By.(W)= (5.42) 


by projecting out the appropriate / waves according to 
Eq. (5.13). Finally we make use of Eq. (5.34) and find 
for the vector V meson case 


12,7 2Eaky— m 
Jy(W)=—J ps(W)+—— — 
(W?—M?) 2k(W?—M?*) 


2g? (2Esko—m?)? 
+ (-—— ) 
Ww2—M Akg? 


1 2Eko—m?*+ 2kq 
Pi sane Dppenieneniemnntinnin, 
4kq 2Eoko— m— 2kq 


(5.43) 


Let us now turn to a numerical evaluation of the 
coupling constant for the three types of V mesons 
considered. 


VI. NUMERICAL RESULTS AND CONCLUSIONS 


We now complete our calculation of the pion-nucleon 
coupling constant. In all three cases, we have found 
that the general structure is of the form 


gx?/4e=2n/I(M), 


r(m)= f 


M+ n 


(6.1) 
where 


M 
—q(W)J(W)aW, (6.2) 


with the appropriate factor /(W) given by Eqs. (3.37), 
(4.23), or (5.43). 

Two remarks should be made about these expressions 
for J(W). The logarithmic terms stand as written in the 
region where the momentum, &, of the V meson is real; 
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however, in the region where k can become imaginary 
as given by Eq. (3.22), each logarithm must be replaced 
by an arctangent with the understanding that the 
principal branch is to be chosen. Secondly, the apparent 
poles in the logarithm terms of (3.37) and (5.43) at 
k=O are nonexistent as is easily seen by a simple 
algebraic regrouping of terms. 

As noted earlier, we choose to regard Eq. (6.1) as an 
equation determining the pion-nucleon coupling con- 
stant in terms of the mass parameters involved. Since 
the mass of the weakly interacting V meson (let alone 
its very existence) is experimentally unknown, we can 
at most determine the functional dependence of the 
pion-nucleon coupling constant upon the V meson mass. 
This is too difficult to carry out in great detail, however; 
instead, we have decided to select the pion mass and 
nucleon mass as rather widely separated masses and 
typical of the range in which the V meson mass might 
be expected to lie. 

The integrands of J(M) for the three cases under 
consideration are plotted in Figs. 4-6 from threshold 
up to W=6M with the above-mentioned choices of 
mass for the V meson. Since the integral 7(M) is dimen- 
sionless, units have been chosen such that the nucleon 
mass is set equal to unity. Above W=6, the integrands 
are well represented by their asymptotic expressions for 
the pseudoscalar, scalar, and vector cases: 


q 
Jps(W) 
W 2 


——(InW—1), (6.3) 
Ww? 








Integrand of J32(./) from threshold up to W=6 
for the vector V-meson case 
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Taste I. Calculation of the integral 7(M) and g,?/4x for the three types of V mesons with various cutoff energies introduced 








I(M) with cutoff at gx*/4m with cutoff at 
2M 3M 2M 3M 


0.16 105 9 


Mass m 


Type V meson 


—0.06 
0.51 
~0.03 
0.56 


! — 105 — 39 
0.46 ‘ 12 14 


—0.13 : — 200 —50 
0.51 . 11 12 


Pseudoscalar 


Scalar 


Vector 


63 29 
—15 —20 





The results of the numerical integrations are tabu- 
lated for J(M) in the accompanying table together with 
the results for the pion-nucleon coupling constant as 
determined from Eq. (6.1). Our Born approximation 
expressions for /(I) are expected to be least accurate 
at high energies where the (unknown) effects of the more 
massive intermediate states are presumably quite sig- 
nificant. Therefore, for the sake of comparison, we have 
also included in the table values of /(M) and g,? when 
a cutoff is introduced. 

A brief study of the three graphs and table reveals 
that for a V-meson mass equal to the pion mass, the 
integral maintains the same sign whatever cutoff is used 
(except at very low cutoff values in the scalar V case) ; 


while for a V meson as massive as the nucleon, the 


| 
oO 
| 





! 
! 
! 
! 
i 
I 


Fic. 7. g.*/4x as a function of the cutoff energy, W., fora 
vector V meson and two choices of the V-meson mass. 


integral can have either sign depending upon the cutoff 
energy. This “anomalous” behavior exhibited in the 
latter case can be traced directly to the fact that, just 
above threshold for the pion-nucleon channel, a region 
exists from which contributions to the integral occur 
that involves unphysical values of the V-meson mo- 
mentum. By crossing the V-meson—nucleon threshold, 
one finds that important terms in the integrand change 
sign ; consequently, the integral /(M) can assume either 
sign depending upon the size of the cutoff energy. This 
“anomalous” behavior will always occur for a V-meson 
mass greater than the pion mass. 

Since g,’ is inversely proportional to 7(M), when the 
integral passes through zero, the pion-nucleon coupling 
constant exhibits an infinite discontinuity there. This 
anomaly is illustrated in Fig. 7 where the pion-nucleon 
coupling constant is plotted as function of the cutoff 
energy for the vector V-meson case. The corresponding 
graphs for the scalar and pseudoscalar cases resemble 
the mirror image of Fig. 7 obtained by a reflection about 
the horizontal W, axis. The negative values of g,” have 
no physical significance (they presumably herald the 
appearance of ghosts). 

The results for the scalar and pseudoscalar V-meson 
cases are very similar; on the other hand, the results 
for a vector V meson differ from those of the spin 0 cases 
mainly by the appearance of an over-all minus sign. 
Therefore we find that the correct experimental value 
of the pion-nucleon coupling constant can be obtained 
with a vector V meson and a very high cutoff energy, 
or with a spin 0 meson of mass comparable to the 
nucleon mass and a low cutoff energy. 
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